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Asropurmbr, ocenn 2015/16 AcnvmroTnka

Jlekimga no ajiroputmMam #1
AcuMnToTUKA

12 cenrsibpsi

1.1. O-0b603HaYHNa

Def 1.1.1. f=0(g) 3IN>0,C>0:¥Yn> N, f(n) <C-g(n)
Def 1.1.2. f=Q(g) 3IN>0,C>0:Yn> N, f(n) >C-g(n)
Def 1.1.3. f=0(g) VYC >03IN >0:Yn> N, f(n) <C-g(n)
Def 1.1.4. f=w(g) VC >03IN >0:Vn> N, f(n)>C-g(n)
Def 1.1.5. f = @(g) aN > 0,0, > 0,0y > 0: ¥n > N,C; - g(n) < f(n) < Cy-g(n)

Caedecmeue 1.1.6. f =0O(g) & g =0O(f)
Caedcmeue 1.1.7. f =0(9),9 (f) < f=06(g)
Caedemeue 1.1.8. f = Q(g o(f

)&
Caedemeue 1.1.9. f=w(g) & g = O(f)
Caedemeue 1.1.10. f = O(g),9 = O(h) = f = O(h)
Caedemeue 1.1.11. O6obmenne: VG € {O0,0,0,Q,w}: f=5(g9),9 =B(h) =|f = B(h)

1.2. O-obo3HauYHNA Yepe3 IIpeaeabl

Def 1.2.1. f =o0(g) Onpedenenue uepes npedes: lim L”) =0

n—+oo 9

3\_/

Def 1.2.2. f=0(g) Onpedeaenue uepes npedes: lim f(Z) < +00

n—s+00 9(1)

3aech HeoOxomuMo nosicienue: lim f(n) = lim ( sup f(x)), rae sup — BepxHsis TPaHb.
n—+oo n—+oo xe[n“_‘_oo}

1.3. CyMMBI 1 MHTErpPaJIbI

a+1

Lm 1.3.1. Vf(z) M [a..a+1] = f(a) < f f(x)dz < f(a+1)

b+1

Lm 1.3.2. Vf(2) / [a.b+1] = Zf ) < f f(x

Joxasamenvcmeo. Cnoxuau HepaseHncTsa u3 1.3.1 |

Lm 1.3.3. Vf(z) /[a..b],f >0= fbf(x)dx < if(z)

Joxasamenvemeso. Ciooxuiu HepaBencTBa u3 1.3.1, Beikunyu [a—1, a| u3 uHTErpasa. ]

['naBa #1 1/155 Astop koncnekra: Cepreii Konenmopud
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b+1

Lm 1.3.4. Vf(z) /[a.b+1] [ f(z)do — Zb:f(z') < f(b+1) — f(a)

a

Teopema 1.3.5. Bamena cymmor Ha UHMESPAN

n n n+1

Vi(z) /M [l.o0), f>0,8n) = f(i),i(n) = [,L(n) = [ ,L(n)=0(I(n)) =S(n) =06(L1(n))

=1 1 1

Hoxazamenvemeso. N3 nemm 1.3.2 u 1.3.3 mmeem I1(n) < S(n) < Ir(n).
CH]i(ﬂ) f;]é(n) S;Céli(n)::>]i(n)j§A9(n) f;]é(n)jg C&]i(n) [ |

1.4. IIpumepsnl

e Bioxkennbie mukanl for

#define forn(i, n) for (int i = 0; i < n; i++)
int counter = 0, n = 100;
forn(i, n)
forn(j, i)
forn(k, j)
forn(l, k)
forn(m, 1)

counter ++;
cout << counter << endl;

- 5
Yemy paBen counter? Bo-mepBbIX, eCThb TOUYHBIN OTBET: (’g) A %r. BO-BTODBIX, MBI MOXKEM CXOJy
IIOCYMTATH IUCIO IUKJIOB U ONEHUTD 0TBeT Kak (O(n’), mpaBaa KOHCTAHTa %0 BaykHa, onenka gepes O
He JaéT MOJIHOe MPeACTaBIeHne O BpeMeHn pabOTHI.

e Hucino genureseilt yucaa

vector<int> divisors[n + 1]; // Bce memmTenu uucia
for (int a = 1; a <= n; a++)
for (int b = a; b <= n; b += a)
divisors[b].push_back(a);

3a cKoJbKO paboTaeT mporpamma’?
n n

2 121=00n) + z";lg =O(n) +n2n;1§ "2 O(n) +n-O([ Ldr) = O(nlogn)

a=1 1

1.5. CpaBHEHHE aCUMIITOTUK

Def 1.5.1. Jlunetinaa caoscrnocmo O(n)
2
Def 1.5.2. Ksadpamuunas croscHocmo O(n%)
) k
Def 1.5.3. IHoaurnomuaibhas caodicrnocms 3k > 0: O(n")

. k
Def 1.5.4. IToaunozapugm 3k > 0: O(log” n)

Def 1.5.5. 9xcnonenyuaivtian ciromicHocms Je>0: 0(27)

[Tonpobyem cpaBHUTH (DYyHKIHY:

['nasa #1 2/155 Astop koucnekTa: Cepreii Konenmopua
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log”n
—~ JE— ’Vl/Q
= 2
“—

10 20 30 40 20

n
Bamernm, ato 22 n? u log®n, \/n Ha GECKOHETHOCTH BeIyT ceOsl HHAYe:
-10*
200 3 —n2?
R 2n/2
150 |
oy 24
= =
= 100 | =
50 | L
0 - 1 1 1 1 : 0 ‘
o2z 340 5 10 15 20 25 30
10 n

Teopema 1.5.6. Cpasnenue acumnmomur  Ya > 0,b > 0,¢ > 1,1log” = O(n®),n® = O(c")

Joxasamenvcmeo. CMOTpH B CIeYIOMEH JEKITHH. .. |

1.6. PekyppeHTHOCTHI

e IIpumep: anropurtm KapaimyoOsl

YT0o0bl mepeMHOKATD JiBa JeCATHIHBIX Yucia A u B JJIMHbL 1, pa3/e/luM UX Ha 9acTh 110 k = §
HH(bp - A17 A27 Bl, BQ. BaMeTI/IM, uyro A-B = (A1+10kA2)(B1+10kBQ> = AlBl+10k(A1B2+A2B1)+
10%** Ay By. Ecin namucaTh peKypcuBHYIo (bYHKIHIO yMHOMXKeHHs (4ucia JIHHB 1 GyaeM yMHOXKATH
3a O(1)), To mostyunm Bpemsi pabOTHI:

Ti(n) = 4T1(3) + ©(n)

13 nocieyomieit TeopeMbl Mbl ¢iiesaem BbiBojl, uto 11 (n) = O(n?). AIropurm MOXKHO yIydIIUTD,
3ameTuB, 910 A1 By + Ay By = (A1 + As)(By + Bs) — A1 By — A3 Bs, 171 BbIYNTaEMble BEJHUNHBI Y IKe
HOCYUTAHBI. VITOrO TpU YMHO:KEHHSI BMECTO Ye€THIPEX:

Ty(n) = 3T5(2) + 6(n)
13 nocJieyiomeit TeopeMbl MBI ¢jieJaeM BBIBOJ, uTo Th(n) = ©(n!823) = Q(n!-5%5-).

[nasa #1 3/155 ABtop koucnekTa: Cepreit Konenmopua
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Lm 1.6.1. Jlokazameavbcmseo no uHlyxyuy
Ectb mpocToii Mero perneHus peKyppeHTHBIX COOTHOIIEHUH: yrajiaTh OTBET, JI0Ka3aTh €ro Mo WH-
nykiuu. Pacemorpum Ha npumepe T'(n) = max 1(T(a}) +T(n—1z)+z(n—1)).
TokazkeM, uto T'(n) = O(n?), xug sroro gocrarodno gokaszars 1'(n) < n?:
Baza: T(1) =1 < 12
[epexox: T'(n) < max 1(x2 +(n—z)?+z(n—u1)) < max 1(:702 +(n—2)*+2z(n—x)) =n?
Teopema 1.6.2. O npocmom pexyppeHmuom cOOMHOWEHUL
Mycrs T(n) = aT (%) + nlog?n. Tlpu srom a > 0,b > 1,¢ > 0,d € R.
Oupenenum riybuny pexypenu k = log, n, o6o3uauum f(n) = n° log? n. Torga BepHO OAHO U3 TPEX:
T(n) =a* =nose q > b°
T(n) = f(n) a < b°
T(n)=k- f(n) a=b°
Joxazamenvemeo. PackpoeMm peKyppeHTHOCTD:
T(n) = f(n)+aT(2) = f(n) +af (%) +a®f((2)?) + - =n°log’n + aZlog? 2 + a® 2 log” & + . ..
Bce nonannorapudgmbl TpUMEpHO PABHBI, TOTOBOPUM 00 3TOM MO3ZKe.
Torma T'(n) = f(n)(1 + & + (%)2 + -+ (b%)k) [Tpu arom B cymme k + 1 ciaraembx.
OGosnaunm ¢ = & u onennm cymmy S(q) =14+ ¢+ -+ ¢~
Eciu g =1, 10 S(q) =k +1=logy,n+ 1 = O(log,n)
1— k+1
Ecmn ¢ <1, o S(q) = =L k: O(1)
Ecmn ¢ > 1, T0 S(q) :qk+qu_11:@(qk) [

Teopema 1.6.3. O 5KCNOHEHUUAGABHOM PEKYPPEHMHOM COOMHOULEHUY
[Iycts T'(n) = > b;T(n — a;). llpu stom a; > 0,b; > 0,>b; > 1.
Torga T'(n) = ©(a™), upu 3T0M ¢ MOKHO HAWTU OUHAPHBIM HOUCKOM.

Joxazamenvemso. lpeanonoxum, aro T'(n) = o, Torma

a” =Y ba" M s 1= bha" = f(a).

Ecmn o = 1, 1o f(a) = Y b; > 1, eciin o = +00, 10 f(ar) = 0 < 1. Kpome Toro f(a) 7 [1,+00).
[Tosyaaem, 4to Ha [1,+00) ecTh eINHCTBEHHBIH KOpeHb ypaBHeHns 1 = f(a) m ero MHOXKHO HAHTH
OUHAPHBIM IIOMCKOM. Ternepb MOXKHO 110 MH/YKIMH JI0OKA3aTh,

aro T'(n) = O(a™) (onenky csepxy) u T'(n) = Q(a™) (onenky cousy). |
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Jlekimga mo ajiroputMam #2
Bpemsa paboTsl mporpamm

11 cenrsibpsi

2.1. Bpema paboThl HEKOTOPBIX OTIepaIlmii

[Ipu HAmHCAHUN TPOrPpaMMBI, €CIN X0UeTcs, YTOOBI OHa paboTasa OBICTPO, CTOUT 00paliaTh BHH-

MaHHE€ H€ TOJIbKO Ha aCUMIITOTHUKY, HO U I/I36eFaTb HCIIOJIb30BaHU A HEKOTOPBIX OHepaL[I/Iﬁ, KOTOpbIE
paboTaioT J0JIbIINe, YeM KarKeTCs.

1.

Onepanuun 6ubmorekn math.h: sqrt, cos, sin, tg, arctg u 1./ DTH Oll€PAIUU PACKJIA/IbI-
BAIOT [ePeJAHHBIH apryMeHT B psl, 910 npoucxoaut e 3a O(1).

BssiTue uncia mo MO0, JefeHne ¢ octatkoMm (a / b, a % b);

Random access K maMsaTH pu OoabImmX MaccuBax. CylmecTByeT 2 crmocoda Tpoxoaa MO MAaCCHBY
Random access: for (i = 0; i < nj; i++)sum += al[p[ill;, rOe p — ciaydaiinad nepecTamoBKa
Sequential access: for (i = 0; i < n; it+)sum += a[i];

[TepBoiit obparmaerca K CIy4YaiiHBIM 3JIEMEHTaM, a BTOPOil mpoberaer BeCh MacCHB CTPOTO MO TO-
psiziky. Ecau maccuB He Biesaer B Kemt (~ 4M), T0 OH XpaHUTCS B olepaTuBHON mamsaru. Koraa
MBI O0OpalaeMcsa K OJHOMY U3 3JEMEHTOB, 4acTh MacchuBa (OKOJIO 2'? 377eMeHTOB) IepeHOCHTCs
B KeIll, I7le TPOUCXOMUT Jajblieiimasg padota ¢ HUM. Ecan MBI 3aXOTUM OOPATHUTCS K JIEMEHTY,
KOTOPOI'0 B Kelle HeT, HO OH HaXOAUuTCA B OHepaTI/IBHOﬁ HaMdATu, TO CKOHI/IpOBaHHbIIU/I B Kell KyCOK
V/IAISETCS W 3AMUCHIBAETCS CJAEIYIONAst 9aCTh, T/I€ COMEP:KUTCS HYZKHBIH HaM 3jeMeHT. [103To-
My, KOTJIa MBI oOpalmaeMcsd K dJeMeHTaM MAacCUBa B CJAYUYAIHOM IOPSAKe, B XY/IIEeM CIydae MBI
KaKJIpIit pa3 OyJeM MepeHOCHTh OOJIBbINNEe KYCKH MacCHBa B KeIll U3 OMEePATUBHON MaMaTH. DTO
nonro. Korma ke MbI nieM 1Mo MAacCHUBY IO MOPSJIKY, TO MEPEHOCUTH YaCTU MAacCHBA HAM MPUJIETCS
HamMHOro pexke. Eciu y nac ecrb jpa aaropurma: Ty = Ty = O(n?); My = O(n?); My = O(n), To
BTOpOii anaroputm O6yaeT paboraTh ObicTpee Jid OOJBINNX 3HAUEHUH N.

QOyuknuu paborsl ¢ namaThio: new, delete.

Breizos dyuknumii. s onTuMu3anny MOXKHO HCIIOJB30BaTh inline — ykasaHue ONTHMH3ATOPY,
q9TO0 beHKHI/IIO cijaeayer HoliblTaTbCd BCTaBUTH B KOJ.

BBon wu BBIBOm gaHHBIX. cin/cout, scanf/printf... Ucmoawbsyiite 0yddepusnpoanubrii
BBOJI/BBIBOJL, uepe3 fread/fwrite.

e Terreps 0 xopoinem

Beicrpeie onepanum: memcpy(a, b, n), stremp(s, t). Padorator B 8 pa3 OsicTpee nukia for.
[Touemy onm OwicTprie? SSE nu AVX peructpsr!

[napa #2 5/155 ABtop koncmekTa: Pemoposa AnHa
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2.2. O1eHKa KOJIMYECTBA OIEepPaIfnii.

Teopema 2.2.1. Vz,y > 0,2 > 1:3dN :VYn > N :log"n <n¥ < 2"

Joxasameavemeo. Ilyers logn = k, Torma log"n < n¥ < k* <20 = (29 =k <n¥ <2 W

1
Ln)
JTokazkeM BTOPYIO 4aCTh MCXOJHOIO HepaBeHcTBa nY < 2":n¥ < 2" & n < 2v" 87

IIycts n’ = nlog z, o6osnaunm C' = L log z, mycts C' < n’ (BO3bMEM J0CTATOYHO GOJIBIIOE 7), TOTAA
y y
1

ny <zl <" n<2y

nlog z

S0 <2V e (n)? <2
JlokazkeM 10 MHIAYKIUH: ecid 1 — 2n : n? — 4n? 1 2" — 2. 2" (T.e. 0IHO YBEeJMYUIOCH B 4 pa3a,
BTOpOE B 2" pa3)

Baza: jyig Jjioboro 3uavenus u3 unrepsaJjia [10..20) sepuo 1.x. 20?2 = 400 < 1024 = 21,
[10..20) — [20..40) — [40..80) — ...

[napa #2 6/155 ABtop koncmekTa: Pemoposa AnHa
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Jlekimga mo ajiroputMam #3
CTpyKTyphl JAHHBIX

11 cenTsibpst

3.1. Maccus
Cosnarb MaccuB 1ebix ances Ha 10 smementos: inta[10]; uagekcanust HaunHaeTcst ¢ 0, MACCUBBI
UMeT (PUKCHPOBAHHBINH pa3Mep.
QyHKINN:
. ali] — obpaTUTHCS K SJEMEHTY MACCHBA ¢ HOMEDPOM i
. ali] = x — IPUCBOUTH JIEMEHTY MO/l HOMEPOM i 3HAUYEHHE T

1

2

3. find(x) — HalTH SJIEMEHT CO 3HAUYCHUEM T
4. add,insert, put, append — 106aBUTH d/I€MEHT
5

. delete, erase, remove — yIaanTh 3J€MEHT

[locnennue aBe KOMaHIbl PabOTAIOT OYEHb JOJI0 — HAJI0 HAWTH HOBBIH KYCOK HAMSITH HYKHOI'O
pa3Mepa, CKOMUPOBAThH BECh MACCUB TY/a, VAAJIUTH CTapbIil.

3.2. /IByCBA3HBI CIINCOK

JIByCBA3HBIN CIUCOK COCTOUT U3 JIEMEHTOB JAHHBIX, KAXK/IbIil U3 KOTOPBHIX COJIEPZKHUT CCHLIKH Ha
cIeIyIONNY U Ha MpeIblAyIuil 371eMeHTHI. [lepBblit a1eMenT crimcka cebutaercd Ha NU L L B KadecTBe
CBOETO JIeBOTO cocea, mocaeaaunit — va NU L L, Kak Ha MpaBoTo.

QyHKINK:

1. add_front(x),add_after(node x v,intx),add back(x) : O(1) — no6aBuTh 3JaeMeHT (B HAYAIO, B
cepe/iHy, B KOHell)

2. del_front(),del _after(nodexv),del _back() : O(1) — yaagursb saemMentT (U3 HAYATA, U3 CEPEIUHBI,
13 KOHIIA)

3. find(x) : O(length) — HafiTH 7€MEHT €O 3HAYEHUEM T
4. get(i) : O(min(i,length — i)) — MOTYyYUTH 3HAYECHUS HIMEHTA ¢ HOMEPOM i
5. add(i,x) = get + add__after

struct node {
node *x1, *r;
int data;
¥
struct List {
node *head, *tail;
int length;
}

3.3. OaHOCBA3HBIN COINCOK

DTO CHHUCOK, IJle YKA3aTeTH CChLIAITCI TOJBKO Ha OJHOrO cocefa (nmubo nesoro, aubo mpaBoro,
TSl KazKJI0TO Y3J1a OJJMHAKOBO). BeeM oCTaTbHBIM OHO HE OTJIMYAETCS OT JBYCBSI3HOTO CIHUCKA.

[napa #3 7/155 ABtop koncmekTa: Pemoposa AnHa
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struct node {
node *next;
int data;

3.4. Crek
DyHKIUN:
1. pop_back — ynamuTh ¢ KOHIA
2. push__back — no6aBUTH B KOHEI]

3. back — nmocMoTpers NOC/IETHUN SJIEMEHT

3.5. Ouepean

DyHKIUN:
1. pop_ front — ynanmurh u3 Hadasa
2. push__back — 1o6aBUTH B KOHEI]

3. front — mocMoTpeTh MepPBHIil JTEeMEHT

3.6. ek

QyHKIUT:

pop__back — ynaauThb ¢ KOHIA
pop__front — ynaauTh u3 Hadaia
push__back — n06aBUTH B KOHEI
push__ front — 106aBuUTH B HAYAIO

back — mocMOTpeTh MOCTAEIHMI 3JIeMEHT

A

front — mocMoTperh NEPBBIH JIeMEHT

[Ipu mcrmonb3oBaHUM CTEKA, JIeKa W OoYepegd MOIYT OBITH MPOOJeMbl ¢ BpeMeHeM PaboThl, TaK UTO
JIydalle peaJim30BbIBATh UX CAMOCTOATEJbHO, HAIPUMEP, HA CHUCKaX.

3.7. BekTopsl

Bekrop — quHaMudeckuii Mmaccus (array + stack).
QOyHKINA:

1. pop_back — ynaauThb ¢ KOHIA

2. push__back — 106aBUTH B KOHEI]

3. wvectli] — obparenne K 3JeMEHTY ¢ HOMEPOM i

4. set(i,x) — 106ABUTH SJEMEHT CO 3HAYEHUEM T TOCJIe HJIeMEHTA T0J, HOMEPOM &

Bwmecto Toro, uTobbl Kak bl pa3 BBIAEJATH HOBYIO MaMATh IO OIUH 3JIEMEHT, MOXKHO OJWH pa3
YBEJIMYUTH pa3Mep BEKTOpa B 2 pa3a, KOI/Ia OH BeCh 3AIOJHUTCSA dJeMEeHTaM#, U IOHAI0OUTCA HOBOE
MeCTO, CHOBa YBEJIUYHUM €ro B 2 pas3a W T.J. B cpeaneMm, BpeMsi paboOThl TaKOro ajaropurMa oOyaer
cpeatee apudMeTHIeCKOe MOAPII UAYIIUX KOMaHI push.
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Asropurmbr, ocenn 2015/16 AmvopTusupoBanaoe BpeMst pabOThI

Jlekimga mo ajiroputMam #4
AMopTu3npoBaHHOE BpeMs pabOThI

11 cenrsibpsi

4.1. Amoprusamnug

PeasbHOe BpeMst paboThI oneparus — t;.
ti
Cpejnee Bpems paboThl onepanuu — .
PaccMoTpuM mpon3BosibHy 0 GYHKIUIO ¢ (TIOTeHIHAT).

Def 4.1.1. Amopmusuposartoe epems pabomoe Npo2pammot
a; = t; + Ay, 2de Ap = pi11 — @; (PearvHoe BpeMA NANC USMEHEHUE NOMEHUUAAG).

I13HagaJbHO MOTEHINAT PABEH (g, MOCTe BBINOJIHEHUS i-0ff Omepanu — ©;, B KOHIE Qyust- AMOD-
TU3UPOBAHHOE BPEMSI MOXKHO OIPEJIEIsITh C UCIIOJb30BaAHUEM JII000H MOTeHInaJbHON (DyHKITIH.
t; —
Bamernm, 910 Y a; = Y ti+ (Prast — po) = % t < max a;+ 202t B aMOpTH3ANNOHHOM AHAIN3E
HaTlTa MeJTh — oA00paTh ¢ TaK, 9TOOb W Max a;, M £2—Fl%t G He BEeTNKN.
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Asropurmbr, ocenn 2015/16 Ouepess ¢ MUHIMYMOM

Jlekimga mo ajiroputMam #5

Od4epenb ¢ MEUHIMYMOM
14 derpasist

5.1. Crek ¢ nmoaaep>KaHNEM MHUHHUMYMAa

CTpyKTypa JaHHBIX, PEAJU3YIOIas BO3MOXKHOCTH CTeKa, HO MOIN(MDUIIMPOBAHHAS /TSI HAXOXK Te-
HUS MOHAMYMa CPeJIH BeeX 1eMenToB B creke 3a O(1).

Unesa cocTouT B TOM, 9TOOBI TOJIEPXKUBATH cpal3y jABa cTeka. [lepBuiil cTek comepkuT B cebe
9JIEMEHTBI KaK OHHM €CThb. BTOpPOil ke cojiepKuT B cede «4acTUIHbIe MUHUMYMBbI», TO €CTh MUHUMYMbI
HA OTPE3Ke OT BEPIIUHbI CTEKa JI0 MO3UNuK 3j1eMenTa. Ha3z0BEéM 3TH /iBa cTeKa a U min.

Pacemorpum npumep. Ilycth Mbl j1obaBuin moodepeano jaementol 1, 9, 3, 8, 9, 4, 5, 7. Torma
CTEeKH OYIyT BBIIJIAAETH CJICAYIOMHUM 00Pa30oM:

a: 75498391

min: 75444331

e Peamuzamnuga meTomoB

void push(T x) {
a.push(x);
min.push(min(min.top (), x));

T min() {
return min.top();

T pop() A
min.pop () ;
return a.pop()§

T top(O) {
return a.top();

['nmaBa #5 10/155 ABtop koucnekTa: ['opoxop Hukura
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Asropurmbr, ocenn 2015/16 Ouepess ¢ MUHIMYMOM

5.2. Ouepenp ¢ nmoaepKaAaHNEM MUHUMYMA

CTpyKTypa JaHHBIX, peaJu3yIionias BO3MOKHOCTH OUepe/ i, HO MOJIUMPUIMPOBAHHA s HAXOZK-
JIEHUST MEHAMYMA, CPEJIH BCeX 9JIEMEHTOB B ouepeau 3a amoprusuposannoe O(1).

Nnest coctouT B TOM, 9TOOBI HAYUNTCS PEAJU30BbIBATH OUepe/ib C IMOMOIIBIO JIBYX CTEKOB. Torjia
€CJIN BMECTO OOBIYHBIX CTEKOB B35ITh CTEKH C MOJJAEPyKAHNEM MHHUMYMa, TO OYepeb TaKKe CMOMKeT
IO/IIEPKABATH MUHUMYM.

e Peanuzamusa odepeau c mOMOIIBIO ABYX CTEKOB

BaBeném nBa creka: a u b. JlobaBasaTh HOBBIE JIeMEHTHI Oy/eM Bcerjia B CTeK b, a M3BIEKATH
QJIEMEHTBHI — TOJIBKO U3 CTEKa a. HpI/I 9TOM, €CJIN IIPU IOMBbITKE U3BJIE€UYCHUAd dJICMEHTa N3 CTeKa a4 OH
OKAa3aJICsl IYCTHIM, TIPOCTO MEPEHeCEM BCe 3JIEMEHTHI U3 cTeKa b B ¢TeK a (IIPU ITOM JIeMEHTHI B CTEKe
a TOJIy4aTCsl y2Ke B 0OPATHOM MOPsiKe, 9TO HAM W HYKHO JIJIsI U3BJICUEHUsT JIEMEHTOB; CTEK b xKe
CTAHET MYCTHIM).

e Peanmuzanuga meTomos

void push(T x) {

b.push(x);
}
T pop() A
if (a.size() == 0)
while(b.size () > 0)
a.push(b.pop());
return a.pop();
¥

e Bpema paboTtsr

Bee metonpl paborator 3a amoprusnpoantoe O(1). O6bsicHAETCS 9TO TeM, 9TO KazK bl 9J1eMeHT
3a BpeMs pabOTHI ovdepe i OJUH pa3 MOHAJAET B CTEK b, OJIMH pa3 HepeiiéT B CTeK @ ¥ OJUH pa3
HOKUHET ero. Takum oOpa3oM, ecIM BCEro JeMEHTOB 7, TO CTeK 3aTPATHT Ha BBIIOJHEHHE BCEX
ouepauuii O(n) spemenu, 10 ecrb O(1) Ha KAKIYIO OLEPALMIO B CPEJAHEM.
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Asropurmbr, ocenn 2015/16 Ouepess ¢ MUHIMYMOM

Jlekimga mo ajiroputMam #6

Od4epenb ¢ MEUHIMYMOM
20 ceHnTs0Opst

Ham Hy:KHa CTPYKTYpa JaHHBIX, KOTOPasd yYMEEeT JeJaTh CJeJYIONie Olepalii:
1. push_back(a) - 106aBUTH 31€MEHT a B KOHEI
2. front() - y3HaTh, KAKOH JIEMEHT CTOUT B HAYATE
3. pop_ front() - ynaJuTh 3J1eMeHT, KOTOPBI CTOUT B HaYase, U3 CTPYKTYPBI
4. get_min() - y3HaATH MHHAMYM CPEJIH BCEX JEMEHTOB B CTPYKType
[Ipuuém amoprusupoBaHHasl CJI0KHOCTH (BpeMms paboThl) Beex oneparuii pokHa 66irs O(1).

6.1. Anropurm

s Toro, 9TO00BI PEIIUTD ITY 33124y, IPUCTPOUM K OOBIYHOM ovyepen jieK. B ouepean Mbl yecTHO
OyJIeM XpaHUTh BCe JIeMEHTHI, a B JeKe Mbl OyIeM XpaHUTb BCE 3JEMEHTBI, KOTOpble KOTIa-HUOYIb
MOT'YT CTaTh MUHEMyMaMu. [Ipudém 371eMeHTHl B IeKe XPaHSATCS B MOpsAKe T00aBIeHUd B oUepelhb
1 BO3PACTAIOT.

B uém npea? [lycts B KoHeIl ouepean J00aBUICSA 3JEMEHT, KOTOPBIi MeHbIIe ocIeaHero. To ecThb
IPOU3OIILIO CJIeTyIoIee:

1. push_back(a)

2. push_back(b)
3.a>b

Torpa sneMenT a 0oJibllle HE BJIUSET HAa MHHUMYM. JlelicTBUTEIbHO, TaK KakK a OJWXKe K HaYaJIy

odepen, 4eM b, TO a ygaJuTCs U3 odepen paHbIine b, a moka b HaxomuTcst B ouepenu, min < b < a.
Tenepn, KaxKeTcsd, TOHATHO, KaK JOOABIATH IJeMeHTH B JeK. Mbl 3HaeM, 9TO 3JeMeHTHl TaM

OTCOPTUPOBAHBI OT Havyaj a K KOHIY (6a3a - oauH 37eMeHT). I109TOMY MOYKHO TPOCTO YAATIUTH BEChH

cydduxc! jexa, sjaemMenTb KOTOporo 60/blie HOBOrO (OHU MUHUMYMAaMH YK€ HUKOLJA He CTaHyT) u

J106aBUTH HOBBIH B KOHEI. fICHO, 4TO 1MOC/Ie 9TOi Onepaliii JEeK COXPAHUT BCE HYKHbIE HAM CBONCTBA.
Urak, mbr umeem ogepesp () u gexk M. Kak BBITISIIAT HAITH OMEPAIIAN:

e push_back(a) - nobaum a B KoHen @, yaagum uz M cyddukc, 3jeMeHTB KOTOPOro 60Jiblie
a n gpobaBuMm a B Komer M.

o front() - Q.front().

e pop_front() - caenars Q.pop front() u UPOBEPHTH, HAJIO JIU YJAJIUTH IEPBBHIHA dgeMeHT M.
DTO MOZKHO CJIEJIATH TaK: TPUCBOUM KaZKIOMY JEMEHTY YHUKAJIBHBINH HOMeD (HATpUMep BpeMst
nobasennsi) u Oyxem gexars M.pop  front(), eciu M. front().Time == Q.front().Time.

Lorpesok i...n — 1

['maBa #6 12/155 ABtop koncmekTa: Viabsg OabXoBCKMii
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e get_min() - M.front()

6.2. IIceBmoko,

\\ Q - ouepenmy, M - mex, Time - rmobanbHad mepeMeHHas ''BpeMeHu"
push_back (a){
while (!M.empty() && M.back().value > a) M.pop_back();
Q.push_back(a, Time);
M.push_back(a, Time);
Time++;

front ()4
return Q.front() .value;

get_min(){
return M.front () .value;

}

pop_front ) {
if (Q.front().Time == M.front() .Time) M.pop_front();
Q.pop_front();

6.3. AcuMnrorTuka

13 koma BugHO, 9To BCE, Kpome push back() paboraer 3a O(1). B nukie while B push_back()
MBI y/IaJIseM JeMeHTBl U3 JeKa. fICHO, YTO Mbl He CMOXKeM yIaJuTh Oosee N 3/1€MEHTOB, TaK Kak
KazKJIbpIfl 9JIeMEHT MOXKHO YIAJUTH He DoJiee ofaHoro pasa. I[losromy while B cymme orpaboraer 3a
O(N). Ha s3bike amopTusanuu:

o(n) = M.size()

C kaxioii urepanueii while t(n) ysemmuusaercsa ua 1, a Ay - ymenbinaercs Ha 1.

a(n) =Ap+t(n) =0(1)

D tn) =) a(n)+9po— ey <N-O(1)+ N —0=0(N)

n=1 n=1
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Asropurmbr, ocenn 2015/16 CTpyKTyphI JTaHHBIX

Jlekimga mo ajiroputMam #7
CTpyKTyphl JAHHBIX

18 cenTsidopst

7.1. HacTuaHbIe CyMMBI

Partial sums, IIpedukcusie cymmnr. B C+-+ jexkut B <numeric>.

Build psum:
psum[0] = O;
for i = 0..n
psum[i+1] = psum[i] + alil; //0(n)

Get [L..R]:
return psum[R+1] - psum[L];

7.2. buHapHBIl TOUCK IO OTCOPTUPOBAHHOMY MAaCCHUBY

e [IpoBepka Ha Hajam4Ine

XOTHUM y3HaTh, €CTb JIK 3JE€MEHT B MaccuBe. Bo3ppaliaem ero uHIeKc, eCJim €CTh, -1 — ec/ii HeT.

1 =0; r
while (1 <= r){
m = (1 r) / 2;
if (alm] == x) return m;
if (alm] > x) r = m - 1;
else 1 = m + 1;
}

return -1;

n - 1;

+ Al

o ITouck Ouamzkaiiniero

XOTHM y3HaTh, HA KAKOH IMO3UIIMKM HAXOIUTCI IEPBBIH JIEMEHT, OOJIBIINI I PABHBIN JaHHOMY.

1l = -1; r = n;

while (1 <= r)A{
m= (1 +r) / 2;
if (alm] > x) r = m;
else 1 = m;

}

return 1;

7.3. /IBa yka3zarend

e InTepecHnie ciaoBa

1. Offtine. 3anpochl MOCTYNAIOT «IIaYKaMHu», OTBET JaeTcs Ha Bce cpa3y. Bpems paborsl = Bpems
Ha 00pAbOTKY BCEX 3aIIPOCOB.

2. Online. 3ampochl HOCTYIAIOT II0 OJHOMY, OTBET Jaercd cpa3y. Bpemsa paborbl = BpeMs Ha
00paboOTKyY OJIHOT'O 3aIIpoca.

['naBa #7 14/155 ABTop koucnekTa: Exarepuna Kormenko
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e MetTon nByx yka3areJeii
Hambr gBa maccuBa A u B. Ilpo kaxkapiii 3;1-T MmaccuBa A cKa3aTb, €CTh Jd OH B B.

sort (A); sort(B); A[n] = INF; i = 0;
for j = 0..B.size() -1{

while (A[i]l < B[jl) i++;

if (A[i] == B[j]) cout << '"yes";
}

9to Offline pemenne. V¥ 3aga4an ects u Online perenmne.

sort (A) ;

for j = 0..B.size()-1{
BS(A, B[jl);

}

YT0 H3MEHUJIOCH: COPTHPYEM Telephb TOIBKO OJHH MACCHB, BMECTO METOJA JBYX yKasaTeseil HCIO/Ib-
syem Ounnounck (BS).

7.4. Xen-radJmniia

XoTuM Takyi CTPYKTYDPY JaHHbIX, B KoTopoii 3a O(1) GyaeM ymeThb 100aBAITh U YAAIATH 9JI€MEHTHI,
uckarh ux. B C+-+ ectb crpykrypsl HashSet u HashMap, KkoTopbie yI0B/IeTBOPSIOT STHM YCJIOBHSIM.
Pazmmuusa: y HashMap ko4 He ob6s3aTetbHO T0KeH OBITH int, oH MOXKeT OBITH JII0OOT0 THUIIA.

unordered set<Cint>
unordered map<string, int>

10661 OHU OBICTPEe PABOTAIH, CTOUT 3aPAHeE BBIIEJUTH HM KAKOH-TO 06beM maMsaTH (JIydie MaKCH-
MaJIbHBIH, KAKOI MozKeT moTpeboBaThest). A econ emie Hamucath a.rehash(N): To 910 yekopuT mporece
na 10%.

e Xemi-Tabsiniia Ha CIUCKaX Dy/eM XpaHUTb HAIIX M 3JeMEHTOB B n cuuckax. IIpu xopormeii

xen-(byHKIMH JIAHBL CIUCKOB OyyT TPUMEPHO -, TO €CTh BCE ONeparun OyIyT BBITOJIHATHCA 32

2. A rak xak mpI xotuM O(1), T0o m gomKen OBITh IpuMepHO pasen n. llpuvep xemr-ymrKimm:
i = x%m, Tae i - HOMep CIIMCKa, T - JEeMEHT,K OTOPBIH XOTUM J00aBHUTb, a M - HPOCTOE UUCJIO, He
cubHO OoJibiee n. Ecjim nam n 3apanee HEU3BECTHO, TO MOZXKET CJIYYUTHCS CATYaIUs, KOIJIA B OJMH
CHUCOK 3alUIIeTCH CAUIIKOM 3JI-TOB, BpeMsd padOThl CUJAbHO yXyAIUTCdA. UT0ObI 3TOro m3dekarb,
HYKHO BPeMsI OT BPeMeHH YIBAaWBATh KOJI-BO CIIUCKOB U MEPE3ANUCHIBATH yKe YMEIOINecs 3/-Thl B
HOBYIO XeIITad/IHILy.
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Pynruua noucka 8 rew-mabauue Ha CNUCKAT

struct Node{
Node* Next;
int x;

Node* h[m];

Node* Find(int x){
Node* v = &h[x % m];
while (v&&v -> x !'= x)
Vv = v -> next;
return v,

}

Zlobasaenue

if (finx(x) == 0)
hlx % m] = {h[lx % m]l, x}

Yodanernue

find(x) -> x = -1;

e Xermnr-tabsmima ¢ OTKpbITOI anpecarueii Bce ajieMeHTH XpaHATCS HEITOCPEJICTBEHHO B Xelll-
Tabsuie, 0e3 MCIOJIb30BaHUS CBA3HBIX CIUCKOB. Korjga mMbl mombiTaeMcs J100aBUTH 3JIEMEHT B yiKe
BAHATYIO A49€iiKy, TO OyeM OC/ae10BaTeIbHO PACCMATPUBATD CJIEIYIONINE IIOC/Ie Hee S9eiKH, IIOKa He
Haitnem nycryio. Tyna u 3amumiem Hal 3J1-T. OUATh-TAKH MOXKET BO3SHUKHYTL CUTYAIlUsl, KOIJIa XeIll-
TabJIMIIA, OKAXKeTCsl ITOJTHOCTHIO 3aII0JHeHHOM. V] 3T0 ToXKe peltaeTcss yBeJIHUYeHHEM pa3Mepa TaOTHIIbI
U 11ePe3aINChIO 3JI-TOB.

int n[m];
£ill(h, h+m, -1); // 3anmomHseM xem-Tabauny pasMepa m - 1
h[Find(x)] = x; // pobaBiseM 2J-T X, €CJH €r0O eme HeT

h[Find(x)] -2; // ynmanseM x
int Find(int x){
int i = x % m;
while (h[i] !'= -1 && h[i] !'= x)
i= (i + 1) % m;
return i;
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Asropurmbr, ocenn 2015/16 CriocoObI cOOCTBEHHOM ALTOKAINN TTAMSITH

Jlekiimga mo ajiroputMam #8
CmocoOBI COOCTBEHHOI AJIJIOKAIIUN TTaMATHI

21 cenTsiOpst

8.1. Bbunapuasg Ky4Ja KyCKOB MaMATH

Bamaun 3TOro cmocobda:
1. new(z), Bo3Bpalaer yKa3aTejb HA KYCOK MAMSATH pa3Mepa .
2. delete(a), ynanser KycoOK HaMATH d.

CJIO)KHOCTI/I B 3TOM CHOCO6€ Ha1MHalOT BO3SHUKaTh, KOI'/la 110CJIE€ YIaJICHUA Mbl XOTUM BbIAC/IUTHb KYCOK.
Be,ZLb CyYMMa pa3MepOB KyCKOB BO3MO2KHO HaM IMOJAXOAUT, HO HaM HY>KeH HOCﬂe,ZLOBaTeJIbeII'?'I OTPe30K
maMAaTH pa3Mmepa .

B coBpeMeHHBIX OIlepAIlMOHHBIX CHCTeMaX HAIUCAHBl XUTPble AJJIOKATOPBI, KOTOPBIE JIOBOJIBHO OII-
TUMAJbHO BBIJIEJAIOT MaMaTh. Mbl yKe 00CyIuM YIPOIIEHHYIO BEPCUIO aJII0KATOPa OCHOBAHHOTO HA
OuHApHON KyduKe KycKoB. Kycok — 310 mapa (size, address). Bymem ma Bepmmme Kydu XpaHUTh
MaKCHMyM u3 pa3mMepoB. Tora onepanum UMeT CJIe/ YOIl BU/I:

1. new(z):

Jlocraem MakcuMabHBIN 31eMeHT U3 Ky4au (maxsize, addr). Ecam mazsize < x, 10 Bo3Bpaa-
eM KYCOK B Ky4y W TOBOPHM, 9TO HE CMOIJIN HaiiTu. Kcm ke oH Hac ycrpanBaeT marsize > T,
TO CKaykKeM, 9TO MBIl HAILIH TakKoil aapec = addr u, ecim maxsize # T, 700aBUM B Kydy
(maxsize-x, addr+x).

Croxuocts onepanun: O(u3pinedenne u gobasiaenue B Kyay) = O(logan), T1e n - 9UCI0 KyCKOB
B KyHe.

2. delete(a):

Y106bI KOPPEKTHO MOJIEPKUBATH KYCKHU B Kyde, HAM HYKHO 3HATh cOCejieil TEeKYIIero Kycka.
[IpaBsrit cocen, oueBUIHO, HaUNHAETCA B addr+size. [1as ObICTPOro HAXOXKIAEHUS JIEBOTO COCETa
zasejieM HashTable, koropas st Kazk10i 1paBoil rpaHuibl Kycka Oy/ier XpaHuTh ero HavaJio.
Torpa, B 3aBUCUMOCTH OT COCTOSHUS cocesieil KycKa Mbl YIQJIUM U3 Ky4HU TeX cocelieil, KOTopbie
¢BOOOTHBI, U T0OABUM PE3YILTUPYIONHI KYCOK.

Caoxuocts onepannmn: O(u3nnedennst u gobasienne B kydy) + O(3ampoc k HashTable) =
O(logan) + O(1) = O(logan), TAE N - IUCIO KYCKOB B Kyde.

8.2. Crek

Hy:xHo ymeTh jearn:

1. new(z) ~ POP, Bo3Bpamaer ykazaresib Ha KyCOK HAMITH pa3Mepa .

2. deletelast() ~ PUSH, ynaisier KycOK MaMsiTH, BbIICJTCHHBII TOCTIETHUM.
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Asropurmbr, ocenn 2015/16 CriocoObI cOOCTBEHHOM ALTOKAINN TTAMSITH

[IpeumyiiecTBOM cTeKa SBJISETCS TO, YTO €CJIU €ro pa3Mep He IHpeBbilaerT B J11000it momenT k Gaiir
HaMsTH, TO €CTh MbI OyjeM J100aBIATh KaKyI-TO MadKy KYCKOB H IIOTOM €e OCBODOXKJATh, TO OHU
MOT'YT 3aK3LIAPOBATHCA U HAIll cTeK Oy/ieT padoraTh ObIcTpee.

[IpakTudeckuii TpuMep UCIOJIH30BAHHIO CTEKA /I COOCTBEHHOTO AJIOKATOPA € IEJIbI0 YCKOPEHUS
STL-ctykTyp (Hampumep set wiam map). IIpaBaa, Mbl He GygeM 0CBOOGOKIATH MAMSTH M3-38 BPEMeEH-
HBIX 3aTPaT, & BOCHOJIb3YeMCsl TOJLKO ujeeii new(x) creka.

char mem[1 << 28];
int pos = 0;

void* operator new(size_t x) {
void* res = mem + pos;
pos += Xx;
return res;

}

void operator delete(voidx* a) {

}

Takke B (pYHKIHSAX, KOTOpPBIE JOKATBHO UCHOIb3YIOT STL-CTPYKTYpbI, MOKHO XOPOIIO “OYUIIATDL’
IaMsiTh, BO3BpAIas MEPEMEHHYIO POS B €€ COCTOSIHIE O BBI30BA.

void f() {
int old = pos;
set<int> s;
s.insert (5) ;
s.insert (20) ;

pos = old;
b

Ho 6wiBator ciioxkuble (DYHKIUH ¢ HECKOJIbKHMHU TOYKaMHu BbIxoja. CjenoBaTe/IbHO, HAM IPUIETCH
Be3/e BO3BpAlllaTh 3HAUYEHUE [IePEeMeHHOM, a 9TO JIerKO 3a0bITh.

void f() A

int old = pos;

it O A
pos = old;
return;

X

it O o
pos = old;
return

pos = old;
3

Permienne cocrout B co3anuu COOCTBEHHON CTPYKTYPHI € JECTPYKTOPOM. Torjia HyzKHO BCEro JIUIIb
CO3/IaTh IK3EMILIAD ITOH CTPYKTYPHI IIPU BXOJE B (DYHKITHIO.

struct T {
int old;
T() : old(pos) {}
“TO A
pos = old;
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Asropurmbr, ocenn 2015/16 CriocoObI cOOCTBEHHOM ALTOKAINN TTAMSITH

}
};
void £() {
T t {};
if O A
return;
}
if O A
return
}
}

8.3. OaHOCBA3HbBII CIINCOK

O yHKIMOHAJTBLHOCTD:
1. new(), Bo3BpaImaer ykasareab Ha KYCOK TaMsTH KOHCTAaHTHOTO pasmepa C.
2. delete(a), ynajuser KyCOK MaMsTH q.

Bynem ucrosib30BaTh CIMCOK CBOOOIHBIX KYyCKOB. /L5t 3TOTO peasn3dyem crpyktypy Node u mepemeH-
HYIO YKA3bIBAIONIYIO HA HAYAJIO CITHCKA.

struct Node {
void* data;
Node* next;

8

Node* head;

Nndopmarusa 3anumaer C' 6aiiT, a ykazaresb, HanpuMmep, 4 Oaiita. Torma pasMep, Ha KOTOPBIH HaM
HY?KHO Pa30UTh BCIO HaMsTh, 310 C' + 4 OaiiTa.
Omepamnuu BBITJISIAAT CJIEAYIONUAM 00Pa30M:

void* operator new () {
void* res = head->data;
head = head->next;
return res;

}

void operator delete(voidx* a) {
b = (Nodex*)a;
b->next = head;
head = b;

}

Hy)KHO 3aMeTUTh, 9TO 34€Chb TOXKE YMECTHO K3IMUPOBaHUE, T. K. ITOCJIE ydaJIeHUAd KYCKa IIaMATH OH
CTaHOBUTCHA II€PBLIM B CIIICKE, 1 6y,]]‘eT BbIIaH 6I>ICTpee7 geM Bce cieayromue KyCKu B CIIMCKeE.
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Jlekimga mo ajiroputMam #9
CTpyKTyphl JAHHBIX

21 cenTsiOpst

1.

© 00~ O Ut W

—
W N = O

9.1. NN36aBienue or amopTu3aruu. JIeHnBoe KonmpoBaHue

BekTop #1

Bpemsi paborbl npakrtudecku Bcex onepanuii Bekropa uucroe O(1). Vekiodenue - onepaiust
push back, koropas paboraer 3a aMOPTU3UPOBAHHY IO KOHCTAHTY, TAK KAK €C/IH MPUXOJUTCS YIBa-
UBaTh pa3mep BekTopa, To push back orpaboraer 3a JimHUIO.

YaBoeHUe BEKTOPA COCTOUT W3 TPeX 3TAIOB:

1)BoiiesieHre maMsITH J1J1si HOBOTO BEKTOPA

2)KonupoBaHue 3JeMEHTOB U3 CTAPOTO BEKTOPA B HOBBIi

3)OcBOGOK IeHIe TTAMSTH H3-TI0J] CTAPOr0 BEKTOPA

Brineenne n 0cBOOOKIeHNE TAMATH TEXHWYECKH 3aBUCHMBIE JEHCTBUs, W C TOYKHU 3DEHUS aj-
TOPUTMU3AIANA MBI HEe MOXKEM Ha HHX HOBJIUATH. 3aMeTUM JIUIIb, UYTO €CJIH TeOPeTHYEeCKH OHU
paboraioT 3a ©(n), TO HA TPAKTHKE OHH HAMHOTO OBICTPEE U 3/1€Ch MBI MOYKEM CUUTATH HX BPEMsI
paboTsr pasubiM O(1).

KonupoBanue e B cTaHjapTHOH peanm3anuu BekTopa paboraer 3a O(n) m ero onrtummsanuei
MBI 1 3aiiMémcs. JlaBaliTe BMECTO € IMHOPA30BOT0 KOMUPOBAHMSA BCEX JIEMEHTOB Pa300bEM ero Ha
MHOTO MAJIEHbKWX OIepalyii, KOTopble MbI Oy/IeM BBIMOTHATH MapaslieTbHO ¢ pabOTO!l OCHOBHBIX
omepanuit BeKTopa. Beigenum i HOBOTO BEKTOPa MaMsATh B 2 pa3a 0oJbllle pa3Mepa cTaporo,
TJie TepBas TMOJOBUHA OYIET COOTBETCTBOBATD YiKe CYIIECTBYIONINM dJIeMeHTaM, & BO BTOPOil Gymer
3JIEMEHT, 100aB/IeHne KOTOPOTO U MOTpeOoBajIo BhlAe enne maMsitu. Ho Mbl He OyaemM KOnupoBaTh
BCe 3/IEMEHTHI B HOBBIM BEKTOP, & Oy/JeM HEKOTOpOe BpeMs XpaHUuTh 006a U mpu oOpalieHun K
9JIEMEHTY, TPOBEPSATh B KAKOM BEKTOpE OH HaxoAuTCst. KommpoBaTh ke Mbl OyIeM M0 OJHOMY 3.JTe-
MEHTY IpH KaxkjgoM BbI3oBe push back m pop back. Torma, Tak Kak MbI KOIHPYeM IO OJIHOMY
37eMeHTy mpu BeI30oBe push back, To Kak TOJIbKO TAMATH HOBOTO BEKTOPA 3AIIOJTHUTCS, BCE CTaphIe
9JIEMEHTHI TAPAHTUPOBAHHO Oy/IyT CKOMUPOBAHBI, U 3HAYUT MbI CMOXKEM €r0 yJIAJIMTh, 1 HAM HU-
KOTJIa He IPUACTCA XPaHUTh OOJIbIe ABYX BeKTOpoB. B pop back ke konuposanue meobxoumo,
4TOOBI U30€KaTh 3aTUPAHUs JIEMEHTOB B HOBOM MacCHUBe IpH 1moodepéanom Bbizose push back,
pop_ back. Takum obpasoM, ecim 0003HAYUTD CTAPBIil BEKTOP @, HOBBIA b, a HOMEp IIOCJIEeTHEI0O
HECKOIUPOBAHHOTO 3JieMeHTa k, TO KO/l (PYHKIUI Tenephb BHITVISIAT TaK:

at*x (i)
if 1 <= k
return a.at (i)
else
return b.at (i)

copy ()
if k >= 0
bl[k] = alk]
k-—

push_backx* ()
push_back ()
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copy O)

pop_back*()
pop_back ()
copy O)

BekTop #2

B nepBom BapmanTe Mbl N30aBHJIUCH OT JIMHEHHOTO KONMMPOBAHUS, PA30UB €ro Ha IIO3JIeMEHTHDIT
TIEPEHOC TEMEHTOB MapaJJIeJbHO ¢ paboToit pyHKIHNit BekTopa. Ho MOXKHO KOMMPOBaTh IeMEeHTHI
He TocJIe TOTO, KaK OH 3allOJHUJICH, a 3apaHee. Kak TOJIBKO Yy BEKTOpa 3alOJHUIACH TOJOBHHA
sd9eeK, 3aBeJIEM HOBBIM VIBOEHHBIN BEKTOD U Oy/IeM MePEeHOCHTHh B HErO IJeMEHTHl aHAJOTHIHO
LHPONLIOH pean3aiuu. FJUHCTBEHHOE OTJIMYMe, YTO 3/IeChb KOIUMPOBATH HYYKHO HE 10 OJHOMY, &
IO JIBa 3JIEMEHTa, TOTJa K MOMEHTY 3allOJHEHUs CTApOTO BEKTOPA BCE e€ro 3JIEMeHTHl yzKe OyayT
MEePEHECeHbl B HOBBIN, U CTApbIil MOXKHO Oy/IeT yJIaJUTh.

HashTable

AHaJIOFI/ILIHO C BEKTOPOM 3JIEMEHTDBI Xe]l[Ta6ﬂI/IHbI MOZKHO IEpeHOoCUuTh J0 WM I10CJ€e TOro, KakK uX
KOJINYECTBO HPEBLICUIIO JOIIYCTUMBIN mpees. B mepBowm ciydae, moka TabJnIa mMeJJMKOM He CKOIIH-
pPOBaIaCh, OIEPAIMH 3aIIPOCA BHIMOJIHIIOTCS TOJBKO HA CTAPOM MAacCHBe, a J100aBJIATH TPUIETCH
B 00a, TaK KaK B OTJMYME OT BEKTOPa B XeIITaOJuIe Ao0aBIeHne MPOUCXOIUT He B KOHEIl, a B
IPOU3BOJIBbHYIO d9eiiKy. Ecan ke Mbl co31aéM HOBYIO XemTabJIMILy [MOCIe 3al0JHEHNsT CTAPO, TO
HA000POT 100ABASITH MOYKHO TOJBKO B HOBYIO, a 3alPOC MPUAETCA COBMEIIATh U3 JABYX 3aIIPOCOB
K KazKJI0I TabinIie.

Ouepenps ¢ MUHUMYMOM

3mech MBI paccMaTpuBaeM O4Yepesb ¢ MUHUMYMOM Ha JABYX cTeKaX. B oObIvHOI peasmsaruy ode-
peib ¢ MUHUMYMOM paboTaeT 3a aMOPTHU3UPOBAHHYIO KOHCTAHTY, TaK KAK €CJIH IPHU U3BJICUCHUN
9JIEMEHTA, BBLIXOMHON CTEK OKAyKeTCsl MyCT, TO omeparus orpadboraer 3a O(n). dng uzbapmenus
OT aMOPTHU3AIUHU JABATEe BOCIIOJIb3YyEeMCsl YK€ 3HAKOMBIM 110 HPEJABIAYIIAM IIyHKTaM MeTO0M
JIBHHBOTO KOMUPOBaHUs. KaK TOJBKO pa3Mep BBIXOIHOTO CTEKA CTAHOBUTCS] MEHBIIE BXOIHOTO, Ha-
YMHAEM KOTTHPOBATH 3JIEMEHTHI BXOHOTO CTeKa B BRIXOIHOI. JlaBaiiTe XpaHUTH CTEKW HA MaCCUBe,
npudéMm obe IpaHuIpl CT€Ka MOTYT B HEM cMemarhes. 10T, KOorja HadnHAeTCS KOIUPOBAHHE,
MBI OTPE3aeM OT BXOJHOI'O CTEKa BCE €ro 3JeMEHTHI W MPUPABHUBAEM JIEBYIO W MPABYIO I'DAHUIIBI
R+ 1. 1 xonupyem s1u vaeMeHThl "o gHO0"BBIXOAHOTO cTeKa. Torga st BOCCTAHOBJIEHUS HOP-
MAaJIBHOT'O COCTOSIHHSI OUePeii HaM MOHAM00UTCS: a) CKOMUPOBATH N 3JIEMEHTOB M3 OJHOTO CTEKa B
JpYyTOit, b)mocYnTaTh YacTHYHble MUHUMYMbI HAa 1 KOMUPYEMbIX JeMeHTaX W Ha < 1 3JeMeHTax
OCTaBINUXCS B BBIXOMHOM cTeke. VlToro 3n omepamuit u 3HaYUT pU 00pabOTKe KaxKJIoro push u
pop HEOOXOIUMO BBITIOJHUTH 3 onepanuu. OcTagoch HayIUThCs 00padATHIBATh 3aITPOCHl MIAHUMY-
Ma B TpOIecce MepecTpoitku odepeau. s 3TOro Haao0 JIUIb OTACTHHO 3AIIOMHATH MUHAMYM Ha
KOIMMUPYEMOM yYaCcTKe, KOTOPBIil 3apaHee JOCTYHEH Ha ero BepIiinHe, n mpu o0paboTKe 3ampoca
OpaTh MUHUMYM W3 000X CTEKOB M KOTHMPYEMOTO yYIaCTKA.

9.2. Ky4ga(Heap)

Kyua - GunapHoe JgepeBo, KOTOpoOe, ecu 0003HAYUTh BEPIIUHBI h;, a BepIiuHa HMeeT HOMep 1,

VJIOBJIETBOPAET CBOMCTBAaM:

hi < ho;
hi < hoiyq
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Asropurmbr, ocenn 2015/16 CTpyKTyphI JTaHHBIX

Kyua 1o onpejesieHuio BLIIOJIHAET JIBE OIePAIIIN:

ExtractMin() - u3Bjeub n3 Ky4u J1€MEHT ¢ MUHUMAIBHBIM KJIOUOM

Add(x) - 106aBUTb B Ky9y JIEMEHT C KJIOUOM X

B stl cTpykTypoii ¢ TaKuMHU olepalugMu ABJIsdeTcs priority queue.

OzHAaKO, CIIMCOK BO3MOXKHOCTEH KYUd MOXKHO PACIIHPHTH eIlé 2Ms OlepaIiisaMu:

Delete() - yaaauTh 3JeMeHT U3 Ky9H

DecreaseKey(y) yMeHBITHTH KUY 3J6MEHTA J0 Y

Koropsle B CBOIO 04epejib BbIPAKAKTCA OJIHA YePe3 JAPYTYIO:

Delete() = DecreaseKey(—oo) + ExtractMin()

DecreaseKey(y) = Delete() + Add(y)

[Honyuusiiyocs crpykrypy nazbiBaior ExtendedHeap.

Peanuzamnuga

Mpbr OyneM peajin30BBIBATH Ky4y Ha MaccuBe. Y KOpHA Oyjer mHjeKc 1, a WHJEKCHl CHIHOBE
BEpIIUHBL i: 20 U 20 + 1, TOTIa WHIEKC pOAUTesist joii BepinuHbl | j/2].

Bageném e Beromorateabhbie dyuknuu: SiftUp(i) u SiftDown(i), Koropeie 6yayT nmpoceuBarh
iYI0 BepUIMHY COOTBETCTBEHHO BEPX WJIM BHU3, II0Ka OHA HE 3aiiMET KOPPEKTHYIO MO3UIMIO.

SiftUp (i)
while i>1 && h[i/2] > h[il
swap (h[il, h[i/21)
i /=2

SiftDown (i)
while i <= n
m = min(i, 2i, 2i+1) // min(h[i], h[2i], h[2i+1])
if(m == i) break
swap (h[m], h([il)
i =m

Tenepb C UX IIOMOIIBbIO MOXKHO D€aJIN30BaTb OCHOBHBIE OIl€palllul KY4H.

Add (x)
h[++n] = x
SiftUp(n)

ExtractMin ()
result = h[1]
swap (h[1], h[n--1)
SiftDown (1)
return result

Teneps onennm Bpemst paborsl Add n ExtractMin. B xymmrem ciygae SiftUp u Sift Down mpoitgy
BCE JIePeBO CHU3Y BBepX/cBepXy BHU3. Bricora GuHapHOTO JepeBa u3 n Bepiud [log,(n+1)|. 3naunt
Bpemst paborsl Add u ExtractMin O(logn).

HeapSort

Onaum u3 Hanbosee PacIpOCTPAHEHHBIX IPUMeHeHn T Ky4n siBjsercs HeapSort(mupamuiaabHast
COPTHPOBKA). AJITOPUTM TIPEICTABIISIET CO0OiT 10OABIEHNE BCEX 9IeMEHTOB B KYIy U H3BJEYeHNe HX 13
ueé. Torja nepBoiil ©3BJICUYEHHBIH 3/1eMEeHT Oy IeT MUHEMYMOM Ha BCEM MAaCCUBE, BTOPOI U3BICUEHHDII
MHHHMYMOM CpeId BCeX KpOMe IIepBOro, m Tak jgaJjee. Torma, Tak Kak Mbl J00aBIsgeM B Kydy n
9JIEMEHTOB, a 3aTeM N JEMEHTOB U3BJIEKaeM, To cyMMapHoe BpeMmst paborst HeapSort O(nlogn):
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Heapsort ()
For (i, n)
heap.Add (al[i])
For (i, n)
al[i] = h.ExtractMin ()

Baxknoit ontumuzamnueit B HeapSort, u apyrux ajropurMax, CTPOANIAX Ky4dy O U3BECTHOMY KO-
JITIECTBY 9JIEMEHTOB, siBjigeTcs nocrpoenne 3a O(n). st 5Toro GyieM CTPOUTD Kydy HE B OTJEIbHOM
MaccuBe, a npsmMo B Maccuse a (Inplace):

Build ()
For i = n..1
Sift Down (i)

logn

Bpessa paborst — 3 k5] < (S [&)(n+1) = ©(1)0(n) = 6(n)

2k 2k
k= k=1
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Asropurmbr, ocenn 2015/16 [TonostHAEMBIE CTPYKTYPBI

Jleknuga mo ajgroputMam #10

IlomosmsgeMblie CTPYKTYPbI
28 ceHTsAOpst

10.1. Add — Merge

Hayuumcest jgestarb Merge ¢rpyKTyp, JJist KOTOPBIX onpejesena oneparus Add. s sroro jgocra-
TOYHO JI00ABUTH BCE 3JIEMEHTHI MEHbINEH 10 pa3Mepy CTPYKTYPY B OOJIBIILYIO.

e Merge

Merge (A,B) {
if A.size > B.size
swap (A,B)
foreach a in A
B.insert (a)
return B

Teopema 10.1.1. Ecam cymMapHOe KOJHYECTBO 3JEMEHTOB B CTPYKTYpax He IPEBOCXOIUT 7, TO
Jr06ast MOC/IeI0BAaTeIbHOCTD BbI30BOB M erge oimosnntes 3a O(nlogn - Add), rne Add - Bpemennas
CTOZKHOCTD OIepaIuy J100aBIeHNUs.

oxasamenvcmeo. Kaxkipiit pa3, Korma Jjis 3jieMeHTa Bbi3biBaeTcsa (pyukus Add paszmep MHOKe-
CTBa, B KOTOPOM OH COJEP:KUTCS YBEJHINBAETCS XOTs OBl B JIBa pasa. TakuMm obpas3oM, JIJIs KazKI0ro
ynemenTa Add He Mo¥KeT OBIThH BbI3BaH OoJiee log, n pa3. DJIeMeHTOB N, CJIeJI0BATEBHO BCETO BHI30BOB
He 6osiee nlog, n, 4.1 |

10.2. Build, Get — Add

10.2.1. C nmoMoIbi0 KOPHEBOI ONTHUMM3AIN

Tenepn Hayummest go6aBaath Add B ctpykrypy, KoTopas ymeer faejaarb Build u Get (byukims
Get monxHa OBITH A IUTHBHOI).

[t 3TOr0 pazobbéM CTPYKTYPY Ha HECKOJIBKO, KaKjas U3 KOTOPBIX Oyzaer pasmepa m. B dyHk-
mun Add 6ynem mpocto gesath Build oT TOTO, 9TO €CTh B TEeKYIIel CTPYKTYpPe W HOBOT'O 9JI€MEHTA.
Bpemennas cioxnocts - O(Build(m))

e Add

Add (parts,cur,x){
if parts[cur].size = m
cur++
Build (parts[curl], x)
}

B Get bynem mpoberarh 1mo BceM CTpyKTypaM, Bei3biBaTh (Get oT HEX, a 3aTreMm Opathb (Get oT Beex
pesynbraToB. Bpemennas ciaoxnocts - O(2Get(m))

o Get

['masa #10 24/155 Astop koucnekta: [leBuenko Wibs
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Get (parts){
for A in parts
res = combine (Get(A), res)
return res

3

PaccMoTpuM 3TOT mOAX0 HA TpuMepe CTPyKTypwl SortedArray, nas xkoropoit Build = Sort
u Get = lower _bound. B stoit ctpykrype g Add MoxkHO ucnoib3oBaTh He Build, a 00bIYHYIO
BCTABKY B oTcopTupoBamHbIil Maccup 3a O(m). Torma caoxunocts onepamun Get - O(logm), a
Add - O(m). Bozpmém m pasuoe y/nlogn. Torna cioxunocts obenx onepammit 6yaer O(y/nlogn).

10.2.2. C moMoIIbIO IIPE/ICTABJIEHUA B JBOUYHON CHCTEME CUUCJICHUS

[IycTh B ¢cTPYKType N 371eMeHTOB. PaccMOTpUM pasJioxKeHue 9ucjia 1 B JBOUYHON CUCTEeMe CUHUC-
genmd - n = Y 2%, Bymem moiepzKuBaTh HecKoabKo (He Gomee log, n) cTpyKTyp pasmepa 2, s
KazKJI0TO CJIOTAEMOr0 U3 CYMMBI.

Teneps Add(x) GymeT BBHILIAAETH CASTYIOMMUM 00pa30M: CO3aUM HOBYIO CTPYKTYDY pasmepa 1
13 T, IOKa ¥ HAC eCTh CTPYKTYPhI OJTHOTO pa3Mepa Bbi3biBaeM OT HuUX Build, 1o00aBiisieM ero K HaIiuM
CTPYKTYpaM, a T€ JIBe yIAJSTCeM.

Teopema 10.2.1. I[lycts Add = log N+k;, tze k; - cymmapuoe Bpemst paboTsl Bbi30BOB Build cienan-
HBIX B 9TOM BbI30Be dyHkinn Add. Torna nias cepun BeizoBo Gyukunu Add - > k; < Build(N log N)

oxasameavcmeso. llycrb B mporecce  HCIOI30BaHUSI CTPYKTYPBI  OBLIM  CIEJIAHBI  BBI3OBBI
Build(by), Build(by), ..., Build(b,,). Bysem ucnosbzoBars jemmy Y Build(b;) < Build()_b;) 6e3
JIOKa3aTeabcTBa. KayK/Iplil 3/1eMeHT BXOAMJ B OJWH W3 BbI30BOB Build me Gomee log, N pa3s, Bcero
snementoB N. Torma o gemme - > Build(b;) < Build(d ) b;) < Build(N log N), w€.r.1. |

10.3. Get — Delete

Hayuanmcest yaamsits sJeMenT U3 CTPYKTYPhI, KoTopast ojiepxkuBaer Get (dbyukius Get nomkHa
6bITh 06paTuMoii). s 9Toro mpocto 3aBengM cTpyKTypky Deleted u npu Beizose A.Get() Gynem
Bosppammarb A.Get() — Deleted.Get().
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Jleknuga mo ajgroputmam #11

Apudmeruideckne BbIpaXKeHUS
25 centsOpst

11.1. Bes creka +, -, *, /, (7 )

a. Haiinem rmoc/ie THIOI0 OIrepaliiio
[To ckobkam xpanum DaJiaHChl Ha npedrkcax. Toraa mopsaoK BHITOJIHEHUsT oiepalnii Takoit: Mak-
CUMAJIbHBIN OalaHC, MAKCHMAJIBHBI IPHOPUTET, caMasl JIeBasl 13 BO3MOYKHBIX (TaK KaK BCe JIeBO-
ACCOIUATUBHBI )

b. 2 peKypCHBHBIX BBI30Ba - IMOCUUTAEM IIPABBIA U JIEBBIH apryMeHT W HPUMEHUM ONEPAIUio K HUM

Bpemsa: O(n?) B xyunem ciydae

c. Caydaii: omepamnuu BHYTPH CKOOOK KOHYUJIUCH — yOepeMm mx

11.2. Co crekom
11.2.1. Be3 ckobok

Ecmm mpuxoauT 9umcso, OTHpaBUM €ro B CTeK YHCeN, olepalius — B cTek omepanuii. [loka y npu-
memeil onepamun MpHOpUTeT He OO0JbINe, YeM V IOCJeIHel, BBIIOJHSEeM IOCIeIHION IS JIBYX
MOCJIEJIHUX YHUCEJI, 3aMeHsdd UX HA PE3YJabTaT.

while (prior (oper.top()) >= prior(mnew)) {
eval () ;
}

oper .push (new) ;

E1iie MoxkeT cayduThes, 9TO Y HAC €CTh IPaBOACCOIMATHBHBIE onepalun. Tor1a ycJIoBrue 3aMeHsIeTCs
Ha:

1| (prior(top()) > prior(new) || (prior(top()) == prior(mnew) && typelnew] == "L"))

O ~J O U i W N

11.2.2. Co ckobkamMmu

// prior ["("] = +inf;

// prior[")"] = 0;

while (top() !'= "(" && prior(top()) >= prior(new))
eval () ;

if (new == ")")
oper .pop () ;

else
oper .push (new) ;

11.2.3. YHapHBIII MUHYC

a. 2—~3
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Apudmernyeckue BrIpaKeHUsT

—

while (unary (open.top()))
x = eval(x);
3| values.push(x)

[\

b. 12 = 1 — (—(—2)) Ecau mociennuii push B crex omepariuii, To Hall MUHYC — yHapHbI, nHAYe

OWHAPHBII

11.3. /IepeBo BBIpa>keHMIA

[IycTh y Hac ecTh nmepemennbie. Torma Oy/ieM B cTeKe YUCET XPAHUTH YKa3aTe/ M HA BEPITUHBI JIePEBa
BbhIpakeHnit. MoyKHO Oy/IeT MOJICTaBUTh 3HAYEHHS U MOCYUTATH OTBET.

Node {
int type;
int value;
Node x*a, *b;

}

Cnasa #11

27/155

Aptop koucnekTa: Jannnn CMupHOB




Asropurmbr, ocenn 2015/16 CopTupoBkn

Jleknug mo ajroputMam #12

CopTtupoBKn
28 ceHTsAOpst

12.1. Yro xotum? Ectb maccus a|| (unaexcanus [0, n) ), xorum nosaydars maccus b[],

SBJSIONINICS TAKON MepecTaHoBKOM al|, 9To 1eMeHTHl B HEM YHODPSI0UeHbl (OOBITHO MO HeyObIBa-

HUIO).

12.2. CBoiicTBa COPTUPOBOK

1.

Stable (ycroitanBocrs)

CopTHpOBKa yCTOHYMBA, €CTH PABHBIE JIEMEHTBI U3 a|| cOXpaHWIM MOpsiIOK CJIeJ0BAHUST OTHO-
CHUTEJILHO JIPYT japyra B bl|.

. Inplace (¢ ucnosssosammem O(1) gomoaHuTeILHOM TAMSTH)

Ecau coprupoeka ucnosbsyer O(1) gonoHuTeIbHON TaMITH (B YACTHOCTH, OTCOPTHPOBAHHBIH
MaccuB coxpaHsercs B af|), To copruposka inplace.

12.3. Copruposku 3a O(n?)

[\

SO W N

Selection sort (CoprupoBka BEIGOPOM)

Jenaem n urepamuii. Ha i-toit nrepanun mensiem mecramn ali] n alk|, rge k - nngexe maxcn-
MasbHOrO 3ementa cpean {afi], a[i + 1], ..., a|n - 1]}, To ecTs BEIGHpaeM, Kakoit s;remenT Oymer
i-TBIM B OTCOPTHPOBAHHOM MAaCCHBE.

IIceBmoxom;

for i in [0, n)
k = index_of_max(al[il, ali + 1], ..., al[n - 11)
swap(alil, alk])

Komuectso cpasuenuii - O(n?).

KoutmaecTBO KOMMpoBanuii 91eMeHToB (swap’os, npucsanBanuii u T.1.) - O(n).

. Insertion sort (CopTupoBKa BeTaBKaMH )

Henaem n urepanuii. DyiemenT afi] nporajikuBaeMm BIEBO, TTOKa OH HE OKAYKETCsT HA CBOEM MeCTe
B OTCOPTUPOBAHHOM MAaCCHBE M3 IEPBBIX 1 3JIEMETOB, TO €CTh BCTaB/geM afi] B Hy:KHOE MecTo
OTCOPTUPOBAHHOTO MACCHBA U3 MepBhIX (i - 1) 3/eMeHToB.

IIceBonKkoI:

for i in [0, n)
o=
while (j > 0) && (aljl < alj - 11)
swap (aljl, alj - 11)
5o
//I--
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BamernM, 4TO KaxK/blil swap ymMmeHbiaer Ha 1 kosi-Bo unsepcuii I B Maccuse (uHBepcHs - Ha-
mrare Takoii mapst ali] n afj], aro (i < j) && (ali] > alj])).

Komuectso cpasrennii - O(n + I).

KonnuecrBo komuposanuii s;1eMeHTOB (swap’oB, npucBanBanuii u T.i.) - O(I).

e Onrumm3anus Tak Kak MBI BCTAB/ISIEM B OTCOPTHPOBAHHBIH MACCUB, TO MOXKHO MO3UIIUIO
BCTABKU UCKATh OMHIOUCKOM (a 3areM "XBOCT'"BBITAIKUBATD BIPABO).

Kosmmaectso cpasnennii - O(min(n + I, nlogn)).

KoummuecTBO KOMMpoBaHuii 91eMeHToB (swap’os, npucsausanuii n T.1w.) - O(I).

12.4. Teopema

Teopema 12.4.1. He cymmecTByer cOpTHPOBOK, HCHOJIB3YIONINX TOJbKO cpaBHeHue «''(HUKAKOH 110-
MOJIHUTETHbHON HH(MOPMAIIHMH TIPO JEMEHTHI MaccuBa), paboraromux 3a o(nlogn).

JokazaTeabcTBO. JlJIs IPOCTOTHI TOJOKIM, 9TO MbI COPTHPYEM MEPECTAHOBKY (TO €CTh BCE HJre-

MeHTHI pa3indnbl). [Tycrh Hamma coprupoBka cuenasa k cpapuenuit (ali| < alj|), pesyaprar kaxmoro -
310 0 mm 1, ecin False mom True coorsercrrenuo. Ioayummn 28 GuuapabX cTpok. MBI XOTHM yMeTh
"oramuaTe" Apyr OT Apyra Bee IMepecTaHOBKH HAIIEro MACCHBa C IOMOINBIO 9THX K cpaBHeHMIi, TOTIa
J0/KHO BIIOIHATHeA (n! < 2F) (a mHaue GyayT cyIecTBOBaTb 2 Pa3IMYHBIX HePECTAHOBKH, KOTO-
PBIM COOTBETCTBYET OJMHAKOBBIII HAOOD CpaBHEHUIi, a 3HAUUT, MBI HE CMOYKEM 3TH JIBE MePECTaHOBKH
"oramaure"). Jlorapudmupyem obe gactu o ocHoBanuio 2, noaydaem O(nlogn) < k. To ecth Ham
tpebyercs xorst 061 O(nlogn) cpaBrenuii, 9106 OTCOPTUPOBATH MACCHB.

12.5. CoptupoBku 3a O(nlogn)

1. Merge sort (CoprupoBka CIHSHEEM)

CryckaeMmcst B JIEBYIO W MPaBYIO MOJOBUHY, COPTHPYEM HUX, CAUBAEM JIBE OTCOPTHPOBAHHBIX
ITOJIOBUHBI.

e PexypcuBHas peajm3aiug

IIceBnokon:
Merge sort(l, r) // [1, r)
if (L + 1 >= 1)
return

m= (1 +1r) / 2
Merge sort(l, m)
Merge sort(m, r)
Merge(l, m, r) // [1,m) + [m, r) -> [1, r)

N O U W N

Onenum BpeMsi pabOTHI:

T(n) =2 - T(5) + O(n) = O(nlogn) + O(n) - time_ for_recursion. Ouennm J0TmOJHATEIHHYTO
TaMSITh!

Add_memory = memory for merge + O(logn) - memory for recursion.
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N

0 1 O Ui W N

TR W N =

36aBumcs o peKypCHH.

e HepexkypcuBHasa peanmusanus

Bynem nojiepkusaTh OTCOPTHPOBAHHBIMU BCE KYCKH JIHHOM 1,2, 4, ..., & Ha COOTBeTCTBYIOMIeH
ATEpalun U CJINBATH UX.

[IceBmoxon;

for (k = 0; (1 << k) < n; k++)
for (i = 0; i < ny; i += 1 << (k + 1))
Merge (i, min(i + (1 << k), n), min(i + (1 << (k + 1)), n)

Onenum BpeMsi pabOTHI:

T(n) = O(nlogn)

OteHuM JOTIOTHATEIBHYIO TAMSTh:
Add_memory = O(n) (a1 cousuus).

Ham joctarovno AByX MaccuBoB JiIHHBL 1. IlojaepkuBaeM Kycku JinHbl 1 B 4[|, cauBaem ux
B b[|. Teneps B b|| y nac kyckn pymust 2. Conbém ux B af| u T.1.

12.5.1. Merge ¢ no/ic4éTOM MHBEPCUIi

IIceBnokon:

Merge(an, a, bn, b, ¢c) // [a, a + an) + [b, b + bn) -> c
i=3j=1=0
for k in [0, an + bn)

if (i < an) && ((j == bn) || (alil <= b[jl))
clk] = al[i++]

else
clk] = b[j++]
I += an - 1

Quick sort (Beictpas coprupoBka) Beibupaem OHOPHBI 9/1€MEHT X, BCE 3JIEMEHTHI MacCHBA,
KOTOpble <X, IEPEHOCHM B JIEBYIO YaCTh, BCE JIEMEHTHl MACCHBA, KOTOPbIE >X, NEPEHOCHM B
MPABY0 YacTh, COPTUPYEM JIEBYIO U MpaByto dacTu (partition).

[IceBmoxom;
Qsort (a)
if (a.size() <= 1)
return
x = alrand % a.size ()]

return Qsort(<x_from_a) + x * count(a, x) + Qsort(>x_from_a)

Ouenum BpeMs pabOThI (Ha HepecTaHOBKe):

T(n) = Yo (T(@)+T(n—a-1)) _ O(nlogn)

n
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Jleknuga mo ajgroputMam #13

CopTupoBKHu, IIpoI0IKEeHIe
28 ceHTsAOpst

13.1. Bpemsa paboTbl paHgoMu3npoBaHHOro QSort.

Teopema 13.1.1. cpednee spema pabomo, QSort: ©(nlogn)

e /ToxazarenncTBO #1:

Hokazkem no naykmmn, aro T'(n) < C-n-Inn
Baza:T(2) <(C-2-In2

[Iepexon, :

OneHnM MaTOXKHUIAHUE BpeMeHU PabOTHI:

T(n) < LS (@00) + T -2 —1) 4

Samerum, r;CT:()1 x un—x— 1 npoberaroT oHU U Te JKe 3HAYCHUS.
=T(n) < L. nf(z T(z))+n

T < n =10 H;ziLHOﬂomeHmo uaaykuun T'(x) = C -z -Inx

n—1 n
=Tmn) <23 (C-z-lnz)+n< 2 [(C-z-Inz)dr+n
=1 1

[TocuanTaem Heompe e IeHHBIN HHTETPAJI:

[(zlnz)dr = 2’ Inz — [(32)dz = J2° Inz — 12?

Takum obpasowm:

T(n) < 2-C- (Wl — bn 4 1) = € (nlnn— b+ 1) +n = Onlun— G4 € 1

lim £ =0
n—oo <M

pu C=2n—>o00: (- L+ £ +n)=0=T(n) <2-nlhn
e /loka3aTesIbCTBO #2:

SaMedaHne: KazKple JBa JEMEHTa CPaBHUBAIOTCA He Dojiee loro pasa.
O6o3HaunM 3a sali| ¢'blii 3JeMEHT OTCOPTHPOBAHHOIO MACCHBA.

T'(n) = Koa-Bo cpasuennit (<) = > x(i,7), rme x(i,7) = 1, ecu saementst safi| u sa[j| cpaBmu-
]

Basuch 1 X (7, 7) = 0 B IPOTHBHOM cJrydae.

SaMeruM, 9TO BpeMd pabOThl 3aBUCHT OT KAKOTO-TO paHjoMa. O603HAYUM KOJUIECTBO BO3MOK-
HBIX UCXOIOB 3a «v. Bce MCXoapl paBHOBEPOSTHHI. Torma MaToXKuIaHne BpeMeHd paboThl paBHO Cpejl-
HEMY BpPEMeHH IT0 BCEM BO3MOYKHBIM HCXOIAM.

« (0%
T(n) = ;> (X654, R) = X(5 2 (x(6,4,R))) = > Pr(sali] cpasamsanocs ¢ salj]), e
R=1 i, ij = R=1 i
Pr(...) - BeposTHOCTDL coObITus (anra. Probability).

[Mocuuraem Pr(i, j):
Bce cpaBHEHHUST IPOUCXOMAT TOJIBKO ¢ GapbepHbIM djieMeHTOM () B Partition.
PaccMoTpuM MOMEHT, KoTJa sai] u salj| monamaioT B pa3Hble BETBU:
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min(sali], sa[j]) < x < maz(sali], sa[j]). Bcero na stom orpeske |i — j| + 1 aucen. CpaBuerue
IPOUCXOJINT TOJBKO B Caydae, ecin « = safi| wiu = sa[j|. Utoro |i— j|+ 1 paBHOBEPOTHBIX HCXO/1a,
B 2 U3 KOTOPBIX IPOUCXOJUT CDABHEHUE.

PT(Z7]> ==

i+

Tora nostygaem:
T(n) = (=) = O(n - Inn)

)

13.2. IlopgakoBas cTaTUCTUKA.

[Tycrs pan maccuB a JyimHON 1w dncyao k. 3ajada 3aK/I0YAETCS B TOM, 9TOObI HAWTH B 9TOM
MaccuBe k-0e [0 BeJIMYUHe YUCIIO, T.e. k-YIO MOPSIKOBYIO CTATHCTHUKY.

B c++ : stdinth_element(a.begin(), a.end(), k)

Ymeem nosyuars 3a O(nlogn) : sorted(a)[k]|

Xorum 3a O(n)

Cnasuas naes: QSort ¢ 0HOIN BETKOIA.

IIceBmokom:

nth_element (arr, k):
x = arr[rand]
1, r = partition(arr, x)

#[o’ 1) - <
#[1, r) - =
#[r, len) -

AV

00O Ui Wi =

if k <= 1:

return nth_element (arr[0..1 - 1], k)
else if k > r:

return nth_element (arr[r..len - 1], k - r)
else:

return x

Omennm cpesiHee BpeMst pabOTHI (MATOXKHIAHKE ):

n—1
T@):%(;T(I)Hns@-%ms%-cﬂzsan

13.3. [lerepmenupoBannbiii (mouru) QSort.

IntroSort = std::sort()

QSort + HSort + ISort

Ecau rnybuna QSort > 4n = HSort
Ecomu n < 8 = [Sort
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Jleknug mo ajgroputMam #14
CopTtupoBKn

2 OKTSI0ps

14.1. CopTtupoBKnu 3a nlogn

14.1.1. CpaBuenue

Fast Stable Inplace Deterministic

Quick  + - + -
Merge - + - +
Heap - - + +

Jlnsg KaxK7a0# COPTUPOBKHM CYIIECTBYET CTAOWIbHBIH BapHaHT IEHOW JOMOJHUTEIHHON MaMsITH.
Hanpumep, MOXKHO COPTHPOBATH HE CAME JIEMEHTHI, a Hapbl {3JIeMeHT, WHIEKC }.

14.2. CopTupoBKHu, ObIBatorme onicTpee nlogn

14.2.1. MomudunupoBanusiii HeapSort

PaGoraer 3a O(nlogn), no GeiBaer GuicTpee.

Curauana nmocrpouM kyuy H 3a O(n), a eme cozmaaum Kydy Kauautos C (M3HAYAIBHO COIEP-
JKUT TOJHKO MUHUMAJBHBIN sjieMeHT Kyun H ). Ternepb Ha KaxKI0M mmary 6yaeM BhITACKABATH MUHH-
MaJIbHBIA 3j1eMeHT n3 Kydun ('), BCTABIATH HA CJEAYIONIYIO MO3UIHUI0O B OTCOPTHPOBAHOM MACCUBE W
nobaBaaTh B Kyay C' mereil Tekyiero saevera u3 H.

Pasmep kyun C' B xyjmem ciydae MOXKeT ObITh (n + 1)/2, Ho B sydniem (KOTIa MEHHMAJIbHBIE
3/eMeHTHl B Kyde H nexkar B mopsiake ooxona DFS-a) on we npessiaer logn. CienoBarenbHo, Ha
HEKOTOPBIX BXOJAX MOXKHO 100uThest Bpemenu paborsl mopsaaka O(nloglogn).

14.2.2. Adaptive HeapSort

Anropurm co3pan B 1992 romy.

CHauasa cTpoeM Kydy, UCHOJIb3Ysl JeKAPTOBO JEePEBO MO HESBHOMY KJOUYY (TO ecTh mpejcra-
BUM KayKIVIO BEPIIWHY B BUJE TOYKW HA IJIOCKOCTH, TJe X — 3HAUeHWe B BepIInHe, a Y — UHIEKC
snementa). CyIecTByeT aarOpuT™M €O CTEKOM, KOTOpBIi menaer 510 3a O(n). Temepb ucmnonb3yem
voaupurmpoBanubiit HeapSort u3 nponuoro myHkra.

B HekoTopbix cayuasx Oymer paborars 3a O(n).

1. Korma Bxoj yzke orcoprupoBal (Ipuvem B JIIOOYIO CTOPOHY ).

2. Koukarenanus k orcoprupoBanubx MaccupoB (O(nlogk)) (na jieknuu 6bL10 MPoOcTOE TOKA3A-
TeJLCTBO Jist k = 2).

Inv
n

3. Koria mao uaBepcwuii, Bejib aaroputm paboraet 3a O(nlog 2¥), riie Inv — KOIM9IecTBO HHBED-

CHIA.
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14.3. Integer Sorting

Yuesra MOXKHO COPTHPOBATH ObICTpee, MOTOMY YTO Y HHUX €CTh OBICTpas Onepalus WHICKCAIUH
1 GBICTpast Olepalnus JeJeHus, KOTOpoe MOHOTOHHO (To ecTb ecau a < b, 10 a/x < b/x maa Beex

x> 0).
3ameuaHue: BCe COPTHPOBKH B 3TOM pa3/esie paboTalT s YUCes, TOMEITAIOIIINXCA B MAITHHHOE
cioBo (pasmepa 2’ B COBpPEMEHHBIX KOMITbIOTEpAX, KaK MPaBmIo b = 64) W TpeoJAraloT, YTo

nenenne padoraer 3a O(1) (x0T HA TPAKTHKE 9TO HE TaK).

14.3.1. CountSort

CrabmibHa, paboraer 3a O(n + m), rae m takoe, uro Vi 0 < a; < m.

count = [0] * m
for e in a:
count [e] ++
for x in [0, m):
pos[x+1] = pos[x] + count[x]
for i in [0, n):
b[pos[al[ill++] = alil

14.3.2. Digital (Radix) Sort

Coprupyem GuHapHble cTpOKH JyuHbl m (qucsia ot 0 go 2™ — 1 = M).

Cuavasa [cTabUIbLHO| COPTHPYEM IO MOCTCAHEMY JIEMEHTY, MOTOM IO MPEIMOCACTHEeMY U T.JI.
KOppeKTHOCTD JIEMKO JOKA3aTh M0 WH/LYKIIHH.

Bpewms paborst anropurma O(nm) = O(nlog M), rae M — MakcuMasbHOE THCIIO.

MO2KHO BBITIOJIHSTE 3Ty COPTUPOBKY He TOJBKO B JIBOMYHOI cucreme, HO 1 B it060ii apyroii. Torna
Bpemst paborsr Gyger O((n + k) log, M).

Teopema 14.3.1. Buiroguee Bcero oparb k = n.

Jlokasamenvemso. Cayqait 1: k > n torman+ k = O(k) klog, M = lolng

Cayuaii 2: k <n Torma n+ k = O(n) nlog, M = ”1122% m

14.3.3. BucketSort
CoprupoBka HasbiBaeTcss BucketSort, Tak Kak oHa packjiajpiBaeT dmcia 1mo Beapam (bucket —

Bespo). Ona xoporia TeM, 4To paboTaer 3a JUHUIO Ha JIOObIX CJIyYallHbIX ePEeCTAHOBKAX.

1. Haitzem min u max 3a O(n).
2. Ecam min = max, Bce 4ucJa PaBHBI, TTOTOMY OTCOPTUPOBAHBI, BBIHIEM.

3. Kaxmoe z; kaamem B bucket (Bempo) nomep [H;X:—H% ‘nl.

4. Tenepb Kaxk7I0e BeJIpPO HYZKHO OTCOPTHUPOBATH. TyT ecThb 2 BapuaHTa — PEKYPCHBHO BBI3BAaTh
BucketSort (BB) min ucnonbzosars InsertionSort (BI). BI moxer GbITH BBITOJEH, Tak Kak
Be/Ipa MaJleHbKUe.
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Teopema 14.3.2. BB < nlog, M

oxazamensvemeo. DTo BEPHO, TaK KaK Ha KazKJIOM YPOBHE PEKYPCUN YUCIA PA30UBAIOTCA MUHUMYM
Ha 2 Bejipa, U Ha KayKJIOM yPOBHE PEKypPCUU YUCEJ BCErO N. |

Teopema 14.3.3. M <n = BB =0(n) u Bl =0O(n)

Hoxazamenvcmeo. Tlomydaercs aTo-To ovenb nmoxoxkee Ha CountSort m ¢ TakuM yKe BpeMeHeM pado-
TBL. [ |

Teopema 14.3.4. Ha cayuaitaom Bxome u M > n asroputm paboraer 3a O(n)

Joxasameavcmeo. Bpemsa paGorsl airopurm y k2, tue k; — pasmep i-ro sejpa. Ecau Bce uucia
caydaifHble BeJUYUHbI, TOPOKIEHHBIE DABHOMEDHBIM DACHPEICJICHUEM, TO CDEJTHsST BeJINIHHA ) kf
pasaa O(n). JJoka3aTesbCTBO MOCAETHETO CMOTPHTE B JIeKnu 16. [ |
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Jleknug mo ajgroputMaMm #15
ITpocThie aaropuTMbl

2 OKTSI0ps

15.1. BekTOop — pacumimpeHne n Cy>kKeHUE.

1.

[\

[\

2.

JIBe OCHOBHBIX XapaKTEePHCTUKU BEKTOPa - Size U capacity. size ob603HaUaeT KOJUIECTBO JIe-
MEHTOB B BEKTOpe, a capacity - KOJMYeCTBO BbIJICJICHHLIX g4eeK namaru. [[jisg Toro, 4rodb
HE 3aHHMAaTh MHOTO TaMsITH U ObICTpO paborarh npu 3toMm, meroasl PUSH u POP B BekTope
YCTPOEHBI MHTEPECHBIM 00Pa30M.

PUSH:

if (size == capacity) {
capacity *= 2;

}

POP:

if (size == capacity / 4) {
capacity /= 2;
}

JlokazkeM, 9T0 5TH MeToJpl paboraroT 3a amoprusuposanuoe O(1), HaiimeMm MOTeHIHAT ©, KO-
TOPBIA YAOBJIETBOPAET CJIEAYIOIIUM CBOHCTBAM:

(a) a; =t; + Ap

(b) {% -0

w; >0

+2
—capacity |= size|

(c) PUSH : Ap = {

+4
—capacity [= 4size]

(d) POP : Ay = {

PaceMoTpuM DYHKIHIO ¢, KOTOpas OYAeT MeHSThCSA BBIITEOMHCAHHBIM 00pa30M U BO3bMEM eé
B KadecTBe noreHnuaja. Herpyno 3amerurb, 4To coxpansgercsd ycjaoBue @ > (.

Teopema 15.1.1. Onepannu POP u PUSH paGorator B cpeaaem 3a O(1).

JlokazaTeanCTBO.

Bamernm, 910 Ap = Qa5 — o = (> 0) —0>0

Takum 06pazom, TogydaeM » . a; > Y t;

Torna a; = O(1) = ZTf = O(1), uro u TPeHOBAIOCH JTOKA3ATD.
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15.2. /IBa yka3zaTeJd.

Ba/aua; HAXOJAUTH KOJMUIECTBO PA3IUIHbIX dnces Ha orpeske |L, R| obdoaiin 3a O(ny/m), m -
KOJIMIECTBO 3aIPOCOB.

1. TlpeanomoxKum cHava a, 4YTO 3a0POChl OTJINYAIOTCH He cuibHO. Haydunmmces obpabarbiBaTh 3a-
npocot 3a O(1).

L++, L——, R++, R——:
Ucnonbsyem HashMap,  — count|z].
2. Ilycrs reneps L; < Ly u R; < Ryyq. Hayunwmes obpabarsiars 3anpoc 3a O(n + M).
Xpanuwm 2 ykazaress L, R. [Ipu nepexoje K ciepyolniemMy oTpe3Ky IIPUMEHSAEM CKOJbKO HaJl0
pa3 nyHKT (a). 3amMeTHM, 9TO yKa3aTeJH CABHHYJIHCH MakcumyM Ha n. OTciona OleHKa Ha
O(n+ M).
3. Teneps L u R Bcerga npousBobHbIE.
Nnes: Pazgenanm Bee 3anpockl Ha rpyunsl rae L; sexur B orpeskax [1, k], [(k + 1),2k],.... B
KaK/I0# IpyTIIe ynopsigoanmM 3ampock mo R.
BamMernM, 9TO KOrga Mbl pa3dmpaemMcs ¢ Kakoii-To rpymmoi, R mpoberaer e 6osiee n, a L He
Gonee km;, rme m; - KOJMYECTBO 3ampocoB B i-it rpymme. Uroro momyuaem O(n + km;) Ha
TPYIIILY.
Ocramoch mpocyMMupoBath 110 4. [loaygaem O(nf + kM),
YToOB MUHEMH3UPOBATH OTBET, HAJO B3ATH Takoe k, uto ny = kM = k = \/”—A; = \/LM
[Moacrasnstst, nomy4aaem orser O(nvV M) [+sort = O(n + M)]

15.3. k-g mopgakoBas CTaTHUCTUKA. Bama4a: Mo JAHHOMY YHCIY kK HAXOIMTL k-it

3JeMeHT B orcoprupoBannoM maccuse 3a O(n). V3nauaabno MacCuB He OTCOPTHPOBAH.

1.

00~ O Ui Wi~

2.

Cpasy HamuireM 1ceBI0Ko I (pyHKIHH.

KStat (a, L, R, k) {
x = al[x*]
partition (x)
if (k < M1)
KStat(a, L, M1 - 1, k)
if (k > M2)
KStat(a, M2 + 1, R, k)

Bynem nckars * caenyiomunm obpasom: Ilogeanm MaccuB Ha IMOAMACCHBB AMUHLL 5. Eciu n me
JIEJIATCS HA D, 3al0JHUM 0 JEJISIIerocs IpoOu3BOJIbLHBIMEU dIeMeHTaMu MaccuBa. OTcopTupy-
eM TI0JIMACCHBBI M PACCMOTPHUM MAaCCHB MX MejanaH. Ero menmana, HalijgeHHasl NPHMEHEHHEM
PEKYPCUBHO 3TOTO aJaroputMa, u oyger *. n < 5 - 6a3a pexkypceuu, nepebupaem pyKamu.
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BameTuMm, MOAMACCUBOB y HAC n/5, a Cpey HUX TaKuX, YTO UX MeJUaHa MEeHbIe ¥, cjiejo-

Batenabno, n/10. Torna s1eMeHTOB B HCXOMHOM MaccuBe, MeHbInX * xoTs Obl /10 * 3. Xors
OBl CTOBLKO 2Ke M 37aeMeHTOB Gospmux *. CirenoBaresbHo, peKypceuBHO (mocie partition(x))
AJTOPUTM HOJIYIUT MAKCHMYM 7n/10 91eMeHTOB.

3. T(n) <T(n/5)+T(7n/10) + n = O(n).

Ecau paccMoTpeTh J1epeBo peKypCHd, TO Ha KayKJI0M ypOBHe cyMma Ko3bMUIMEHTOB PeKyp-
CHUBHBIX BBI30BOB He Gosbirne eM (n/5+7n/10 < 1)-a, tae a - cyMMa Ha IPeIbIIYINeM YPOBHE.
[Tosygaem orpaHmveHne CBepXy KakK CYMMY TI€OMETPHYeCKOil mporpeccuu ¢ KodbdHInenTon
MEHbBIIe eTHHUTLI. 3HAYUT, OTBeT O(n).
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Jleknuga mo ajgroputMam #16
Kirkpatrick’s Sort(1984)

5 OKTsiOpsi

16.1. Bpems paborsr Bucket Insertion Sort(BI)

Joxazamenvcmeo. T.K. Mbl pa3jiesisieM Bech MaccuB Ha Backets, a 3arem coprupyem kazxiblit backet
ornesnbio. Torna cymmapHoe Bpemsi COPTUPOBKH 1 + Y k2, tyie k? - pasmep i-ro backet. |

Sk = > i<ijen 1S(0,7), IS ysuaer mexar s i, j B ognom Backet
Obosnaverus:

Def 1: E - cpennee nin mar-oxxuganne

Def 2: Pr - BepostrOCcTh (Probabilety)

E(Zk‘?):E(ZKLK”]S(Z',‘]')):Pr(IS(i,j))zl-%—l—%-n-(n—l):2-n—1
Peasuzavyusa:
1)Min, Max
M
i — |t )

Max — MIn+1
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16.2. Kirkpatrick’s Sort (1984)

Bagaga: Mmeercs N mensrx ugmcen or 0 g0 M — 1, HeoOXOAMMO OTCOPTHPOBATH WX 33
O(N log, log, M)
Unesi: ¥V nac yxke ects RadixSort, kotopas paGoraer 3a O(N log, M)

N =

JI1g Takoro ciycka HeoOXOIMMO COBEPIIATh PEKYPCUBHBLIE BLI3OBI.
a; v b; - 2 TIOJIOBUHBI MAacCHBa 3HAKOB, N - KOJIMYIECTBO unces, k - jqumHa quces(ast ynoocTsa Gymer
cuuTarh, 4To k = 2%, ecam He XBaraet, 100aBuTh () B HAYAJIO)

[IceBmokom:

~N OOt W N

Sort(n, k, <a_i, b_i>)
if(k <= log_2(n)) {
CountSort
return
}
Sort(n, k/2, b_i)
Sort(n, k/2, a_i)

Onmumusauyus: BMecTo 2-X COpTHPOBOK CIeIaeM OIHY.
Jl1s accuMOTOTUKH OepeM n, T.K. kK He MeHseTcs.
T(k)=2T(%)+n=n-log, M

1

T(k)=T(%) +n=n-log,k =n-log,log, M

1) List|a;] < HashTable (Tns xaxmoro a; - cnucok b;) //0(n)

for(int i = 0; i < n; i++)
List[a_i].push_back(b_i)

2)List|a;].Find & Del Max Element (/Tas xaxmoit Haxonum u ynanasem) //O(n)

= Kon-Bo crmckos(t) + Cymmapnoe nuna(n - t) = n (aroro n)

3)PekypcuBHbiii BbI30B: Ilepenaém cpasy mapy gucen < b;,a; >(n - t) win < a;, IND > (t) - 2
Bujia map(IND - 4ncsio KOTopoe He MOKeT TOYHO HOMACThCsI, JJIsl OTINIHsI T1ap)

CoprupyeM TOIBKO 10 1-ii mosoBune. IlepBbie MOJOBAHBI KIIOUH.

4)Pesyabrar pekypcun

1.Sorted(a;)

2.Sorted List|a;|(cmucok orcopruposain) - cnucoy 6e3 MAX

5)Sorted List|a;] += Max|a;| (ciuBaem ¢ MAX)

6)

for a in Sorted(a_i)
Result += Sorted List[al
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Jleknug mo ajgroputMam #17

Inplace aaroputmbl
5 OkTsi0psi

17.1. Yike nu3sBecTHbBIE.

1. QuickSort.

2. HeapSort.

3. SelectionSort.

4. Partition.

5. nth_element.

6. binary search.
7

. lower_bound.

17.2. Reverse.

QyHKIKSA, PA3BOPAYUBAIONIAsd MACCHB 33/I0M HAIepes.

void reverse(int *a, int n)

{
int tmp;
for (int i = 0; i <= n >> 1; i++)
{
tmp = alil;
ali] = a[n - 1 - 11;
aln - 1 - 1] = tmp;
}
return;
}
17.3. rotate.

17.3.1. 1 cnocob. 3 reverse

HyCTb €CTb MaCCUB a JJIMHBI N U HY2KHO HOJIYYUTH €I'0o ]_[I/IKJ'II/ILIGCKI/Iﬁ CABHUI' Ha k 9TO 3HQ4YIUT,
YTO HYKHO, YTOOBI NepBbie Kk 3/IeMEHTOB OKa3a/UCh B KOHIE MacCUBa, COXPAHUB MOPAI0K BHYTPH,
a OCTaJIbHbIE, COOTBETCTBEHHO, B HaYaJ/Ie, TAKyKe COXPAHUB IOPAJIO0K BHYTpHU. [ 3TOr0 J0CTATOYHO
caenarb reverse(a, k), reverse(a + k, n - k), reverse(a, n), tak Kak mocie reverse(a, n) mepsoie k
JIEMEHTOB OKaXKyTCs B KOHIE, HO IIPH 3TOM 00e JacTu MaccuBa - cn - k gonuw c 0 1o n - k -
OKaXKyTCS PA3BEPHYTHIMH.

void rotate(int *a, int n, int k)
{
reverse (a, k);
reverse(a + k, n - k);
reverse(a, n);
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return;

}

17.3.2. Cmoocob 2.

[Iycts k = 1. Torma MOXKHO 3allOMHHUTD MEPBBIA JIEMEHT, 3aT€M TOJIOYKUTH 110 OYEPE/In BO BCE
37IeMEeHTBI, KpOMe MOCJIeTHer0, 3HaueHne caeyIONero JeMeHTa, 3aTeM TPUCBOUTD HOCIeTHEMY dIe-
MeHTY 3alloMHeHHOe 3HadeHue. [[pumevanne: moka k = 1, mapamerps start u k B pyHKINY He HYKHBI.
3aTo TOTOM TIPUTOISATCA.

void rotateone(int *a, int n, int k = 1, int start = 0)
{
int i = start, il;
int tmp = *a;
do
{
il = i,
i += k;
if (i > n)
i -= n;
alil]l = al[il;
}
while (i != start);
alill = tmp;
}

Tenepb u3baBumca or orpanundenns k = 1. 3aMeTuM, 9T0O BCe 3JI€MEHTH MacCHBa Pa300bIOTCA Ha g
= ged(n, k) nuKIOB, IpUYeM MepBbIe g JEMEHTOB JIeKAT B PA3HBIX IUKIaX. TaKkkKe 3aMETHM, UTO
BHYTPH IIMKJIa IPOU3BECTH CABUT MOXKHO, MCIOIb3ysa DYHKINIO rotateone.

void rotate(int *a, int n, int k)

{
g = gcd(n, k);
for (int 1 = 0; i < g; i++)
{
rotateone(a, n, k, i);
}
}

Takxke, B C++ peanuzoBana (pyHKIHS rotate, ee KOJ MOKHO IIOCMOTPETD, IIPH KeJTaHUH.

17.4. unique, intersect sets, diff sets

[TepBasi byHKIMS TpUHUMAET Ha BXOJ MYJHTHMHOYKECTBO B BHUJE OTCOPTHPOBAHHOIO MaCCHBA
W CKJaJIbIBaeT B Ha4YaJl0 MacCHBa BCE HENOBTOPAIONIMECH 3JEMEHThl MYJIbTUMHOXKECTBA, TaKXKe B
OTCOPTUPOBAHHOM TIOpsiKe. [lofiMeM, 9TO B OTCOPTUPOBAHHOM MaCCHBe OJIAHAKOBBIE 3IEMEHTH MOT'Y T
UJITH TOJBKO MOApsa. Toraa Ko unique CTAHOBUTCS OYEBUJICH:

void unique(int *a, int n)

{
int k = 0;
for (int i = 0; i < n; i++)
if (i == 0 || al[i] !'= al[i - 1])
alk++] = alil;
return;
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8‘}

intersect sets u diff sets peanmsyorcs anagorugso.

17.5. merge

Cingnne OTCOPTHUPOBAaHHBIX MaCCHBOB.

17.5.1. ITapa obimux maeit

Bo-niepBbIx, /g BCEX CJAEAYIONUX aJrOPUTMOB TpebyeTcsd, 4To0bl JIBA CJIUBAEMbBIX MACCUBA ObLIN
sanmucanbl ToApsiz (To ecth nums[0m| = A, nums|n:n + k| = B). Bo-Bropbix, nBa moapsia uaymmx
MaCCUBa MOXKHO IOMEHATh MEeCTaMU, UCIOJIb3yd rotate.

17.5.2. O(N log N), Stable

[Ipennonoxum, aro |B| >= |A| (Ecau Her, ©X MOKHO MOMEHATH MECTAMH 33 JIMHEHHOe BpeMsI).
Paccmorpum snement © = B [‘—5‘] Kazkiptit MaccuB MOYKHO pa3/euTh HA TPU YaCTH - JIEMEHTHI,
menbinue X (Ay, Bi), snemenTsl paBabie X (As, Bs) u s1ementsl Gosbime X (As, Bs). Pacnonoxum
9TH YacTH B mopsake A;BjA;ByAsB3, ucnonb3ys rotate. Temepb peKypCHBHO 3aIlyCTHMCsI, 9TOOBI
cauth Ay ¢ By u As ¢ Bs. Tenepn, ecan o6o3naunts |A| + |B| 3a N, To BpeMs paGoThl MOXKHO OMHCATD
rak: T(N) = T(X) + T(Y) + O(N), 10 ectb O(N log N), tak kak X +Y < N u maz(X,Y) < 23X,
Tak KakK XOTs Obl moyioBHHA MaccuBa B Gosbine x, a |B| - xorst Gbr % [Tpumeuanne: Tak KaK MBI
HCIOJIb3yeM peKypcuto riayounoit log N, Mbr Taku ucnosb3yem (log N) mamsiTu.

17.5.3. O(N), Unstable

Crava/ia npeanoIOKIM, 9TO BCE JEMEHTHI PA3JUYHBbI, & TAK)Ke, YTO CYIIECTBYeT Kk Takoe 1To

N = k? a rakxe |B|'k n |A|‘k. Torma Bech MACCHB MOXKHO Pa3ieUuTh Ha KyCKH JAauabl k. [Tpomyme-
pyeMm Ui yaobcTBa Kyckd maccuBa A m Kycku MmaccuBa B oraenbHo ¢ enmauibl. HymeBbiM KycKOM
HazoBeM mycToii Maccus. OTcopTupyeM ux ¢ nomorbio SelectionSort o nepsomy srementy (Cirox-

HOCTb - O(\/NQ) = O(N), 1o tpu 3toM Tosbk0 O(v/N) omepanuii KOMIPOBAHNST, KAXKIAsl I3 KOTOPHIX
nenaercst 3a O(v/N). Terepsb I0CTATOMHO MOOYEPEIHO CIHTH cocennme Kyckn (CHavama mepBhii co
BTOPBIM, 3aTe€M TPETHil ¢ TeM, YTO JIeKUT Ha MecTe BTOPOro u Tak jajee). Jlokaszarenbctso: [lycTh
i ¥ j - MakcIMasIbHBIE YHCIa Takue, 910 A; n B, y’Ke NOABeprajnch CIUAHIIO (H3HAYATLHO OHO U3
gucen pasuo 1, sropoe 0). Torga tak kak maccusbl A u B u3HadaibHo GbLIM OTCOPTUPOBAHBI, BCE
A nnga k < imy, gaa k < j Takike yKe MOABEPraJiiCch CAUAHHIO. Bojee TOro, cpeau BCeX 3JeMeH-
TOB, MOJABEPraBITuXCcs causanio, nepsbie (i + j - 1) * k yxke crosar Ha cBoux mecrax. IlycTh nepBorit
HeCTUTHIH Kycok - B 1. Torma cpemu yKe CIHTBIX 9T€MEHTOB eCTb K * j 91€eMeHTOB, MEHBIIHX MH-
HuMyMa u3 By - ssementsl By niag k < j + 1. TakxKe, IOCKOJIbKY KYCKU ObLIM OTCOPTUPOBAHEL 110
LEePBBIM 3JICMEHTAM, & TaKzKe BCE KYCKU BHYTPU OTCOPTHUPOBAHbI, MUHUMYM u3 [B;i; Ooublie, uyem
MUHHMYM u3 A;, KOTOPBI, B CBOIO OUYepehb, OOIBINE BCEX JIEMEHTOB ; Ay k < i. 3uaqunt, e 6ojee
k 3/1eMeHTOB M3 Ha4Ya/Ia CTOST HE HA CBOMX MECTaX, MPUUYEM ITO mocjenaune k sjsemMenToB. 3ameTnm,
9TO HA ITOM JTalle aITOPUTM HCIOJIb3yeT 0ObidHblil merge 3a O(n), He inplace. YToObI H36aBUTHCS OT
9TOr0, 3aMETUM, YTO HocJegnne 2 * k 3/leMeHTOB MOXKHO HCIIOJIb30BaTh Kak Oydep g merge, Tak
KaK MOXKHO He KOMHUPOBATDH JE€MEHTHI, & MEHATH MecTaMu. VIMEHHO B 9TOT MOMEHT AJITOPUTM Iepe-
craeT ObITh CTAaOMIbHBIM, TaK KaK 3JIeMEHTHl 13 Oydepa BO3BpAIIaIOTCd TY/Aa B CJAYYailHOM TOPSJIKE.
Takzxke, Temeps mocenanne 2 KyCKa Mbl HE CJUBAEM C MPEIbAYIIUME. [ermeph Mbl B KOHIIE ITPOCTO
coprupyem SelectionSort-om nmocaename 3 * k smementos, uto Bee paBao paboraer 3a O(N).
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Tenepnb nzbaBuMcs OT npeIo/10zKenns, 4To N - TOUHbI KBajgpaT. Temnepnb, ecjin B34Th k MakcuMalib-
HOe Takoe, 94TO ero KBajapar He Gosbire N, n cHOBa mogenM MaccuBbl A m B Ha Kyckm gauabl k, TO
IOJIYIUTCs, 9YTO B KOHIIE KazKJI0r0 MaccuBa ocrajcda "xpoct". Bocmosb3opapmuch hyHKIMel rotate,
mepeneceM 006a "xBocTa'B KOHeIl, a /I OCTAJIbHOH YacTH MAaCCUBOB IIPUMEHHM ONUCAHHBINA BBIIIIE
anroput™m. Temepb paccmorpum cymmaphyo Juuay "xoctoB". Oua nebosbinas ((z + y) < 2 * k),
rjie X Uy - jymabl "'xBocToB". 3HAYUT, MOXKHO MPOCTO:

1. mOMeHATh MecTaMH IIOCJEIHUEe X -+ YV 9JeMEHTOB ¢ HpeIblAyIIMMH X + v 3jeMeHTaMu. Temepb
HOCACAHUE X + Y 3JEMEHTOB OTCTOAT OT CBOUX LO3ULMI B OTCOPTUPOBAHHOM MAacCHBE He DoJjiee
qem ma 2 * k.

OtcoprupoBarh 2 * k 3/1eMeHTOB, JeKaIluxX mepes HoBbIM "xBocToM".

3. Mcnoap30BaTh ONMMCAHHBINA BBIIIE Merge g CAXSHEA Hadajla MaccuBa ¢ nociaegnumu 2 * k sire-
MEHTaMH IIepeJi HOBBIM "XBOcTOM'".

4. Temepb MOXKHO IIPOCTO OTCOPTHPOBATEH SelectionSort-om mocaeaume 2 * k + x + y s1eMeHTOB.
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Jlekug mo ajroputMam #18
Kyun

9 okTsIOps

18.1. k-heap

k-wanas ky4a (k-heap, d-heap) - cTpykTypa JaHHBIX B BUJE JepeBa, B KOTOPOM B KazK 01l BepIITHHE
XPaHUTCA 9Uca0. g 3T0ro JepeBa Bcerja BHIOJTHAIOTCS YCIOBUS:

1. B KaxK/10it BepIIMHe 3allMCaH MAHUMYM B CBOEM TIOJJIEPERE;

2. KaK/Ias BepIIuHa Jub0 gBISeTCs JUCTOM, Ju00 UMeeT POBHO k CBIHOBEIA.

k-udnyio Kydy MOXKHO XpaHUTb B MaccuBe. (-l 3/ieMEHT - KOpPEHb, JIEMEHTbl ¢ HOMepaMu
ki+1,ki+2,...,ki 4+ k - CbIHOBbS BEPIIHUHBI ¢, 3JIEMEHT C HOMEPOM L%J - orer, Bepiuhbl 7. [TycThb
JUTS yJI00CTBa Peaim3aliii B HECYIIECTRBYIONIUX JIEMEHTAX JIEXKUT O€CKOHETHOCTD.

B kadectBe k mcmoJsib3yeTcd OOBIYHO CTeNEHb JABOWKH, T. K. B TAKOM CJIydae UCIOJIb3yeMble TPU
nepexo/ie o pédpam JiepeBa omepanuu YMHOKEeHUs U JTeJIeHUsl WHEKCOB CBOAATCA K OoJtee OBICTDOIA

orepaiuu - OUTOBOMY CJBULY.

SiftUp u SiftDown

Omepanuu SiftUp u SiftDown, Kak u JiJig IBOUIHON KYUH, MIPOCEMBAIOT BEPITHHY BBEPX /BHU3 JI0
TeX I1I0p, IMOKa OHA He 3aiiMéT KOppeKTHYo mo3unuo. OmeHnM BpeMst paboTh.

SiftUp u SiftDown B xyamem ciaydae npoiayr 1o Bceit BbicoTe JepeBa. Bbicora jepeBa u3 n
Bepin pasHa [log,((k — 1)n + 1)], mosromy SiftUp paBoraer 3a O(logn). SiftDown Ha kaxkmoit
cBoeil urepanuu genaer k cpasrennii. [losromy SiftDown paboraer 3a O(klogn).

Nmes omepamuu SiftUp u SiftDown, mber MoxkeM peasm3oBarh onepanun Add u ExtractMin.

sift_up (i)
while i > 0 && h[(i - 1) / k] > h[il
swap(h[(i - 1) / k], h[il])
i=4(i -1) / k

sift_down (i)
while true
m = min_index(k * i + 1, ..., k *x i + k)
if h[i] <= h[m] break
swap (h[i], h[m])
i =m

add (value)
h[end_heap] = value
sift_up (end_heap++)

extract_min ()
res = h[O0]
h[0] = inf
swap(h[0], h[--end_heap])
sift_down (0)
return res
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18.2. MinMax heap

[IycTh U3 ABOMYHOM Ky4YH HAM HYKHO YMETh H3BJEKATH ¥ MaKCHMyM, © MEUHEMYM. MOKHO Hc-
OJIb30BaTh JBE KYUH, B OJIHOMN MO/ IepKKa MAKCUMYMa, B IPYTO#l - MUHUMYMa, T KayKIbIi 3JIeMeHT
UMeeT CCHLJIKY Ha Hero ke B JIpyroit kyde. Temnepb CIKOHOMUM HaMATh: OObEIUHUM B OJHY KYUY.

Ha uysieBom ypoBre (B KOpHe) OyieM XpaHUTh MUHUMYM B JiepeBe.

Ha nepsom ypoBHe OyjieM XpaHUTH MaKCHMYMBbI B COOTBETCTBYIOIIHMX MOJJIEPEBbSIX.

Ha Bropom ypoBHe OyieM XpaHUTh MEHUMYMBI B COOTBETCTBYIOIIHMX IOJIIEPEBLIX.

Ha Tperbem ypoBHe OyIeM XpaHUTh MAKCUMYMBI B COOTBETCTBYIOIIUX MOIIEPEBbSIX.

N rax najee

SiftUp

[IpeinooKuM, IT0 BepIuHa v, KOTOPYIO HAM HY?KHO MOIHATH, HAXOUTCS HAa YPOBHE MUHUMYMOB
(IPOTUBOMOIOKHBIN CJTyYall AHAJIOTUIEH).

Tora orern v HAXOJAUTCS HA YPOBHE MAKCUMYMOB. BO3MOXKHbBI CJIC/LYIOIIME CUTYAIUY:

1. 3Havenne y v Gosiblile, 4eM y OTIA: MEHZEM HMX MeCTAMU U JeJaeM Jyis U U3 HOBOI'O MeCTa
ob6eransiii SiftUp ¢ marom ¢ = i/4.

2. mHave mesaeM Jis v o0bruHbIi SiftUp c marom i = i/4.

Bpemsa paboTsl - O(IO%) = O(logn).

SiftDown

T[Tpeo/10:KuM, 9TO BepIIHHA U, KOTOPYIO HAM HYZKHO CIIyCTHTh, HAXOJUTCA HA yPOBHE MUHUMY-
MOB ([IPOTHUBOIOJOXKHBIN CJIy4ail AaHATIOTHYEH).

Tora neTn v HAXOAATCS HA YPOBHE MAKCHMYMOB. BO3MOXKHBI CIIYIONINE CHTYAIHN:

1. cpet BHYKOB ¥ €CTh Te, 9TO MeHbIe v. Torma HaiiiéM HANMEHBIIero BHyKa v U TTOMEHSIeM ero
mMecTaMu ¢ v. OCTaIoCh IIPOBEPUTH - €CJIH Ha HOBOM MECTe U KOH(DJIUKTYET CO CBOUM OTIIOM, IIOMEHSIThH
ux Mmecramu. [Ipomomkaem SiftDown u3 mecra, rie mepBoHAYAJIBHO OBLT HAWMEHBINHH BHYK V.

2.y v met BHyKOB. Torjaa Bpy4HyIo obecrnednM KOPPEKTHOCTD [T U 1 €€ jereil.

Ha xazkzoit mrepanyun Boinomsercss 5 cpapuenuit. Bpems padorst - O(2logn) = O(logn).

MinMax Ky4y MOKHO HOCTPOUTDH 3a JuHeiiHOe BpeMs inplace aHaJ0ru4HoO JBOMYHON Ky4e.

18.3. Leftist heap, skew heap

[Iycth B JepeBe Kaxkaas BepriumHa umeeT cTeneHb (0, 1 mwam 2. BBegéMm my1d KaxKaoilt BepIIUHBI
dbyukmmio d(v) - paccrosiume BHU3 10 OMHZKANIIET0 OTCYTCTBHS BEPITHHBI.

Jemma: d(v) < log,(size 4+ 1).

Joxkazareabcrso. Ouesnno, uto size > 24 — 1 & size + 1 > 24 < d(v) < log,(size + 1).

Hasosém JsieBanikoii kyueii (leftist heap) crpykTypy JaHHBIX B BUje JepeBa, B KOTOPOM B KazKI0ii
BepINuHe XPaHUTCA Iucyo0. g 3Toro JepeBa BBITIOIHSIIOTCS YCIOBUS:

1. B KaxK/I0l BepIinHE 3aTMCAH MIHIMYM B CBOEM TOJIIEPEBE;

2. Kaktag BepruHa uMeeT crenedb 0, 1 wmm 2;

3. ms Kazkaoit epiuabl d(left(v)) > d(right(v)). lns necyrmecrBytorieii Bepiuabl d IpUMeM
PaBHBIM HYJIIO.
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OT mpeaplayIux Kyd 3Ta Kyda OTJIHIAeTCs BO3MOKHOCTBIO ObicTporo cansaug. Ilycts EMPTY
- mycrast BeprmHa: le ft u right yka3siBaroT Ha Heé ke, r = 00, d = 0.

Merge (a, b) {
if (a->x >= b->x)
swap (a, Db);
if (b == EMPTY)
return a;
a->right = Merge(a->right, b);
if (a->right->d > a->left->d)
swap (a->right, a->left);
a->d = a->right->d + 1;
return a;

Bpemsa paboTbl: Ha KazKJ0M Iiare peKypcuu a — d + b — d yMeHbIaeTcs, IIO3TOMY:
Time <a—d+b—d=O(logn).

Ckortennas Ky4a (Skew heap)

Yo6epém yeaosue d(left(v)) > d(right(v)). B dyuxmun Merge y6epém 7 u 9 crpoku. [oxydennast
Ky4a HasbiBaerca skew heap. Merge B Heil paGoraer 3a amoprusupoantoe O(logn), 10Ka3aTenbCTBO
B CJEAVIONIEeH JICKIIUN.
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Jleknuga mo ajgroputMam #19
Kyun

9 okTsIOps

19.1. /TokazareabctBo Skew Heap.

HazoBeMm peGeHKa BepITUHBI TAXKETBIM, €CJH Pa3Mep ero MojjepeBa CTPOTO OOJIbITe TOJOBUHBI
pasMepa MoJjiepeBa BEPIIMHBL.

[IycTh ¢ - KOIUYIECTBO MPABBIX TSKEIBIX JAeTeil. 3aMeTHM, 9TO y KaryKJI0i BepIInHbI He 0oJiee
OJIHOTO THAZKEJIOT0 pebeHKa.

[locunTaem, CKOTBKO pa3 MBI CIYCTHJINCH B TS2KEJIOTO MPAaBOTo chiHA. Hall myTh MOT MpoXoanuTh
Jepes JeTKHe U TszKesble BePITUHBI. 3aMeTHM, YTO JIETKUX BEePINUH Ha TMYTU MOIVIO OBITH He OOJIbIITe
logn, Tak Kak Opu MEPexoje B ITY BEPIIMHY pa3Mep MO/JIEPEBA YMEHbIAeTCs X0Ts Obl B 2 pa3a.

[Tycrb Tskenvix pebep Ha mytu Obu10 k. Torga A¢ = O(logn) — k, Tak Kak KaxKIplil pa3, Korua
MBI CITYCKA€MCs B TSKeJ0ro pebeHKa W merge-uM €ro ¢ 9eM-TO, OHO OCTAeTCs TAZKEJIbIM, a, 3HATUT,
KOTJIa MBI Cj/lejlaeM Swap, IIPaBblil peOeHOK CTaHeT JIETKUM, W KOJUYIECTBO MPABBIX TAKeNbIX JleTeil
YMEHBIUTC Ha 1.

a; =t; + Ap = O(logn) + k + O(logn) — k = O(logn)
¢n _d)O S n

19.2. Leftist*

Bamerum, 4T0 Mbl MOXKeM u30aBuThCs o1 yesaosus Vo 1 d(l(v)) > d(r(v)). Bmecro sroro Gyuem
CIyCKaThCd B pedeHKa ¢ MeHbIIUM d.

if (a->r->d < a->1->d)
a->r = Merge(a->r, b);
else

a->1 = Merge(a->1, b);
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19.3. Pairng Heap.

Pairing Heap - cTpykTypa Jauubix, KoTopas ymeer aejaarb Add, Merge u ExtractMin 3a O(logn),
a DecKey 3a o(logn).

Pairng Heap mpencraBisier u3 cebst COHCOK KOPHEH HECKOJBKHUX JIEPEBBEB, IS KaXKIOr0 M3 KO-
TOPbIX BBIIIOJIHAETCA CBOHCTBO Ky4Hu, TO €CTb 3Ha4YeHue B BEPIINHE HE 6OJIb]l[e 3HAYCHUAd B pe6eHKe.

s KazK 10l BepIIuHbI Oy/1eM XPaHUTDb CIIHCOK ee geTeit. /[s 3Toro 0yaeM XpaHUTh yKa3aTe b Ha
epBOro pebeHKa u I KaxKJI0ro pebeHKa yKaszaTesb Ha CJAeAYIONero B cuucke. Takzke JIsT KazK o
BEPINMHBLI OyIeM XpaHUTh yKa3aTeab Ha ee OTIA.

parent A

next A

child A

Torma Merge patoraer 3a O(1). [Ijst 517010 Mbl IpOCTO J06ABIEM B KOHEI TEPBOr0 CMUCKa KOPHEit
BTOPOM.

Add Tax:ke paboraer 3a O(1). s 9TOro Mbl JOIKHBI CAEIATH MErge UMEIOMerocs CIuCKa J1e-
peBbeB ¢ HOBOU BEPIIUHOM.

DecKey Toxe paboraer 3a O(1). Mbl GUKTHBHO yjajisieM BepINUHY U3 CIUCKA JeTeil ee OTHa
J1006aBJ/IsIEM ee B CIIMCOK KOPHEI.

ExtractMin pa6otaer 3a k (mmuna cnucka xopueit) + Merge(Root, Min->child) + pairing.

Hanumewm dyuakimio Pairing.

OTa OYHKINS TOJIyYIaeT CITUCOK KOPHEH U MePeroIBeNiBACT BEPITUHBI TaK, YTOOBI OCTAJICS OJUH
KODEHb, W TPHU ITOM COXPAHUJIOCH CBOMCTBO Kyuu. Iyt 3T0or0o oHa cHadasa pa3buBaeT KOPHHU HA
napbl, 00beNHSIET MO/JIEPEBhs B KaXKI0i Mape, a 3aTeM Mo odepean 00beINHAeT BCe MOy INBITeecs
JlepeBbsl B OJIHO.
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Mg wagana manuimem dyukinuo Pair(a, b), kotopas moaydaer 2 gepesa, 6eper U3 HAX TO, UTO

C MEHbIIUM KJIIOYOM, U BTOPOE€ IIpUBEIIUBAECT K HEMY.

Pair(a, b) {
if (a->x > b->x) swap(a, b);
b->Next = a->Child
a->Child = b

}

Tenepp nanumem camy dyakiuio Pairing. Chadana 3anyckaem Pair or aByx kopueii. ITorom
PEKYPCHUBHO IOJIyYaeM KOPEeHb IepeBa, SIBAAIONIErocss o0beInHeHneM OCTAJbHBIX KOpHeH. A 3arem
zamnyckaeM Pair oT AByX TOJYUYUBIIUXCA KOPHeH u j1a OyaeT HaM PaaoCTh.

Pairing(a) {
if |al] = 1 return al[0];
if |al] = 2 return Pair(al[0], al[1]);
return Pair (Pair(al[0], al[1]), Pairing(al2:]));
}
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19.4. Van Emde Boas tree.

I[IycTh Temeph Bee Kiaoun Jgexkar B auanasone [0..C)

PazobbeM Bce asteMeHTHI Ha Kycku 1o v/ C'.
i monanaer B [i/v/C]| Kycok.

Hazosem namy crpykrypy Heap.
1) Xpauum Min.
2) dns kaxgoro i, HashMapli] = Heap(i).

3) Xpanum index - Heap HOMEPOB HEIYCTHIX KYCOB.
Mur oTnensHO 0obpabaTbiBaeM cirydail, KOTJa Kyda COCTOUT W3 OJHOTO djeMeHTa. B aToMm ciydae
™Mbl He xpanuM HashMap wn index, a xparum TobK0 Min.

struct Heap {
int Min;
Heap *index;
unordered_map<int,
int ExtractMin() ;
void Add(int x);

I g

Heap*> HashMap;

Temeps nanumem meronsl Add m ExtractMin.

Add(x, ¢) {
if EMPTY return Heap (x);

Heap* h = HashMap[x / sqrt(c)];
index.Add(x / sqrt(c),

if (h ==

h->Add (x,
}
ExtractMin () {

Heap* h = HashMap[index->Min];

h->ExtractMin () ;

if (h ==

Min = HashMap[index->Min].Min;

return Min;

EMPTY)
sqrt (c));

EMPTY) index->ExtractMin() ;

sqrt (c));
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Jleknuga mo ajgroputMam #20

buromMnasbHadg Kyda
17 oxTs6pst

20.1. Ompenenenus

Onpenenum nonsTre "OHHOMHAIBHOE I1epeBO' peKypPCHBHO.

Def 20.1.1. Bunomuanrvhovim depesom parea 0 uau Ty 6ydem nasveams o0ny sepuuny. Bunomuars-
Howm depesom parza n+ 1 uau Ty b6ydem wasweams depeso Ty, K KOPHIO KOMOPO20 NOJBECUAU euLe
0dno depeso T, (nopsadox caedosanus demeti ne sascen). Ilpu amom Guromuasvroe depeso JoaNHCHO
YA068ALMBOPAMYL CE0TUCMEY Ky (3HaueHue 6 sepuiute He D0AbULE SHAYEHUA 68 NPedKaT).

BbIHI/H_HGM HECKOJILKO IIPOCTbIX CBOHCTB 6I/IHOMI/IaJIbeIX JA€peBbEB.
Lm 20.1.2. |T,| = 2"

Jloxasamesvemeo. Vnpykiust 1o panry jgepesa (jgasee sra dhpasa u nposepka 6a3bl HHIYKIUE Oyier
onyckarbest). st n = 0, neficTBUTENBHO, JepeBO COCTONT U3 ofHON Bepimuabl. Torma |T),41]| =
T, + |Ty,| = 27 + 2" = 27+, |

Lm 20.1.3. degRoot(T,) =n
Jlokasamenvemso. degRoot(T, 1) = degRoot(T,)) +1=n+1 |
Lm 20.1.4. Ceiaobsamvu 1,, aBigrorcs jgepesbs 1o, 11, .., T, 1.

oxazamenvcmeo. K coinoBbsm T, jjobasiisiercs eie oJHO jgepeBo 1, nodromy Jyis 1,1 CbBIHOBbAMUI
oyayT crapwie jiepesbs 1y, .., T, 1 u HOBBIH T),. |

Lm 20.1.5. Depth(T,) =n
Joxasamenvemso. Depth(T,41) = max(Depth(T,),1 + Depth(T,)) = 1+ Depth(T,) =1+n R
Teneps onpenenum nmousitue "OmHOMHMATbHAS Ky4a'.

Def 20.1.6. Bunomuarvnas xy4wa - cnucor bUHOMUGADHLL JEPEGHES PA3AUMHOZ0 PAH2A.

20.2. Peamm3arusa dyHKITi Jjad9 OMHOMUAJIBHON KYyYdn

20.2.1. Kak xpaHuTh?

Mpr OyaeM XpaHUTh KaxKIyIO BEpPIIHHKY KY4Yd KaK CTPYKTYPY, V KOTOpPOil ecTb OJIs
next, child, x,rank. Ilocneanue aBa mapameTpa - 9TO 3HaUeHHE, XpAHUMOE B BepIINHE U PaHT Je-
peBa, COOTBETCBYIOIIEro Hallle BepinrnHe. BMecTo Toro 4ro0bl XpaHUTh CITMCOK BCEX JieTeil, Mbl OyaeM
XpaHUTh TOJBKO yKazaresib Ha mepBoro pebenka (mose child). Takxke GyeM XpaHUTh yKa3aTesb
Ha CJeYIONLY0 BepiuHy-cocega (nose next). Takum o6pa3oM, 9T00B MIPOUTEPUPOBATHCS 110 JTETAM
BEPINMHBI, HAJO0 B3ATh BEPIIHHY 10 yKa3aTesio child, u mepexoauTh 10 YKa3aTeasaM nexrt, MoKa, JeTh
He 3aKOHYATC.
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struct Node{
Node *next, *child;
int x, rank;

8

20.2.2. Append

I[IycTh a - 9T0 HepBas BEPIINHA CIHCKA JeTeil KAKOii-TO BepIIHHBI (HAIpUMED, D). DTa dyHKIHs
J00ABJISET B CIACOK JeTeil BePITUHBL p BepIIUHY b (rapaHTUPYeTCst, 9TO b He JIeZKUT HU B YbeM CIIHCKE
JeTeit).

void Append(Node *&a, Node *b){
b -> next = aj;
a = b;

}

Kak s1o paboraer?

Buadvase MbI TOBOPUM, YTO y BEePIIUHBI b €CTh HOBBII cocesl - BepIuHa a. Temeps b - 3T0 yKazaTeib
Ha HA4YaJI0 CIKUCKA U3 Bepuiunbl b u jereit p. [Ipucsoenue B a 3navyenus b my»kHo, 4To0bI @ OCTaBa/IaCh
BEPIUHOW-HAYAIOM criucka fereil p. Mur nepegaem a B GyHKIHIO depe3 &, 9TO TapaHTHPYET, ITO
BCe U3MEHUS C @ TaKzKe MPOU30U/IyT U ¢ MepeMeHHOU, OT KOTOPOil BRI3BIBAIN (DYHKITHIO.

20.2.3. Join

Ora dyHkIus nogBenmBaet jaepeso 1, k aepesy 1), (O‘{eHb BaXKHO, YTO OHU OJIMHAKOBBIX paHFOB!),
COXpaHdd CBOICTBO KYy4H.

Node *Join(Node *a, Node *b){
if (a -> x > b -> x)
swap (a, Db);
Append (a -> child, b);
(a -> rank)++;
return a;
}

Kaxk aro paboraer? B maunoit dyukmum a u b - 93170 KOpHE (Ha caMOM Jiejie yKa3aTe I Ha KOPHH,
HO 51 Oy/1y OIycKaTh 3TO CJOBO) JBYX jepeBben. [locie omepanuu swap B a OymeT KOPeHb JepeBa
¢ MeHbIuM 3HadenueM. [locsie MbI g00aBisieM b B CIHCOK jJeTeil a ¢ IMOMOIIBIO YK€ HMerolneics
dyuknun Append u yBeIndnBaeM PAHT @ Ha eIHHUILY.

20.2.4. ExtractMin

Kak u jiobas Kyda, OuHomuaibuasg ymeer OpaThb MUHAMAJIbHOE 3HAYCHUE CPEIU COJIePKAIIUXCS
B Heil 3yiemMeHToB. JlanHasg QpyHKIMS NPUHUMAET OJIWH MapaMeTp - yKa3aTeab Ha HAdYajI0 CIUCKA
JePEBBEB, CPEJIM KOTOPBIX MBI XOTHM HAUTH (K yAAJIUTH) MUHAMYM, & BO3BPAIIAET [apy U3 yKa3aTest
Ha HOBOE HAYAJIO CIUCKA W, COOCTBEHHO, CAMOTO MHHUMYMA.

pair<Node *, int> ExtractMin(Node *a){
Node **m = &a;
for (Node **p = &a; *p; p = &((*p) -> next)){
if ((*p) -> x < (*m) -> x)
m = p;
Node *res = *m;
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*m = (*m) -> next;
return <UnionHeaps(a, res -> child), res -> x>;

}

Kak s1o paboraer?

Yro mam Hago caenarb! Ham Ha10 npobekaTh 1m0 BCeM JIE€PEBbIM, M TAaK KaK s JIIOOOIro jepe-
Ba BBIMOJIHEHO CBOWCTBO Kyd4H, JIOCTATOYHO PACCMOTPETh 3Ha4YeHue B ero KopHe. /lajee Ha0 B34TH
MWUHUMAaJbHOE U3 PACCMOTPEHHBIX 3HAYEHWN, W YIAJUTH BEPITUHY, KOTOPON COOTBETCTBET 3TOT MH-
HuMyM. B Hameil dbynkiun 6yaemM mojepKuBaTh IepeMeHHYI0 m Takyto, uro m =&(t->next), rie
t - 9TO BepIIMHA, JJId KOTOPOH cocel clipaBa U eCThb MUHHMYM. pyruMu cjoBaMH, B HEepeMeHHOM
m XpaHUTCS KaK-Obl yKa3aTeab Ha BEPIIHHY, KOTOPas SBIATCAd MUHUMYMOM, HO XPAHHUTCS OH KakK
aJipec B MAMSITH, IJIe JIeKUT 3HadYeHne t->next (t - 370 JeBblil coces; MUHIMYMA), II09TOMY KOTJIa MbI
Bo3bMeM (*m), To momyunm (*(&(t->next))) = t->next, To ecTb MUHHMYM, 9TO U TpeboBaIoCh. [1e-
pPeMeHHAs P - 9TO TO Ke, ITO U 1M, TOJbKO TaM XPAHUTCS He MUHHMYM, a TeKyirnee faepeso. Llukr for B
KOJIe - 9TO UK., HepeOuparoIiuii KOpHHu Beex JepeBbes (*p - Tekymuii kopenb). OGHOBIEHHE OTBETA B
IUKJIE - 00BITHOE cpaBHenue. [Janee B res coxpansiercs Hamt MEHAMYM. [loTo MBI metaem xm = (xm)-
>next, 4o paBHOCUIbHO *(&(t->next)) = (x(&(t->next)))->next < t->next = t->next->nexrt. B
pesyJbTare Tereph ¢ CChLIAETCS He Ha M, a Ha BepIIHHY, HA KOTOPYIO paHbIie ccbliaics (i->next),
TO €CTh Halll MUHEMYM. TakuM 0o6pa30M MBI yIaIUJIM MUHEMYM U3 CIHCKA KOpPHEil JIepeBbeB, OCTABUB
BCE CBsI3U KOPPEKTHBIMHU. B uTOre y Hac ocTaJics CIHCOK JieTeil, OCTaBIIUXCs OT MUHHEMYMa, KOTOPbIe
HaJI0 NPUIEHUTH K Hameil Kyde. 910 jgenaer dpyuknus UnionHeaps, KoTopast 00beIHHSET JIBe Ky UH.
O meit u noiigeT pedb B CJIEAYIONIEH IiaBe.

P.S. Vianenne MuHIMYMa MOXKHO JIeJIaTh MPOIe (B IJIaHe MOHUMAHWS ), €CJH XPAHUTh HE TOJIb-
KO MPaBOTO cocejla, HO W JieBOro. MUHYC B TOM, YTO TpPH TAKOM MOJIXOJe KOJ TOJYYUTHCA 0oJiee
IPOMO3JIKHM.

20.2.5. UnionHeaps

[IpuauMaer Ha BXOJ PHHUMAET yKa3aTe n Ha Kydd (Ha WX Hadaja), BO3BpAIaeT yKasaresab Ha
HOBYIO Kydy. JI1s1 9T0T0 3aBE/ieM MacCHB BEKTOPOB v, U B v[i] Oy/ieM XpaHUTh BCe JePeBbsl PAHTA | U3
obenx Kyd. /lannas OYHKIMSA cHAYAIA 3aM0THIET MacCHB U, & IOTOM BhI3BIBaeT byHKIUoO get Heap,
KOTOpad IO MAaCCABY ¥ CTPOUT HOBYIO Ky4y.

Node* UnionHeaps (Node *a, Node *b){
Have (a) ;
Have (b) ;
return getHeap () ;

}

Bameuanme 1. OOHy/I9TH MACcCUB ¥ HE HAJO, TAK KAK HaIla Kyda Oyjer yCcTpoeHa TakK, 4TO K
MomeHTy BbizoBa UnionHeaps maccuB v u Tak Oyaer mycr. 3amedanne 2. [Ipocto npunucarts opuH
CIINCOK KOpHeIU/I K JPYTOMY HeEJIb34d, TaK KaK IO OIlpeaeJICHUIO KYy4Yu, BCE JA€PEBbA JOJI2KHBI 6bITb
pasmbix panros. 20.2.6. Have

QYHKIN, PACTTUXUBAIONIAs JTepeBbs MO BEKTOPaM, COOTBETCBYIONIUM WX PAHTAM.

void Have (Node *a){
for (;a;a = a -> next)
v[a -> rank].push_back(a)
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20.2.7. getHeap

Kax yzke OBLIO CKa3aHO, 10 MACCUBY ¥ CTPOUT HOBYIO Ky4y. [l 9T0r0 Nestaem cieayioriee. byaem
UITH IO CIHCKY JIePEeBbeB OT MEHBIINX PAaHToB K GoJbIuM. Ecu B JaHHBIH MOMEHT MbI BCTPETHIIN
JIBa, TepeBa OJMHAKOTO paHra, TO COJbeM UX B OJHO IEePeBO ¢ MOMONIbI0 (byHKIUU join. Ilpu 3Tom
HOBOE JIepeBO OyJ/IeT UMEeTh PAHT, HA OJIUH OOJIBIIIE, YeM Y JIEPEBHEB, U3 KOTOPHIX OHO OBLIO MOJIYI€HO.
JlobaBuM €ro B COOTBETCBYIOIINH BEKTOD B MacCCUBE 0.

Mo2KHO 3aMeTHTD, YTO U3 J€PEBbEB OJHOI'0 PAHTA IOJIYIAI0TCA T€PEBbs OOIBIIEr0 PAHTa, IOITOMY
€CJIM Mbl 3aKOHYHIH 0OpabOTKY BeKTOpa v;, TO JJjsd BCEX dJeMeHTOB MaccuBa oT (0 10 i yxKe Bce
KOPPEKTHO W He UCIOPTUTCS. B UTore Mbl MOIYYNM MACCUB U, B KOTOPOM HE MOYKET OBITH JIePeBbEB
OJIMHAKOBOTO paHra (MHAYe Mbl Obl IPUMEHIJIN K HIM JOin), & CJIeI0BATEIbHO, Oy YU KOPPEKTHY IO
OMHOMUAJIHLHYIO Ky4dy.

k = log_2 (N+1);
node *getHeap (){
node *res = NULL;
for (int i = 0; i < k; i++){
while ((int)v[il.size() >= 2){
v[i + 1].push_back(join(v[i]l[(int)v[il.size() - 1], v[il[(int)v[i].size() -
21));
v[il.pop_back ();
v[il].pop_back ();
}
if ((int)v[il].size()){
if (res == NULL)
res = v[i][0];
else
res -> next = v[i][0];
v[il].pop_back();
}
}

return res;

Bnech N - MakcHMaJIbHOE KOJHMYECTBO BEPIINH, KOTOpOE MOXKeT OBITh B Kyde. Tak Kak pasmMep
T, 1o 2", TO paHr jJepeBa MOXKHO OIEHUTH CBEPXY JBOUYHBIM JIOIapUMMOM OT KOJIMYECTBA BEPIIUH.
CobcrBenHO, k - 9TO U €CTh MAKCHMAJIbHBIN PAHT, KOTOPBIHl MOYKET BCTPETUThCH B Kyde. Fime MOKHO
3aMeTHTh, II0CJe 3aBepIllieHus] UTEePalUi IHUKJIa BEKTOP vU; CTAHOBHUTCS IIYCThIM, TO €CTh B KOHIIE
MAaCCHUB U MOJHOCTHIO OIIyCTeeT.

KommenTapuit o komy. Mbl nmepebupaeM paHrn OT MeHBIIUX K O0JbIIHM. Korjga Mbl ¢cTOUM Ha
paHre i, MBI JieJIaeM join JABYX JE€PEBLEB 9TOTO PAHTa MOKa MOXKeM (I yaobcTBa Bee BpeMs bepeM
J(Ba, OCJeIHEX JepeBa). Ecin B KOHIIE 0CTAI0Ch OHO JIepeBO paHra i, TO J00aBUM €ro B OTBET.

20.3. Ob6mue cJyioBa NPO CTAHJAAPTHYIO PeaiM3anuio OMHOMUJIBHON Ky4dn

Takas peanusanus Kydu He JaeT HIKAKUX ITPEUMYIIECTB 110 CPABHEHHUIO ¢ paHee n3ydeHHbIMHE. Oc-
HoBHbIe onepanun ExtractMin nu Add (nobasienue ogHOro 3j1eMenTa, peaausyercs kak UnionHeaps
OT Ky4H W HOBOTO 3JIEMEHTa) HCHOJIB3YIT B cebe dbynkuuio UnionHeaps, koropas paboraer 3a
O(logn) (mokazarenbcTBO OyJeT HEUKE), MOITOMY B TAKOH peajn3anunn OMHOMHATIbHAS Kyda He
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apeacraBjadeT ocoboro uHTepeca.

20.4. Beictpsoiit Add nim kKak cjiomarh OMHOMHUAJIBHYIO Ky4y, YTOObI OHA
3apaboraJia ObIicTpeit

[lepenenaeM Hamme ompenesleHne OHMHOMAWJIBHOH KY9H, pPa3pelldB CHTYAIHIO CYIIeCTBOBAHUS
HECKOJIbKUX KyY OJHOI'O paHra.

CrenaeM HOBYIO (DYHKIIHIO MeETge, KOTopas CIUBaeT JABe Kydu. JIjisg 31oro 6yieM XpaHuTh Ky4y He
KaK yKasaTesh Ha HavaJs0, a Kak napa yKasarejeid: Ha Ha4a/I0 CIIUCKa U Ha KOHell. Teneph HANNCATH
merge JIETKO - HaM HAI0 IPHUIEINTh HAYAJI0 OJHOW KydYd K KOHILY apyroii. Takoit merge paboraer
3a O(1). Add (n0baBienue OTHOTO JTEMEHTA) BHIPAXKACTCS depe3 merge (CAUBaeM CTapyio Kydy u
HOBBIT ssieMenT (Ha camoM Jiesie Kydy u3 ognoro jgepesa 1p)). ITosromy Add reneps Toxke paboraer
3a O(1). Ipu stom B ExtractMin see eme 6yaem BbisbiBath UnionH eaps.

20.5. Bpems paborbl HOBOII peaJsin3aruu ¢ obicTpbim Add

[TokazkeMm, 9T0 HECMOTPs Ha TO uTo Add cran paborars ObicTpee, ExtractMin Bce eie paboraer
3a amoprusupoBanusii O(logn).

[IycTth B MaccuBe v JieXKUT Bcero « JiepeBbeB. [lokaxkem, 4To TOrJa cymMMapHOE Bpems pPadOTbI
BCex join upu BbimoaHenun get Heap 510 O(a) ¢ MOMOIIBIO aMOPTH3AIMOHHOTO AHAJIN3A.

[Iycts ¢ = wv.size(), Tae v.size() - 970 cyMMapHOe KOJHYECTBO JepeBbeB B Maccupe v. Torma
PACCMOTPHM, YTO HPOUCXOIUT Tpu oneparuu join. Ou paboraer 3a O(1), mosromy cuuraem ¢; = 1.
[Ipu sTOM aBa JiepeBa yIAJIMINCH, U TOSBUJIOCH OTHO HOBOE, TO ecTh Ay = —1, ciemoBarenbHO,
a; = 0. CyMMapHO OTEHIMAJ U3MEHUJICH POBHO Ha v.S5iz€(), TAK KaK MAaCCUB U HOJHOCTHIO OILyCTeL.
Nroro T' = A — (Pend — Preg) < 0— (0 —v.size()) = a.

Terrepn ¢ TOMOIIBIO AMOPTH3AIMOHHOTO aHAJIN3A OlleHUM BpeMs pabotsl ExtractMin. Ilyctes Ha
MOMEHT BbI30Ba EztractMin B Kyde ObLIO v lepeBbeB. Bo3zbMeM ¢ = 3roots, vae roots - KOTuIecTBO
JepeBbEB B Kyde. 3aMeTnM, 9To Beero 3a Extract Min norenmualn usMenuscs ¢ 3roots no 3logn (win
MeHbIIIE), TaK KaK B HOBOil Kyde Oyjer He bosee logn jepesbes.

Omnennm peasbaOe BpeMs paborsl. Extract Min paboraer 3a npober mo MacCuBy KOpHEi, TO eCTh
3a «. Have nupoberaer 1o MepBOMY CIHCKY KOPHeH (3TO «v), a TOTOM TI0 CHHCKY JeTeil yaaaeHHO-
ro MuHuMyMa (He Gosiee dem logmn, Tak Kak B JiepeBe CTEleHb BEPIIMHBI He MOKeT OoJbire logn,
TaK KaK y BEPITHHBI TOJBKO PA3JIHIHBIC CLIHOBBS, TO Pa3Mep caMoro 60JbIIoro 31o 27" mosromy
eCJIM €CTh CBIH C PAHTOM, GOJIBIIHM, YeM log, TO pasMep 3TOro chiHa Gosbine n). getHeap pabo-
Taer 3a logn(urepanus 1O BeeM cTeneHsiM) + « Ha Bee join. [lomydaem, 4ro a; = t; + Ap =
3a+ 2logn + (3logn — 3a) = O(logn). CymmapHoe u3menenue norerrnuaia 310 O(n) (KoInIecTBo
KOpHeil He MOKeT U3MEeHHThCs 0OJiblie, 4eM Ha n). IToro mosydnim aMOpTH3AMOHHBI JorapudM
Ha ExtractMin.
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Jleknuga mo ajgroputMam #21

PuboHaddIneBa Kyva
12 korsiOpsi

21.1. OT 6mHOMMAJIbLHBIX JepeBbeB K (hnOOHAIINEBLIM

B npepiayineii qacTH Mbl HAYIHINCH Jle1aTh OHHOMHUAJbHYIO Ky4dy ¢ Add u Merge 3a O(1) u
ExtractMin 3a amoprusuposanuoe O(log n). HemHOro pacimpum HAIH TIpeICTaBIeHUs O Heil, 4T00bI
CYMETb CIIeJaTh W YMEHBIEHUE KJII04Ya 38 KOHCTAHTY.

Def 21.1.1. Hegopmanrvro 206opa, dubonauuueso depeso — obpesanmnoe bunomuarvroe depeso.
Onpedesum dopmanrvro:

o Dubonaunueso depeso panea 0, Fy, — npocmo sepuiuta.

o Qubonawuueso depeso parea n, F, (n > 0), — depeso, coinoévbamu KopHA KOMOPO2O ABAAOMCA
n usun — 1 Pubonauuuesns depesbes MEHLUIUT PAH208, NPUNEM BCE PaH2U CHIHOBET NONAPHO
PASAULH L.

o FEcmecmeenno, dubonawvueso depeso ydosaemsopaem ceolicmsy Kyuu.
Def 21.1.2. Qubbonauuesa xyua — cnucox Gubonauuuesvr depesves.

B ¢dubonauuneBoM JepeBe JeTH BEPIIMHBI He 0043aTe/JbHO YIOPSAJA0YeHbl 1o paunry. s Toro,
9TOOBI B JIaJIbHEHIIIeM MOKHO OBLIO YIAJIATH Y BEPUIMHBI ChIHA, OYIeM XPaHUTh JAeTell B IBYCBAZHOM
CITUCKE.

Bce oneparnum, kpome yjgajieHusi 1 yMeHbIIIEHUsT KJA09a 3JeMEeHTa, MPOUCX0adT B (prnOOHATINEBO
Kyde TaK »Ke, KaK W B yJIY4IIeHHON# OMHOMUAJILHON Kyde.

[Ioka HeT yMeHbIIeHHS KJI049a, HAllla Kyda He OT/IHYaeTcd OT OMHOMUAIbHONU U pabOTaeT 3a TaKoe
2Ke BpeMd.

21.2. Byny pe3aTb, Oyay yAaaJdTh...

Hobasum DecreaseKey 3a amoprusuposantoe O(1). VianeHue BbIpasKaeTCsi 4epe3 HEro: yMeHb-
UM KJII0Y YIaI9€MOr0 JIeMEHTa 0 —O0 U U3BJACYeM MUHUMYM.

ByzneMm Terepb KaxKIyio BEpIIMHY [OMEYATh, €CJIU Y Hee HEeJOCTAET OJHOTO ChIHA, TO €CTh OHA
UMeeT paHr n, Ho n — 1 CHIHOBEH.

Torna B DecreaseKey (v) mocJie HENOCPEICTBEHHOIO YMEHBIIEHHUS KJII09a ¥ MOYKHO PacCMaTpH-
BaTb CJIEYIONINE TPU CAydast:

1. Ecnu nHBapuaHT Ky4# He HaApYIIeH, TO OOJIbIIe HUYETO He JIe/TaeM.

2. Nuadge ecjim oten v He MOMEYEH, TO MOXKHO “BbIpPe3aTh’ v, TO €CTh VIAJUTL €€ U3 CIHUCKA JeTei
oTra v U J06ABATH B OCHOBHOI CIIUCOK JiepeBheB Kyun (Tak ke, Kak B Pairing Heap). Tenepn
HY2KHO IIOMETUTD 6bIBIHeFO OoTIia V.

3. Ecnum orer v yzkKe moMmetdeH, TO Bce paBHO BBIpE3aeM v, a MOTOM PeKyPCHBHO BBIPE3aeM OTIA v
(B pe3ysibraTe 4ero, BOIMOXKHO, TIPUJIETCS BBIPE3aTh U JEYINKY U, U CJIEIYIOMAX MPETKOB).
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B jsiobom ciiydae, y BCeX TOJBKO YTO BBIPE3aHHLIX BEPIIUH HYYKHO CHATH HOMETKH, €CJIU OHH TaM
OBLIN.

Ceiiqac MOXKeT CO3/AThCs OIIYIEHNe, YTO MbI HOJOMAJIH BCIO CTPYKTYPY, BeIb, CTPOrO rOBOP4,
mocJie yAaJIeHnsT XOTs Obl IBYX CBIHOBell Y KOPHH JiepeBa, OHO OOJIbIe He MOMa aeT MoJl HAaIlle Ompe-
nenenne pubOHATINEBA IEPEBA.

YIIydIluM CUTYyalluio, HEMHOT'O TI€PEoIpeJie/iInB NOHATHe paHra (pubonayvyuesa jepesa.

Def 21.2.1. Pane ¢pubonavvuesa depesa — cmenend €20 KopHsi 68 NOCACOHULE MOMEHM. BPEMERU, K020G
OHO NEHCANO 8 OCHOBHOM CNUCKE KUl

Y0066 TaKkoe onpejiesieHne ObI10 00JIee MHTYUTUBHBIM, PACCMOTPHUM JIEPEBO B TOT MOMEHT, KOT/Ia
OHO HCYE3aeT U3 CIUCKA KOPHel Kyuu (T.e. TOIBENIHBACTCS K JIEPEBY TAKOro ke panra). Toraa 1o tex
OP, IOKa OHO ONATH He IOIAaIeT B OCHOBHOM CIIMCOK, €ro cTeleHb OyaeT He OoJiee, 4eM Ha 1, MeHbIIIe
€ro paHra — a BeJ[b UMEHHO 3TO CBOHCTBO U SBJISETCS OJIHUM U3 KJII0YEBbIX B (PUOOHATUNEBOM JIepPeBe.

21.3. A npuyém TyT, co6cTBeHHO, PuboHaAYYMN

n—2

Lm 21.3.1. ITycre Fib, —n-e uncno @ubonavun. Torma Fib, =1+ > Fib,
i=1

Joxaszameavcmeso. Jlokazkem 110 WHIYKITAH:

e baza: Fiby = Fib; = 1.

n—3 n—2

e Ilepexon: Fib, = Fib, 1+ Fib, o =1+ Y Fib,+ Fibn —2 =1+ Y_ Fib,.
=1 =1

Lm 21.3.2. B pubonauunepoii kyde y ¢dpuboHaudneBa JepeBa pPaHra n, MOKHO TaK yIOPSI0YUTH
JerTeit KopHs, 9YTO PaHT (-T'0 U3 HUX OYJIeT He MeHbIIIe i.

Hoxazamenvcmeo. JlokazaThb 3TO MOXKHO WHIYKITUEH M0 KOJUYECTBY orepanuii Ha Kydeit. baza —
mycTas Kyda — o4deBuiHA. [lepexos:

e [Ipu noGaByieHHK OJHOrO 3J€MEHTa 9TO CBOHCTBO He HAPYIIAETCs, IPH CJAUIHHH IBYX Kyd —
TeM boJiee.

e [Ipu BBIpe3aHUU v, €CJIH OHA Y CBOETO OTIA HMeJIA HOMED i (B MOPSJIKe, OPEITEHHOM YCIOBHEM
JIEMMBI U CYTIECTBYIOIEM M0 TPE/IIOJIOKEHUI0 HWHIYKIIUH ), TO ¥ BCEX CJIEIYIONIUX ChIHOBEl OTIa
¥ HEPABEHCTBO TOJILKO YCUJIUJIOCH.

e [Ipw nmojBemmMBaHUT OJHOTO JiepeBa PaHra N K JPYTOMY JepPeBY TaKOTO Ke paHTa Mbl MOZKeM
COIIOCTaBUTh HOBOMY CBIHY HOMED 7.

Lm 21.3.3. B dubonauauunenoii kyue pazmep ¢pubonauunena jiepeBa panra n He menbiine F'ib,.

oxasameavcmeo. JokazaTh 3TO MOKHO aHAJOTMYHON MHIYKIHEH IO KOJMIECTBY ONEpAIMi HaL
Kyueit. PacemoTpuM 1epeBo KOTOPOE HOJIYYHIOCHh B Pe3y/abrare odepeaHoi onepamuu. [1o mpeapriy-
el JieMMe, MOXKHO YIOPSJI0YUTD JeTell ero KOpHsS Tak, 9TOObI PaHr ¢-I'0 U3 HUX OyJIeT He MeHbIIe
1, 3HAYWT, MO TIPEJIOJJIOKEHNIO WHIYKIINU, pa3mep ¢-1o xotsa 0wl F'ib;. IlycTh pa3mep Bcero jepena
paBen S, a pa3Mep i-ro 3 CbIHOBe# — 5;. 3abyneM Tenepb PO N-I'O ChbIHA, €CJU OH €CTh, U OIEeHUM
n—2 n—2
pasmep Bcero gepesa: S = 1+ > S; > 1+ > Fib, = Fib,.
i=0 i=0
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Caedemeue 21.3.4. B dubonaudaunenoit Kyde pa3zmep jgepeBa panra n XorTd Obl ") 1je ¢ — 30710T0€
cedeHue.

Caedemeue 21.3.5. Ecan Kyda COIEPKUT N 3JIEMEHTOB U B CIIUCKE KYIW BCE JePeBbsl UMEIOT PA3IN-
Hble panrd, To ux KoandectBo — O(logn).

OrnennMm, HAKOHEI, BpeMs paboThl Beex omepariuit. [[st 3roro BBegem moreHruas, paBabrit 20 +
R, rne M — Kosmm4ecTBO MOMEYEHHBIX BEPIIHH, a R — KOIWYecTBO KOpHeil B cmucke Kydn. Cpasy
3aMeTHM, YTO W3HAYAJIbHO OH paBeH (), a mocje n omeparnuii TOYHO He DOJBITE 3N.

Urak,

e Add: Ilorenmnuan uzMengercd Ha 1, Kak peajbHOE, TAK U aMOPTU3UPOBAHHOE BpeMs padOThI —

o)
e Merge: Ilorennuasasl IBYX CIUBAEMBIX Kyd CKJIaapiBaiorcs, Toxe O(1).

e ExtractMin: M He u3MeHdeTCs, TMOITOMY 3HAYUMBIM CJaraeMbIM B TOTEHIUAJE SBJISACTCH
To/ibko R. Nmes ero, anajgornaiHo OMHOMHUAIBHON Kyde, aMOPTU3UPOBAHHOE BpeMsi pabOTHI —

O(logn).

e DecreaseKey: Ilycrh Gbu10 BIpe3ano k BepimH, Torga xorst 661 y k& — 1 u3 HUX (Kpome camoi
epBOii), CHsJIACH MOMeTKA. KOJMIecTBO HOMEUEHHBIX BEPIINH YMEHbIIUIOCh X0Ts Obl Ha k — 1,
a KOJIMIeCTBO KOPHEH YBeJIWUIUIOCH HA K, TIOITOMY H3MEHEHHEe MOTeHIHa a He Oosbire 2(1 —
k)+k = 2 — k. Tak xak peanbHoe BpeMsi paboThl — k, TO aMOPTU3UPOBAHHOE BPEeMsT PAbOTHl —

o).

21.4. Bouyc: Hy>KHO 60JibIIIE CpaBHEHMIA!

Teopema 21.4.1. JI1060ii KOPPEKTHBIH aJrOPUTM HMOCTPOEHUS OMHAPHON Ky4d U3 1 9JIEMEHTOB Jie-
JaeT He MeHee 1.3644n cpaBHEHUN.

Zoxazameavcmeo. Bynem oreHnBaTh Ha repecTaHOBKaxX 4ucesa oT 1 1o n.

[locuuraem, CKOJIBKO cylmecTByeT 6GuHApHLIX Ky4d. CHAYaIa ecTh MHOKECTBO U3 n! mepecTanoBOK.
Ha nepBoMm 1mrare Mbl 0OMeHHBaeM MUHUMAJIBHBINA 9JIEMEHT ¢ 9JIEMEHTOM B KopHe. BuaHo, aTo mepe-
CTAHOBKA P MOIJIA HOJIYYUTHCS POBHO U3 N JAPYTHX, TAK KAK B UCXO/IHON EPECTAHOBKE MUHUMYM MOT
JIe’KaT Ha JTI0O0M M3 N MeCT. SHAYUT KOJMIECTBO MEPECTAHOBOK B MHOXKECTBE YMEHBIITIIOCH B 1 Pa3.

Ha i-m mare oOMeHmBaeM 3J€MEHT Ha (-M MeCTe ¢ MUHUMYMOM i-fi BepmiuHbBIL. AHaJIOTHY-
HO, KOJIMYECTBO MEPECTAHOBOK YMEHBIIHJIOCH B §; pa3, TIe S; — pa3Mep MOJAepeBa i-if BePIIUHDI

Hh DD

(82n75,2,1,1717... .

n!

I si
i=1

Tenepb MpeanoI0KNIM, UTO aJATOPUTM AenaeT k cpaBHeHuit. Torma nepecTaHOBKU pa3OUBAIOTCS HA,
2% rpymn, B 0HOMN TpyIIe K KayK/0il lepecTaHOBKe HPUMEHIETCS OJ[HA U Ta K€ [0C/1e[0BATeIbHOCTD

| .o

obmenos. Torga cymecTByer rpynna pasmepa XoTst Obl of. Tak Kaxk mepecTaHOBKH B Heil pa3IndHbI,
a I0CJIe/IOBATEIbHOCTH OOMEHOB COBIIQJIAET, BCE IEPECTAHOBKHU B Heil NMPEeBpAIAIOTCA B pa3IudHbIe
ounapuble Kyun. [loydgaercs, 910 KOJIUIECTBO pa3IddHBIX OMHAPHBIX KY4Y HEe MEHbBIIEe, YeM pa3Mep

3TOU IpyNIIbI, TO €CTh:

B uTore mosyduM MHOXKECTBO BCEX KOPPEKTHBLIX OMHAPHBIX Kyd. Kro pasmep pasen
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[Tocoreganit mepexon mén 6e3 10Ka3aTeILCTBA.
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Jleknug mo ajroputMam #22

JInHaMuka
16 oxTs6pst

Paccmorpum 3aiady KaabKysasaTop. XOTHM HoJaydnTh 4uncjao N m3 1 3a MHHHMAJIbHOE HHUCJIO
maroB. Y HAC €CTh TPU BHJA ONepanuil: yMHOXKATH HA 2, YMHOXKHUTH Ha 3 U IPHOABUTH €INHHUILY.
Ompeznennm f]x| - MEHEMATBHOE YHCIO XOMOB, YTOOBI U3 1 MOTYYATH X.

22.1. /JImnaMuka Ha3a.

CocrostHus TOCTIe0BATEIBLHO TIEPECUNTHIBACTCS UCXO/Is U3 yzKe mocuntanubix. f[1] = 0 - 6a3a

flo—1
flx] =min ¢ flz/2], ecmx:2 p+1
flz/3], ecomx:3

BpibupaeM MHHUMYM U3 y2Ke IMOCUYMTAHHBIX 3HadYeHUil u mpubdasisgem 1, T.K. cjaenanu 1 xox. Taxkum
00pa3oM, HAILId ONTUMAJIBLHBIN OTBET, CBEJIU 33/1a9y B K MEHBIIUM I0/I33a1aTaM.
[Iepebupaem X B MOpsIAKE BO3pACTAHUS:

f[1] = 0
for x = 2...N
flx] =

Acmvnroruka - O(N). Orser gexur B stueiike f[N].
22.2. /lunamMuka BIiepe],

OGHOBJIAIOTCSI BCe COCTOSIHUSI, 3aBUCSIIE OT TeKyIero cocrosiuus. Ilyers f[i] = oo Vi.
[osozxum f[1] = 0

void relax(int &a, int b){

a = max(a, b)
}
for x = 1..N - 1
flx + 1] = relax(f[x + 11, flx] + 1)

if 2x <= N

f[2x] = relax(f[2x]1, flx] + 1)
if 3x <= N

f[3x] = relax(f[3x], fl[x] + 1)

KoppeKTHOCTb JAO0Ka3bIBaeTCA MO MHIYKIIUN. OT TEeKyIero COCTOAHUA 'y HaC MOT'YT 3aBUCETH 10
3 JpyTrHX COCTOSHMIA, IOITOMY KarKIbIi pa3 Mbl HX OOHOBJsgeM. Pesyiabrar OymeT KOppeKTeH,
moCKOJIBKY f|X| ¥y HAC mOCYUTAHO KOPPEKTHO, JIJIs JIPYTUX COCTOSIHUM MBI HE YXVJIIIIAEM OTBET.

22.3. JlennBasi nuHamMuKka(peKkypcus)

JlobaBuM erre OJHYy ONEPAIUIO B 3a/a4y - NPUOABUTH 2 K YHUCTY.
Hammmmem mosrnii mepeGop u ONTHMHU3YEM ero.
3aojgauM 1J100aJbHbIH Maccus P 6ecKkoHedHoCTAMU.
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int f(int x)A{
if (x == 1) returmn O
int &res = F[x] // BamoMuHaeM cChiKy Ha res, B malbHelmeM Bce mefcTBUsS C res 6ymyT
u3MeHaTh u F[x]
if (res != + o0) // Hame 3HadYeHWe yxe OO paHblle IOCYWTAHO, HET CMHCJIA €r0 CYHTATh

3aHOBO
return res

relax(res, f(
if (x % 2
relax (res,
if (x % 3 0)
relax(res, f(x/3))
if (x >= 3)
relax(res, f(x - 2))
return res += 1

x - 1))
0)

f(x/2))

}

Bpems nepebopa 6e3 orceuenmit. Bepxusas omenka: 4V - MoxkeM IpEMEHATHL OAHY W3 4 omeparmit
N pa3. Hmkuss onenka : n-oe wucao Pubonadun(r.k. Be3bBaemcsa or f(x - 1) m or f(x - 2)).

4N > Time > FibN = ¢V
Y JIeHUBO# JIUHAMHUKH €CTh 2 NPEUMYINeCcTBa:

e He dukcupoBanublil mopgj0K mnepedopa

e Ilocemenne TOIBKO JOCTHKUMBIX COCTOSHII

Bce 3Tn 3aja4m MOXKHO CBECTH K HaXOXKJIEHUIO Kpardaiimero nytu u3 1 cocrognus B N-oe B alluK-
JITYHOM OPHUEHTHUPOBAHHOM I'pade, B KOTOPOM BEPIIUHBI - COCTOAHULA, PEOPO MKy COCTOSHUAMHU -

Iepexoll U3 OJHOTO B JIPYTOe.
22.4. YTo HY>KHO 3HATh JJid ANHAMUKU

Cocrostane auHAMUKE: mapameTp(bl), OIHO3HAYHO 3a/IAM0IIHe T033,/1a1y.

[Tepexoabr MexKay cocToHUSIME: (bopMyJia Tiepecdéra.

I{aanO7T£.3HaquHHﬁHaqaﬂbeD(COCTOHHHﬁ.

[Topsanok mepecdéra.

e [looxkenme oTBeTA Ha 3a/1a9Yy.

22.5. I'pacd cocrognmii

Mb1 MOkeM chopMyTIPOBaTH TEPMUHBI JIEHUBOI, BITepe I, Ha3a,/l AMHAMUKH depe3 alnKJInIHbIi rpad.
Kaxk1prit pa3 Korga MBI JIeJan Mepexol - MOXKHO CKa3aTh, YTO MBI IIePEXOIUIH U3 OJHON BePIITHHBI

rpada(BepIinHa - coCcTosiHUE) B APYTYIO.
e JleHuBasg QUHAMMKA: IIPOMCXOJUT MOUCK B TIYOMHY M3 MOCTIEIHeH BepIIMHBI K IepBOii

e JlmmamMwka BHepe/: W3 KayKJIOW BEPIMUHBI Mbl PeJaKCUpYeM MYTh B JPYTHE B BEPITUHBI.
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o Jlunamuka Hazaj: 3 Bcex myTeil BeAyNnuX B TEKYILYIO BEPIIHHY BbIOMPAEM OUTHUMAJIbHBIII.

22.6. 3agada mpo IIyTh B MaTpUIie

[Iycrs mana marpuma afn, m|. Xorum HaiiTy IyTh MHUHUMAJBHON CTOMMOCTH, MaKCHMAJbHOIL
CTOMMOCTH, KOJIMYECTBO TyTeit u3 Touku [1,1] B Touky [n, m].

Cocrostaue - [i, j|, n3HAYAIbHO BCe 3AMOIHEHO IUTIOC WM MUHYC OECKOHEYHOCTSIMH, B 3aBUCH-
MOCTH, 9YTO MBI CHUTAECM! MI/IHI/IMyMaJIbeIIU/I NJIN MaKCUMaJIbHBIN IyTh COOTBECTBEHHO.

[Tepexoapt u3 [i, j] 8 i + 1,j] us [i,j + 1]

Hauaso B [1, 1]

Kowerr [n, m]
o [lopganok: mo nmopsJiKy oOpadbaTbiBaeM CTPOYKH CBEPXY BHHS3.

Ecim MBI cunTtaem IIyTb MHHHMaﬂbHOﬁ/MaKCHMaHbHOﬁ CTOMMOCTH TO:

dpli + 1, jl] = min/max(dp[i, j] + ali, jl, dpli + 1, jI1;
dpli, j + 1] min/max(dp[i, jl + ali, jl, dpli, j + 11;

Ecsin Mbl cunTaeM KOJMYECTBO myTedi, TO TOrga KOJMIECTBO B CJIEAYIONYI0 ssueiiky Oyjer paBHATCH
CyMMe JIByX s9eeK, U3 KOTOPbIX MOKHO npuiitu. M3navassro dp[l, 1| = 1. B dp[n, m| 6yzer nexarn
OTBET.
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JInnamMudeckoe porpamMMupOBaHIE

Jleknug mo ajgroputMam #23

JInHaMum4ieckoe NporpaMMUPOBaHUE

16 oxTs6pst

23.1. Prok3ak

23.1.1. 3agaga

JlaHo MHOXKEeCTBO NPEAMETOB a1, ds, . . . , Uy

a; >0, W >0

HyKHO BBIOPATD MOAMHOKECTBO: »_ a; = W

1. NP-hard
2. n-2"

3. 3 pemrenus 3a 2"/?

(meet in middle)

23.2. pemenne 3a O(nW)

[IpocMmoTpesn EPBBIX %, B3JIA MOJAMHOXKECTBO CYMMBI W

is[i,w] — is[i+ 1, w+ afi+ 1]]
— isli + 1, w]
is[0,0] = 1:
for i = 1..n-1:
for w = 0..W:
if isf[i, wl:
is[i + 1, wl] =1

is[i + 1, w + al[il]l = 2

23.2.1. BoCcCTaHOBJIEHUE OTBETa

i=1, w =W
ans = []
while (i > 0):
if (is[i][W] == 2):
-= ali]

ans.append (al[i])

23.2.2. onTuMu3upyeM naMaThb: XpaHuUM 1-2 1mOcCJ. CcTpo4YeK

for i = 0..n-1:
for w = W-al[i]..1: // for w = 0..W-a[i] me Bepmo!!!
if (is[w]):
is[w + al[i]] = 1
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23.2.3. ko ¢ bitset

bitset<W + 1> is;

is[0] = 1;

for (int i = 0;
is |= is << al[il;

}

i < n; i++) {

Memory = O(%), b=64
Time = (%)

23.2.4. Bocranossenue orseta ¢ O(W) mamsaru

last[w] - HOMED TIOCTIEIHETO TIDEIMETa B OTBETE ISl W

last = [0, O, ...]
last [0] -1
for i = Loi-1:
for w W-al[il..O:
if (last[w] !'= O and lastl[w + al[il]l
last[w + al[il] = i + 1

ol

w =W
while(w != 0):
i = lastl[w] - 1
w -= al[il], res[i] = 1

JJId KazKJA0T'0 W XpaHUuTCA HaWMeHbIINNA HOMED IIoCJIeJHErO dJIeMeTa

/ /15 PIOK3aKa €O CTOMMOCTSIME TAaKOH CII0CO0 BOCCTAHOBJICHHS OTBETA HE BEPEH

23.3. Agropurm Xupmidbepra

23.3.1. HOII

JIaHbI CTOPOKH a, b
dpli, j| - HOII gns a[: i) u b[: j]

relax (&x, y):
x = max(x, y)

lcs(a,b):
//TyT monxua 6bHTHh HHWNUWanu3anys dp HyJIaME

for i = 0..len(a):
for j = 0..len(b):
relax(dp[i+1,j],
relax(dp[i,j+1],
if ali] == b[j]:
relax (dpl[i,j+1] ,dp[i,j] + 1)

dpli,jl)
dpli,jl)

ans = str ()
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i = len(a)
j = len(b)
while (i > 0 or j > 0): BOCCTAHOBIEHHE OTBETA
if (dpli,j]l == dpli-1,j1):
io-
else if (dpl[i,j] == dpli,j-11):
j--
else if (dpl[i,j] == dpli-1,j-11 + 1):
ans = al[i] + ans
io-, j--
ans = ans.reverse ()

return ans

23.3.2. HOII ¢ Bocctanossienuem otBera n O(n + m) namsaru

solve(la, ra, 1lb, rb):
if (min(ra - la, rb - 1b) <= 1):
return lcs(alla:ral, b[lb:rb]) //mmmua ommoit cTpok <= 1, lcs = obumii cuMBOI

// Hamo XpaHUTb TOJBKO 2 MOCIEeHHE CTPOdYKZ dp
for i = la..ra:
for j = 1lb..rb:
relax(dpl[i,jl, dpl[i,j-11)
relax(dpl[i,jl, dpli-1,j1)

if (i > la and j > 1b and ali - 1] == b[j - 1]1):
relax (dpl[i,jl, dpl[i-1,j-11 + 1)
if (i == (la + ra) / 2):

dpl[i,j].second = j

mb = dpl[ra,rb].second;
return solve(la, ma, 1lb, mb) + solve(ma, ra, mb, rb)

solve (0, len(a), 0, len(b)) //zamyck

Xorum naiitn HOTI(a,b)
e Ilycts min(len(a),len(b)) > 1, ma = len(a) / 2.
e Haxoaum Taxyio Kierky dp[ma, mb|, 91o depe3 Heé mpoiaéT BOCCTAHOBICHHE OTBETA.

e pemaem g (a[: ma) u b[: mb]) + (a[ma :] u blmb ).

KoppekTHOCTB:
® BOCCTAHOBJIEHHE OTBETa MPOXOUT depe3 XoTs Obl 1 Kiaerky u3 dp|ma,™|
e Jj, HOII(a,b) = HOIl(a[: ma] u b[: 5]) + HOIl(a[ma :] u bj :])

e j — mb nonoitaér. (6ykeel B HOTI coors nepexogam dpli, j| — dpli — 1, j — 1] B BoccTanoBIeHNH
OTBeTa)
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Bpemsa: O(nm), n = len(a), m = len(b)

T(l,m)=m, T(n,1)=n

Tn,m)<@Bn-1)3n—-1)—2

Tn,m) < (n+1)(m+1)+T(2m—i)+T(2i)=Mn+1)(m+1)+ (2 -1)Bm—-2)—4

[Tamsars: M = dp + orser + crex pekypcun = O(2(m + 1)) + O(n) + o(n) = O(n +m)
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Jleknug mo ajgroputMam #24

JImHaMmdeckoe mMporpaMMUPOBaHNE
19 oxkTs6pst

24.1. Pegakumonuoe paccrosiaune (paccrosiuue JleBeHImTeiiHa)

24.1.1. IlocTaHOBKA 3aJa4n

Janbl crpokn s u t. Paspentaercd u3MeHATh CTPOKY S C TIOMOIIBIO TPEX OMepariuii:
1. BeTaBuTh HOBBIN CHMBOJI B JII0O0OE MECTO B CTPOKE.
2. YaaauTh 11060# CHMBOJI U3 CTPOKH.
3. N3mennts 10601 CUMBOJI CTPOKH.

Tpebyercs 3a HaMMeHbIIIee YUCJIO OLEPAIUN OJIYYUTh U3 CTPOKU S CTPOKY t.

24.1.2. Pemenue

Def 24.1.1. Ilpeobpasosatiuem bydem Ha3v6aMb HEKOMOPYIO NOCALIOBAMEALHOCMD ONEPayull Ha0
Cmpoxot S, 6 PE3YALMAME BHNOAHEHUA KOMOPHLT NOAYUAEMCA CMPOKG t.

Teopema 24.1.2. B ji0b6oM mpeobpasoBannu, 9uC/I0 Olepaluii B KOTOPOM HAUMEHbBIEe BO3MOZK-
HOe, HaJI KaKJbIM CUMBOJIOM CTPOKHM S HPOU3BOAUTCA He Oojiee OAHONW omeparuu, a Hajl KarKIbIM
JT00ABIEHHBIM CHMBOJIOM OIEPAIUH He MPOU3BOIATCS.

JHoxazamenvcmeo. 3adurcupyeM HeKOTOpoe mpeobpa30BaHue ¢ HAMMEHBIITHM YHCJAOM omepamuii P,
JII000# CUMBOJI CTPOKHU § M TIOCMOTPUM HA, TO, 9TO C STHM CHMBOJIOM TIPOUCXO/INI0 B MPeodpa30BaHUH
P. O6o3nauuM 3T0T cUMBOJ — c. locsie BbIo/iHEHUS BCeX ollepalinii ¢ ObLI JIKOO y1aseH, JJudo cTaJl
HEKOTOPBIM CUMBOJIOM M3 CTPOKH ¢, HIPpUIEM BO3MOXKHO HaJ, ¢ ObLIa IPUMEHEHA OllePaIlisl H3MEHEHHUs.
Ecau ¢ 6611 yiajaen u HaJl HUM TPUMEHSITHCH HEKOTOPBIe OMepaluy W3MEHEHUsI, TO UX MOXKHO yOpaTh
u3 P u nony4dnThb mpeodpaszoBaHue ¢ MEHBIITUM YUCJIOM oneparuii. Kcm ¢ He yjgaasaicsa 1 n3MeHsLIcs
HECKOJIbKO Pa3, TO MOXKHO yOpaTh u3 P Bce omepanun U3MeHeHHs ¢, KPOMe TOC/IeIHel, 1 MOy IUTh
npeobpa3oBaHue ¢ MEHBIIIMM YUCJIOM OIepaIuil.

Teneps 3adukcupyem J06oii 106aBIeHHBIH omeparueii cumpos d (ecau Takoii cymectsyer). Ecin
ocJIe BBITOJTHEHUs BCeX omepanuil d yaaaeH, To MOXKHO yoparh u3 P Bce omepanuu CBsI3aHHBIE C d
U TOJIYYHUTDH 1peodpa3oBaHue ¢ MEHLIITUM YUCA0M oneparuii. Eciu B P ecTh onepanuu n3MeHsOIne
d, TO MOYXKHO BCe 3TH oneparuu yoparb u3 P, a g00aBuTh d co 3HYEHHEM, HA KOTOPOE U3MeHsIa d
OCJIeTHSS Ollepalysd u3MeHeHus. 10r/1a moyduTcd npeodpa3oBaHue ¢ MEHBITUM YUCIOM OIepaIluii.

Caedecmeue 24.1.3. B aobom mpeobpa3oBaHui ¢ HAUMEHBIITHM YHCJIOM OIePalliii HeBaXKHO B KAKOM
TOpAJdKe BBITTOJIHATH Ollepaliuun.
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Hoxazamenvemeo. Kaxkas onepaliusi BBIIIOJIHSIETCS HaJl CUMBOJIOM. Kcjm MOMEHATH MecTaMH JiBe
omepannn Ha i Pa3JInIHbIMU CUMBOJIAMHI, TO HUYEr0 He n3MeHnTCsl. B mpeobpa3oBanny ¢ HAUMEHbBIITUM
YHCJIOM OIepaluii Ha I KazKIblii CHMBOJIOM BBIIIOJIHSIETCS He O0JIbIIe OAHOI oIepalun, 3HAIUT MOXKHO
MeHSITh MeCTaMu J00ble IBe Ollepallui, TaK KaK OHM IIPOU3BOAATCA HaJl pasHbiMu cuMmBogavu. M

Def 24.1.4. f; ; — pedaxyuonroe paccmosanue mexncdy npedhurcom cmporu s dAunmwL i U npedurcom
cmpoku t daurros 7.

15 Toro, 9TO0B BBECTH COOTHONIEHHE AJIA f; j, Hy’KHO MepebpaTh, KaKoil CHMBOJI MOCJIEe BBITIOJ-
HeHHusd ollepaluii 0y/eT cOOTBeTCTBOBATDL CUMBOJIY ¢;:

1. obasnernstit cumsos. Torma f;; = fij—1 + 1, T0O ecTb HamMeHbBIee YHCIO OHepAIHil, YTOOLI
npeobpazoBaTh MpeduKe s AJAUHBI ¢ B IpepuKce ¢ JIIUHBL ] — 1 1 elle oJiHa onepaius J100aBaeHus
CHUMBOJIA 1.

2. s;. Torna ecmw s; = tj, 10 f; j = fi_1j-1, mHage f;; = fi_1,;-1 + 1. To ecTh namvennbree 4ncao
omepanuii s OCTaBIMIIXCA CHMBOJIOM 7 BO3MOXKHO ellle OTlepaIud W3MeHeHns CUMBOJIa S; B t5,
€CJIM OHH Pa3Iudaiorcs.

3. CumBos U3 s, HO He S;. Torma CUMBOJT S; HE MOXKeT OBITH He y/a/ieH, TaK KaK TOT/a He TOHSITHO,
KaKOMy CHMBOJIY U3  OH Oy/eT COOTBeTCTBOBATL. SHAYUT f;; = fi—1;+ 1, TO ecTb HauMeHblIIee
YHUCJI0 ONEPANNi /i1 OCTABIIUXCA CUMBOJIOB U ellle OJHa Ollepallis y/IaJeHus.

Cpeaw Bcex BapmaHTOB JJid f; j HyKHO BEIOPATH MUHAMYM.

e Tak Kak f;; 3aBUCHT OT 3HaUeHHH f ¢ MEHBIIMMHU MHIEKCAMHU, TO JJid BbIUYMCIeHHA [ ¢ U J
HYKHO 11epeduparb B HOPAJ/IKE yBeJIUYeHus.

e Jlns BoccTaHOBIEHUS OTBETa MOXKHO XOIUTH 110 0OpaTHBIM pebpaM B rpade.

e 3amernMm, UTO K JAHHOMY PENIeHUI0 MOYKHO MPUMEHUTH MEeTO/ XupIiibepra

24.2. Hanbouabmmii o6mmit mpedukc (Longest Common Prefix, LCP)
24.2.1. IlocTaHOBKA 3aJa4n

Haner crpoxu s u t. Tpebyerca nocuntars f; ; — Hamboapmuil obmuii npedukc cyddukca s AIaHbI
1 u cydppurca t JJIUHBL j.

24.2.2. Pemenue

Ecmu s; # t;, 1o f;; = 0, HHade, ecJqU CTPOKM He KOHYIHIHUCH, TO f;; = fit1,4+1 + 1. To ectn mubo
y CTPOK HeT obmux npedukcon, JubO IepBble CHMBOJIBI COBHAJIAIOT M KayK/blil 00Omuii npedukc
ABJIgeTCA 00MUM TpedUKCOM CTPOK O€3 MepBOro CHMBOJIA.

Tak Kak f;; 3aBHCHT OT 3Ha4YeHHN f ¢ OOJBIINMN HHIEKCAMH, TO JJd BBIYHCICHHS [ { W j Hy2KHO
nepedbupaTh B IMOPSIKE YMEHbIICHUS.
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24.3. Hanboabmias moaIoc/ie10BaTeJIbHOCTh MAJUHIPOM

24.3.1. 1locTaHOBKA 3aa4n

Jana crpoka s. Tpebyercss nHafiTu camyio JUIMHHYIO IIOJIIIOC/IE/I0BATEIBHOCTh S, KOTOPAs ABJISETCS
IIJIUHAPOMOM.

24.3.2. Pemenue

Def 24.3.1. f;, — omeem wa 3adavy daa nodcmporyu cmpoku s, HAYUHAOWETCA C CUMBOAL, CNOA-
we20 Ha l-0l No3uUUY, U 3GKAHUYUBAIOULETCA CUMBOAOM, CIMOAULUM HA T-0T NOZULUUL.

s Toro, 9TOOBI BBECTH COOTHOIIEHHE JJIs fi,, HY’KHO IepeOpaTh, eCTh JII B OTBETe CHMBOJIBI
Ha (-0l u 7r-0il MO3UIHIX:

1. CumBou nHa [-0it mo3unuu He BXoauT B oTBeT. Torma fi, = fii1,.
2. CumBoa Ha r-0if HO3UIUK He BXOMUT B oTBeT. Tornma fi, = fi,—1.

3. CumBosbl Ha [-0ff W 7-0if TMO3HIUSX BXOAAT B OTBeT. HO TOrga OHM JOJKHBI ObITh DaBHBI,
TaK KaK OJMH W3 HUX NEPBBbIf CUMBOJI B OTBeTe, a JIPyro#l mocsaeannii. Ecjim oHW paBHBI, TO

fl,r - fl+1,r—1 + 1.

Cpenu Bcex BapuaHTOB Jyisd f;, Hy?KHO BBIODAaTh MaKCHMAJIbHBI.

e Tak Kak f;, 3aBUCHT OT 3HadeHuil f, y KOTOPHIX r — [ MeHbIIle, TO CHaJaJsla HyzKHO IepeOupaTh
r — [, a 3aTeM OaNH U3 UHIEKCOB B JI00OOM HMOPSIIKE.

e J[jis1 BOCCTAHOBJIEHUS OTBETA MOXKHO XOJUTH 1O 00paTHBIM pebpam B rpade.

24.4. HaumbGospimasi BoO3pacrarolias mnofamocaesoBaTeabHocTh (Longest
Increasing Subsequence, LIS)

24.4.1. ITocTanoBka 3ajJa4n

lana mocsie10BaTeTbHOCTD a,,. 1'pebyeTcd HATH y Hee HAUOOIBITYIO CTPOT'O BO3PACTAIONILYIO TTOIIO-
CJIeJIOBATEJIbHOCTD.

24.4.2. Pemienue #1

Def 24.4.1. f; — naubosvwan cospacmarowan nodnociedosamesbhocms A, , OKGHYUBAIOWGAC T-blM
INEMEHMOM.

s Toro, 4robbl BBECTH COOTHOIIEHHUE i f;, HYXKHO mepebpaThb IIPeIblAyIIHil 3JeMeHT

nozmoctesoparenbHocTd. [lomyunres, aro f; = min  {f;} + 1.
Jj<i, aj<a;
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e Tak Kak f; 3aBUCHT TOJIBKO OT 3HAYEHWil [ C MEHBIMUME WHIEKCAMHU, TO JJIsi BBIYUCJICHUS f
HYKHO TIepeOupaTh ¢ B MOPSIKEe BO3PACTAHUSI.

e OTrBerom s Beeil 3aja4u sipasiercs max { f; .

e Jlnsg BoccTaHOBIEHUS OTBETa MOXKHO XOIUTH 110 0OpaTHBIM pebpaM B rpade.

24.4.3. Pentenue #2

Def 24.4.2. g;; — naumenvwud anemenm (No 3HAMERUIO) HA KOMOPLLG MONHCEM OKAHYUSAMLCA
603PaCMAOUAA NOINOCALIOBATNEALHOCTND JAUNDL ], COCMOAULAA U3 IAEMEHMOE NPEPUKCE NOCACIO-
8AMEADHOCTIU Ay, OAUKDL T, AUOO 400, ecau nodnocaedosamensvrocmeti ¢ MAKUMU CE0TUCTEAMU He
cyuecmsyem.

Bosmoxkno nBa caydas:
1. DyemMeHT a; He MPUHAILIEKUT MOAIOCIEeI0BATEILHOCTH. Torma 9ij = Gi—1,-

2. DJeMeHT a; IPUHAIEKHAT IIOAIO0CIe0BaTeIbHOCTH. Toraa ecan ero yoparh U3 MOMIOCIEI0-
BaTEJIBHOCTH, TO MOJYUYUTCS BO3pACTAIONIAA TO/ITOC/TIeI0BATE/TFHOCTD JIJUHBI j — 1 U3 MepBhIX
¢ — 1 371eMeHTOB a,, Y KOTOpPOil mocJieHuil 3jieMeHT OyaeT MeHblie, YeMm a;. Haobopot, ecin
CYIIIeCTBYET BO3pACTAIONIas MOJIOCHEI0BATETHHOCTD MTEPBBIX ¢ — 1 3JIeMeHTOB a,, JJWHB j — 1
TakKasl, YTO ee IMOCAeIHHI 3JIeMeHT MEHbIIE a;, TO K Hell MOXKHO J00aBUTh B KOHEIL a; U MOJIYIUTh
BO3PaCTAIOINLY IO HOJIIOCAEI0BATEIbHOCTD JauHbl j. Teneps, ecan g;—1 -1 < @, TO CyIECTByeT
BO3PACTAIONAd TOIOCTEN0BATEIBHOCTD MEPBBIX ¢ 3JEMEHTOB @, JJUHBI j, OKAHINBAIOIIAACT
a;, B TaKOM ciaydae g;; = a;. Bemm g1 ;-1 > a;, TO HCKOMOIl 1OCICI0BATENbHOCTH JJIA ;i j
He CYIIEeCTBYET, TAK KaK B IPOTHUBHOM CJIydae MOXKHO OBLIO ObI yOpaTh U3 9TOi MOII0C/Ie10Ba-
TeJTBHOCTH TOCJIeTHIN 3JeMEHT a; U MOJTYIUTH BO3PACTAIONLYIO TOITOCTIEI0BATETHHOCTD I TUHBI
Jj—1, y xoropoil nocaennunii s7eMeHT MeHblIe, 9eM g;_1 j—1. O 3TO IPOTUBOPEYNT OLPEIeICHUIO

gi—1,-1-

Cpenn Bcex BapHaHTOB JJid ¢; j HY’KHO BBHIOpPATh MHHUMAJbHBII.

e Tak Kak ¢;; 3aBUCUT TOJBKO OT 3Ha4eHUI ¢ ¢ MEHBIIMMH MHJIEKCaMH, TO /I BBIYUCJICHHA ¢
HYKHO 11epeduparh ¢ U J B HOPsJIKE BO3PACTAHUSI.

e OrBeroM a0 Beell 3aa4dn sABisteTrcss  max  {j}.
Jlgn,j#+00

e Jlng BoccTaHOBIEHUS OTBETa MOXKHO XOIUTH IO 0OpaTHBIM pebpaM B rpade.

24.4.4. Pentenue #3

Haurem onTuMu3npoBaTh BTOpOE peITeHHe.

Lm 24.4.3. Ilpu dpukcupoBaHHoM i: ¢; j < gij+1, TO €CTb ¢; He yObIBaer.
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Aoxazamenvemso. Ilycrs 37 @ g, ; > gij+1, TOTHA g;; 7# +00, TaK KaK CYIIECTBYET BO3PACTAOIIAL
HOJIIOC/Ie0BATEIbHOCTD JUIMHEL J + 1, IOCKOJNBKY ¢ 41 < G;; < +00, I U3 Hee MOXKHO yOparThb
HOCJIeTHUN SJIEMEHT U MOJIYIUTh HEKOTOPYIO BO3PACTAIONIYIO IOJIIIOCIeI0BATEILHOCTD JIJINHBL j.

Ho Torga cymecrByioT cooTBeTCTByIOMIe BO3pACTAIOIIHe TOIOCAeI0BaTe IbHOTH qﬁl JUaHbL j+ 1 7
a; pmanst j. Ho ecmm mociennmit snement a{fl MeHBIIIe, 9eM TIOCIeTHII SIeMEHT @], TO MPeIbLILy it
smemMent @l < al’' < a] Toxke MeHbIe noc/enero sneMenta al. Ho Toraa, mocae0BaTembHoCTh
a’T! 6e3 mocsesHero 3MeMenTa sBASETCS BO3pACTaIONiel MONOCIe0BATEIbHOCTBIO JUIUHBL j, U ee

IOC/IeIHAN 3JIEMEHT MEHbIIe, 9eM ¢; j, HO 9TO IPOTUBOPEUUT OUPEICTCHUIO §; ;. ]

4.4, JIng GUKCUpOBAHHOTO ¢ g; OTJIMYAETCd OT ¢;—1 H Jiee, 9eM B OJTHOM 3JIEMEHTe, ¢; ;
Lm 24.4.4 CUPOBAHHOIO 7 (; O aeTcd oT g; e bomee, ue OJTHOM 3JIEMEHTe, ¢; j,
Gi—1j1> Gijs 7 Gi—1j, = J1 = j2. T.e. mpm mepecuere g; 4epe3 g, 3Ha4YeHHe YJIYUIINTCA TOJIBKO B
OJTHOM 3JIEMEHTE.

oxazamensvcmeo. T.K. mocaenoBaTe/IbHOCTL ¢; 1 He yObIBaeT, TO ee MOYKHO TOJEIUTh HA TPH I0-
cJIe/IoBaTe/IbHBIE YACTU: JEMEHTBl MEHBIIUE a;, daeMeHT-lower,ound a;, BCe OCTAJbHBIE 9JIEMEHTHI.
Ilycts lower _bound a; — g;i—1p. Bce sjeMeHTBI MeHbIIHe @; He MOTLYT OBITh YJIydINeHBI, T.K. IS
KaK/IOT0 U3 HUX CYIIECTBYET BO3PACTAIONIAS [O/IIIOC/IEI0BATEIbHOCTD, OKAHIMBAIOIIASICS HA 3JIEMEHT
MeHBIINH @;. 3HAYeHHe ¢;, = a;, 1O MPABUIY MepecueTa, TaK KaK gi_1p—1 < @; WIH, B CIydae, KOTIa
b = 1, He cymecTByeT. AHAJIOTHYHO 110 TIPABUIY TTEPECUIeTa BCe OCTAIbHBIE JJIEMEHTHI He M3MEHAIOTCH,
TaK KakK Vj > b: gi—1,-1 > a;. [ |

Tenepb, BMECTO JIMHEHHOIO IepecdeTa, IPH MePexoe OT ¢;_1 K ¢;, OyAeM HOJIb30BAThCsl OMHAPHBIM

IIOMCKOM IO ¢;_1, 9TOOBI HANTH 3JE€MEHT, KOTOPBIi MOKEeT M3MeHUThCs. OcTaeTcs JNMb CIATaTh ¢
HE B JIBYXMEPHOM MAaCCHBE, a XPAHUTD TOJHKO ¢; U MOJIYYaTh U3 HETO (;,1, U3MEHsIS He DoJiee OHOTO
3JIEMEeHTA.
s BocCTaHOBJIEHHS OTBETa HYKHO IOJJIEP:KHBATD MOCIEI0BATEILHOCTD P;, KOTOpas (OPMUPYETCs
CJIeYIONIM 00pa3oM: KOTJa MepecuuThIBaeTcd g; — gi—1p 3T0 lower_bound a;, Torna p; paBHAeTCS
UHJIEKCY 3JIeMeHTa, KOTODBIH 3alucaH B (;_jp—1, WA oademy, ecan b = 1. Takum obpaszom mom-
JIePKIBAeTC WHBAPHUAHT, YTO, €CIN 3JEMEHT aj, OBLT 3alnCaH B g; j, TO Py YKa3bIBaeT Ha MEHBITHI
MH/IEKC MEHBIIIET0 3JIeMEeHTa, IIPUYEM, MPOM/Id [0 3TUM «CCBLIKAM», MOXKHO IOy YUTh BO3PACTAIONLY IO
HOJIIIOCIEIOBATE/IbHOCTD JUIMHBL j B OOPATHOM MOPSIIKE.

24.5. CkobouHnas mocsenoBaTebHOCTH (/luHaMuKa 110 ITOHOTpPE3KaMm)

24.5.1. ITocranoBka 3ajga4n

Jlana ckoboYHas IOCJEJ0BATEIbHOCTh S U3 Pa3HbIX THUIOB CKOOOK. Hy»KHO ymaiuTh MUHHMAJIbLHOE
KOJITYECTBO CKODOK TaK, YTOOBI OCTABINASICS MOC/IEI0BATEILHOCTD CTaa MPABHIBHON CKOOOUHOH 1TO-
CJIeTOBATENBHOCTHIO.

24.5.2. Pemenue

Def 24.5.1. f, — munumanrvroe Kosuuecmeo ckobok, KOMOPoe HYNHCHO Ydasums U3 nodcmpoxy
s, HawuHnawedcs 6 nosuyul | u 3axanvusaoweldcs 6 no3uyuy r, ¥mobv, NOAYwUMs u3 Imot noo-
CMPOKU NPABUALHYIO CKOOOUHYIO NOCACOOBAMEALHOCTND.

[1s Toro, 9TOOBL BBECTH COOTHOIIEHHE A f;,, Hy?KHO IepedpaTh, YTO IPOU30RIET cO CKOOKOM
B mo3uunuu [

['nmaBa #24 72/155 Aptop koncmekTa: Becenos Vpan



Asropurmbr, ocenn 2015/16 JInHamMuvgeckoe mporpaMMupoOBaHme

1. Ckobxka Oyzner ynanena. Torna fi, = fiy1, + 1, wm fi, =1, ecin [ = 7.

2. CkoOka ne Oyzer ynajeHa, Toraa Hafiaercs nmapHas et ckoOka. [IycTh 3Ta nmapuast cKoOka Haxo-
JUTCA HA HO3UIUHI 17, TOIAQ U3 S41m—1 HYy?KHO YIaJINTh HEKOTOPble CKOOKH, 9TOOBI HOJIYyYnTh
IPABU/IBHYI0 CKOOOYHYIO IIOCTEJ0BATEIPHOCTh U AHATOTUIHO C Spyt1,—1. 10 €CTh HY’KHO Ie-
pebpaTh MapHYI CKOOKY /IjIsI CKOOKM Ha TMO3WIMU [ U 110 BCeM BapuaHTaM B3SITh MUHHUMYM:

fl,r - mn%,n fl—l—l,m—la fm+1,7'—1-

Cpenn Bcex BapHaHTOB Jjid f;, Hy?KHO BBIOpATh MUHIMAJIBHBIH.

e Tak Kak f, 3aBUCHT OT 3Ha4eHuil f, y KOTOPHIX © — [ MeHbIIe, TO CHAYaJIa HyKHO nepebuparhb
r — 1, a 3aTeM OJMH U3 HHIEKCOB B JIIOOOM MOPIIKE.

e Jlng BocCcTaHOBIEHUS OTBETA MOXKHO XOIUTH IO 0OpaTHBIM pebpaM B rpade.
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Jleknug mo ajroputMam #25

JlnnamMuka (IpogosKeHme)
19 okrs10pst

25.1. YMHOXK€EHUE MaTPUIL

25.1.1. CobcTBEHHO, YMHOXKEHUE

Ecau ectb 2 marpunst A u B pasvepos (n, m) u (m, k) cooTBeTCTBEHHO (KOJHYECTBO CTOJIOIOB B
epBoii 00s13aTeIbHO PABHO KOJIMIECTBY CTPOK BO BTOPOii), TO MBI yMeeM yMHOXKATh WX 3a nmk. DTa
olepalys acCcoluaTHBHA. BoJiblle Ipo yMHOXKEHNe MATPHUIL Mbl HIYEro [OKa 3HATh He JOJIKHBI.

25.1.2. IlocTaHOBKA 3a/1a4n

Ectb n marpun Ay, Ag, ..., Ay, size(A;) = (mi, mis1). [lepeMHOKITH UX 32 MEHUMAJbHOE KOJIH-
4eCTBO OIepAIUid.

25.1.3. Pemenue

CyTb 331291 — ONTHUMAJIBHO PACCTABUTH CKOOKH. DTO JUHAMHUKA TI0 MogoTpe3KaM. JlaBaiiTe mepe-
GepéM, Kakyio olepaiuio copepumth nocaenneil. Ilycts Mmbl cantaem orser na orpeske [L, R]. Ilycrs
MBI BBIOpA/IH 3HAK yMHOXKeHus Mexkay marpurnamu Ay m Apriq. Ilocie Toro, kKak Mbl TOJTHOCTHIO
ePEMHOKUM BCce MATpuIlpl Ha orpe3kax [L, M| n [M + 1, R, y Hac cieBa ocTaHeTcst MaTpHIA pas3-
MepHOCTel (my, my11), & cipaBa — (My11, Mg). VIX MBI MEPEMHOXKAM 3a My, - Mys41 - Mpg. UTak,
OTBET NIl OTpe3Ka — onTuMyM u3 3uauenuit dp[L|[M] + dp[M + 1]|[R] + my - my41 - mpg. Ba3za:
dp[L][L] = 0.

25.2. ApudMerniecKne BLIPAXKEHUS

25.2.1. ITocranoBka 3ajga4n

Jano apudMernyeckoe BhIpaXKeHHe, B KOTOPOM MPUCYTCTBYIOT TOJBKO 3HAKH + U -, HEOOXOIUMO
MaKCUMU3UPOBATH pPe3y/brar. [Ljig mpocToThl: BCe YUC/Ia HATYPaJIbHbIE.

25.2.2. Pemenue

Touno Takas ke JUHAMHUKA 10 MojoTpe3kaM. [lepebupaeM mocje HIO0 olepaluio, KOTopas pas-
OMBaeT HAIl OTPE30K Ha 2. bepéM MakCcHMAJILHBIM OTBET Ha JIEBOM OTPE3Ke M Ha IIPAaBOM, IPHUMEHsIeM
K HUM HAILy MOCIEJHION onepanuio. 13 Beex TaKUX MepexooB BuonpaeM MakcumyM. Time = ©(n?)

25.3. 3agada o0 morpyskKe rpy30B

25.3.1. ITocranoBka 3ajga4n

EcTh GeckoHedHOE KOJHYECTBO KOpabiei. ¥ KayKaoro Kopabss OJHa U Ta ¥Ke IPY30H0IbEMHOCTH
W. Ectb nocjieoBare/ibHOCTh U3 N I'PY30B, Y KaxK/JA0I'0 €CTb Bec a;. Mbl MOxkeM Oparh KakoW-TO
npedUKC MOCJIeI0BATEILHOCTH U KaKOi-TO cy(ppHUKC U IPpy3uTh 3THU T'PY3bl HA Kopabb. [Ipu sTom

[naBa #25 74/155  Amrop koucmekrta: Anacracus CodppoHOBa



Asropurmbr, ocenn 2015/16 Huramuka (mpoaoszKkeHme)

cyMMa BecOB I'Dy30B Ha KopabJie He jo/kHa npesbimarb W. HeobxomaumMo morpy3uTh Bce rpy3bl Ha
MHUHUMAJIbHOE KOJUYeCTBO KOpadJieil.

25.3.2. O(n?)

dp[L][R] — MUHUMAJIbHOE KOJMYIECTBO KOPabJ/Ieil, Ha KOTOPBIE Mbl MOYKEM MOTPY3UTh BCE TPY3bI €
L 1o R. [lepebupaem, kakoit npedukc n kakoit cypdukc Mbl OIpy3uM Ha CJaeAyionmii kopabib. Y
nac O(n?) cocrosuuii u O(n?) mepexo/ 0B — 3a JuHUIO Nepebupaem npeduKe, 3aKaHYUBAIOIIHICH B
MO3UIMK 4 1 3a JuHuIo cydduke, Haauraomiics B j. 113 [L, R] nepexoanm B [i, j].

25.3.3. O(n?)

BamMeTuM, 9TO HAM He HYKHO Iepedbuparh u npedukc, u cyddukKe, Tak KaK HEBBITOJHO I'PY3UThH
KopabJib He 10 KoHma. Mrak, juist (PUKCUPOBAHHOIO ¢ Mbl OepéM Takoe j, 4TOObl IOMECTUTh Ha KO-
pabJib KaK MOYKHO OOJIbIIIE I'PY30B. 3aMETHM, U9TO IPH YBEJANUCHUH UHICKCA ¢ TAKOH WHIEKC j TaKzKe
YBEJIMIUBAETCS, T.€. MBI MOYKEM MPUMEHHUTH METOJ] ABYX yKas3aTeseil.

25.3.4. O(n?), uamesibueHNE TIEPEXO/I0B

A B uém, cobeTBeHHO, ObLTa MpobaeMa? B ToM, 9To KazKablil pa3 MBI MBITAINCH 3aIrPY3UTh KOPad.Ib
noiHOCTHI0. JlaBaiiTe 3a O/MH TEPEXOL IPY3UTh BCEro O/iuH rpy3. [lapamMeTpsl OTCTaHy TCS TAKUMUI 2Ke
— TPaHUIBI TEKYIIETro oTpe3ka. Ho B aiuHamMuke Mbl Oy/1eM MUHIMA3UPOBATH TIAPHI: CKOJITBKO KOpad. e
y2Ke OTHpaBJIeHO W KAaKOil Bec MOrpyzKeH Ha mocaemnwii. [ng Havasa paccMoTpuM Iepexonbl. I3
COCTOSIHHSA, TJle OTIIPaBIeHo k Kopabeil, Ha HEOTIPABJIEHHBIN MTOIPYKEH BeC w, a OT T'PY30B OCTAJICS
orpe3ok [L, R|, Mbl MOxKeM ciienarh 3 Beru. [lepsoe: ormnpasuTh Kopabiab. Torga k nepeiiaér B k+ 1,
a w B 0. Mbl MOXkKeM HOIpYy3uTh JIEBbII I'py3, Torga w nepeiyier B w + ar, L 8 L + 1; ujiu upasbiii,
Torjaa w nepeiaéT B w + agr, a R B R — 1. ltak, y nHac He n nepexojios, a Bcero 3. [Ipasaa, oauu
13 HUX JEJAeTCS B TOT YKe OTPE30K, W ITO He OUeHb MpuaATHO. Kak 60poThCs ¢ mepexonom B cebs?!
MoxkHno ciesath He 3, a 4 mepexoga. B 0THOM U3 HUX MBI TPY3UM JIEBbIi TPY3, HE OTIPABJIss IIPH 3TOM
Kopabib, B IPYTOM, HATPOTHB, OTHPABJISgEM; TaK K€ C TPABbIM I'DY30M. 3aMeYaTeTbHO TO, YTO MBI
MOKeM 110/1y4uTh orBer ¢ O(n) namMsaTu, XpaHs TOJbKO HOC/IEHION CTPOUKY MATPHILbL, [JI€ CUUTAEM
guaaMuKy. /[ aroro L my:kHo nepebuparb B MOpsJiKe BO3pacTanusd, a [ B nopsjake yObiBanwus,
TOT/Ia BCE Oy/IeT CINTATHCS KOPPEKTHO W B HYYKHOM MOPSIIKE.

25.3.5. Tak mouemy ke 3T0 paboraer?

[Toyemy MBI MOXKeM MEUHEME3HpOBaTH mapbi! /laBaiiTe pacemorpum mapsl (ky,wq) u (kg ws).
Ectb 2 oueBnaubix coyuas. [lycrs k) = ko, wy # wsy. 31ech Mbl obpaliaemM BHUMaHUE TOJIHKO HA OHO
3HAYCHUE W, CCTeCTBEHHO, MBITAEMCA er0 MUHIMH3HPOBATh. 11ycTh Tenepnb ki < ko, wi < wo. 31eCh
MUHUMEI3aIHsg 000UX 3HAYEHHUI TaKKe BOIIPOCOB He BBI3bIBaeT. lemepb mycrb ki < ko, wy > ws.
BameruM, uro u3 (ki,w;) Mel Moxkem mepeiita B (ky + 1,0) u by + 1 < ko, 0 < we, 3HaUUT, 9TO
cocrostume HuIeM He Xyxe (kg, ws). UTak, MBI MOKeM MHHUMU3UPOBATD MMAPbI, THHAMAKA PabOTAeT.
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Jleknug mo ajroputMam #26

Kyuyn n nuHaMuka
23 oKTsAOPst

1.

0 O Ui Wi+

26.1. Kyun. /IBe onTummn3anmm Kyd
Onrumn3zanusg onepanuun Add

DopMyIUPOBKA

[Tyctb ecth Kydwa, koTOpas KMeer fenarh Add, Merge w Extract Min 3a O(log(n)) aeiicrBuii n
Build 3a O(n) neiicruii. XoTuM U3 Hee ¢eaTh Kydy, Koropas jgenaer Merge u Extract Min 3a
O(log(n)) meitcrsuii, Add 3a O(1) neficrsuit u Build 3a O(n) neiicrsuii.

Nnesa pemenusa
Bydepesuposanusiit Add.

Onucanme perreHust
Korma genaem Add, nobasasem saement B buf fer. Korna memaem ocTaabHbIEe ONEPAInN, CHATAA

nesaem Build(buf fer) u Merge pesyiabrara ¢ Kydei, a HOTOM CaMy OIEPAIKIO.

Peanuzauus (nceBIoKoL)

struct Q
vector buffer;
Heap heap;

Add (%)
buffer.pop_back(x);

Merge (q)
heap.Merge (Build (buffer));
q.heap.Merge (Build(q.buffer));
heap.Merge (q.heap) ;

ExtractMin ()
heap.Merge (Build (buffer));
return heap.ExtractMin () ;

Build (vect)
heap.Build (vect) ;

JlokazaTejabCTBO aCUMITOTUKH

NaTyutusHOE:

PapHoMepHO pacmpemennM OeidcTBUsI, KOTOpbIe fAegaeT Build, MeXIy CIeJaHHBIME OMEPAIMSIME
Add. Torma Add Bce eme gemaer O(1) neiicrBuii, a onepanun Merge u ExtractMin nenator
O(log(n)) neiicTauii.

Crporoe (MeTOJ] TIOTEHITHATIOB):
[IycThb ¢ paBHO KOJIUYIECTBY k 371eMeHTOB B bu f fer, yMHOXKEHHOMY Ha KOHCTAHTY ¢ (HYKHO, 4TOObI
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MOzkHO 6b110 cokpatnTh O(k), KoTopoe neraer Build ¢ §¢). Torga:
Merge: 6¢ = —c- k; t; = O(k) + O(log(n)) = a; = O(log(n))
ExtractMin: §¢ = —c - k; t; = O(k) + O(log(n)) = a; = O(log(n))

JlokazaTenbcTBO KOPPeKTHO, T.K. 0 < ¢; < ¢ - n;

2. OnTumuzauusa Merge

DopMyIUpPOBKaA

[Iycthb ecTh Kyda, KoTopast ymeet fenatb ExtractMin u Merge 3a spemst O(log(n)), Add 3a Bpemst
O(1) u Build 3a Bpems O(n). XoTuM cenaTh U3 Hee Kydy, KoTopas yMeeT nenarb ExtractMin
3a Bpemst O(log(n)), Add u Merge 3a Bpems O(1) u Build 3a Bpemst O(n).

Nnesa pemenusa

Ha ocuose crapoit kyun Tuna () co3aaTh HOBYIO Kydy THIIA B, KOTOpast XPAHUT MUHUMYM U Ky9y

Q xkyu B

Onucanme penrteHns
Kyua tuna B comepKuT mosst min (MEHUMAJIBHBI 37eMeHT) u ¢ (Kyda Tuna ) kyd tuna B)

Def 26.1.1. b; < by < by.min < by.min, 2de by u by - xyuu muna B.

Add - »To cozpanue Kyuu Tuna B, cocrosiieil 13 MUHAMYMa, PABHOTO TOGABIAEMOMY 3JIEMEHTY,
U mycToil Kyuu Tuna (Q u nobasienue ee B q. (q.Add)

Merge - nycrb by < by. Torma Merge stux ky4 gobasut B by.q Kyay by. (by.q.Add)

Extract Min - Bo3Bpariaer 3HadeHue MoJs min Ha MOMEHT Hada/ia CBOETro BbimoJsiHeHus. HyzHo
HOJIYIUTH HOBBIH MEUHEMYM. O4UeBUAHO, ITO OH XPAHUTCA B by, = q.ExtractMin() (em. oupese-
JleHne cpaBHeHHs ABYX Kyd tuia B). Teneps min = by, min, ¢ = Merge(q, bunp)-

Build - Add, cienannblii n pas.

Peanuzanusa (mceBIoKox)

1| template <class T>

2| struct B

3 T min;

4 Q< B<T>x >* q;

)

6

7|//Add == Merge

8

9|void Merge (B* bl, Bx* b2)
10 if (bl->min > b2->min)
11 swap (b1 ,b2) ;

12 bl->q->Add (b2); //0(1)
13

14

15|T ExtractMin(B* b)

16 T result = b->min;

17 B*x btmp = b->q->ExtractMin(); //0(log(n))

[napa #26 77/155 Aptop koncmekTa: Oner CBHIIEHKO




00~ O Ui Wi -

Asropurmbr, ocenn 2015/16 Ky4n n auramuka

18 b->min = btmp->min;
19 b->q = QMerge(b2->q,b->q) //Merge two Q-type heaps. Q. Not B.
20 return result;

26.2. /IluHamMu4decKoe IIPpOrpaMMHPOBAaHNE W II€PEeMHOXKEHUE MAaTpPHII.
BreicTpoe Bo3BeieHUE B CTENEHD.

3amaua mpo mojicyeT IyTei u3 a B b AauHbI k

DopmyanpoBKa
Han opuentupoBanubiii Tpad n Tabuuna cMexuoctu is.dgelal[b]. Tlocaurars koamaecTBo myTeit
U3 BEPIIUHBI ¢ B BEPIIUHY b JUTMHBI POBHO K.

Pemenne

Hunamuka. CocTosTHUS: JJINHA MYTH k, HAYaIbHAsI BEPITHHA @, KOHEUHAs BepITHHA b.

[Tepexo:

FlE]lal[b) = 2.(f[k = 1llalle] - isedgelc][t])

BameTuMm, 4T0 9T0 TO Ke camoe, uro u f[k| = f[k — 1] - is.dge, vne f[k]|, flk — 1] u is.dge -
MATDHIIBL.

(C=A-B<« Cy =) (Aik - Bjr))
k
= flk] = f[0] - iscdge® = is.dge®

Bpemsa paboTsl
3nawanpro muHammka paborana 3a O(n® - k). Temeps paGoraer O(n® - log(k)) (mcmombsyem

OBICTPOE BO3BEJICHHE B CTEIEHD).

BBICTpOe BO3B€JE€HHNE B CTEIIEHb

Pow (A,n)
if(n == 0)
return E;
x = Pos(A, n / 2);
X = X*X;
if(n % 2 == 1)
X = X*A;
return x;

3agada npo yucaa Pubonad4dn

DopmyaupoBKa
[HocumraTs n-noe yncao Pubonavyn.

Penienne
F,\ (11 _ F,_4
Fn—l U 0 Fn—2
F\ (1 1\ (R
F,..) \10 Fy
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Jleknug o ajroputMam #27

MaTtpunbl 1 ANHAMUKA
23 oKTsAOPst

27.1. Enie HeMHO>KKO O MaTPHUIIAX
1. ITocTraHoBKa 3amavmn:
HOCHe,ILOBaTeJIbHOCTI) 3aJaHa PEKYPPEHTHBIM COOTHOIMICHUEM TaKOI'O BH/A:
k
Fn: ZCZFTsz_’_b
i=1

Dnementst {F} ... Fy} naupi. TpeGyercs BHIYUCTUTD JEMEHT MOCIEOBATEIBHOCTH ¢ HOMEPOM N.

2. Pemenne njig cay4asa b =0 :
Banurem nepexoj or 3aeMeHToB {Fy, ... Fy g1} K {Fyo1 ... Fy_k} Kak JOMHOXKEHUE BEKTOpa Ha

MaTPUILY:

Fri Ci, Cy ... Cy Cy F,

F, 1 0 0 0 F,_4
F,.1 | = 0 1 0 0 F,_s =M.V
Fos 0 0 10 Forir

lomMHOXKeHUEM MepBOH CTPOKH MAaTPUITHl Ha BEKTOP MOJIYYHUM 3J1eMeHT Fj, 11 B TOYHOCTH TaK, KaK
oH 3a/1aH B cooTHotennn. Ciieyionue CTpoKu MepeHecyT COOTBETCTBY IO ieMeHThl F), . .. Fj, i
B HOBBI# BEKTOD.

Sanumem HOpMysTy s Oy YeHnsT BEKTOPA, COAEPIKAIIero JeMeHT ¢ HoMepoM N:

{FN_]H_l...FN}:{Fl...Fk}'MNik

3. Caywait b#0 :
HeMHOTO JOMOJTHEM MATPHUILY W 3aMETHM, UTO BCE 3aMedaTeTbHO paboTaer:

Fir C, Cy ... Cp b F,
F, 1 0 ... 0 0 Fo
Foy 0 0 10| | Forn

—_
]
e}
=}
—_

1

Teneps B mepBoit cTpouke B cyMMmy gobaBisiercs b, ocTaJbHBIE CTPOKH BCEe TaK »Ke IEePEeHOCST
COOTBETCTBYIOIINE 3JIeMEHTHI V' U €TWHUILY.

4. Bpems paboTsbr:
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Marpuna umeer pasmep k X k, ymuozxenue npoucxoaut 3a O(k?). cnonb3ys GbicTpoe Bo3BeIeHIe
B crenenb, nojydaem spems O(k3log V).

27.2. 3ajgaya 0 MUHUCTEPCTBAX

1. ITocTraHoBKa 3agadmn:

Hana npsMoyrosibHast MaTpuiia (n X m), JJist KayKJI0i KJIeTKH H3BECTHA CTOUMOCTD €€ MOCeIIeHUsT
cost; ; > 0. 13nagaabHO BBl CTOHTE B IEePBOil CTPOKe, B KJIETKe ¢ KOOPIUHATAMU (1 ; s). Hyxno
HAfTH 11y Th MUHUMAJIBHON CTOMMOCTH B KJIeTKYy (1 ; t). Paspemaercs XonuTh B KJIETKY, COCETHIO0
II0 CTOPOHE, KPOMe KJIETKHU B HPEAbLIYIIeH CTPOKe.

2. Tlone3ubie HAOIIOACHUA:

Cy1mecTByeT onTuMaJIbHBI OTBET, B KOTOPOM KayKjaas KJaeTKa Oymer mocerneHa He 6osee 1 pasa.
PaccmorpuMm Kakoit-uuOyab onTuMaIbHBIH oTBeT. Bo3bMeM B HeM KJIETKY, HMOCEIIeHHYIO Oojee
OJIHOTO pa3a. YJIAJUM BCe MepexoJibl OT ee TMEePBOro JI0 MOCIeIHEero BXOKIeHus B oTBeT. OTBeT He
YXyamuJicd, Tak KakK Mbl BbIYJIM CYMMY HEOTpHLIATE/JIbHbIX YUCEJI. PaBMep OTB€Ta YMCHDbIIIHNJICA.
Tak KaKk OH KOHEUHBIH, 38 KOHEUHOE YHCJIO HTEPAIN CMOXKEM MOCTPOUTH H3 JTI000T0 ONTHMAIHLHOTO
OTBeTa TaKOil, B KOTOPOM BCe KJIETKU TOCeIenbl He 0osee 1 pasa.

3. Pemenue 3amaumn:

Bynem caurars Takyro AMHAMUKY: dp; ; — MEHAMAaJbHAS CTOAMOCTD, 33 KOTOPYIO MOXKHO J00paThcda
1o kiaetku (i ; j). [lepecaureiBarh ee GyaeM MO CTPOKAM.

s odepenHoil CTpoOKM ¢ ciaesaeM jBa mpobera — cjeBa HAIIpPaBO W CIpaBa HaJjeBo. B mepBom
ciaydae OyeM peslakcupoBaThb dp; ; TepexonoM u3 dp; ;_1, BO BTOPOM — IepexoJoM n3 dp; ji1. Tax
KaK [OCeNaTh OJHY KJIeTKY 6oJiee OHOTO pasa 6eCcCMBICIEHHO (CM. BBITIE), BCe BO3SMOXKHBIE Ty TH,
IPOXOJIAINHE TI0 3TOH CTPOKe TeM caMbiM obOpabotanbl. llepeiigem B ctpoky ¢ + 1. [list sToro
3HAYEHHEe B KaxKJIOi KJIETKe CTPOKH 7 + 1 IpopejakcHpyeM II€pexoJoM B Hee M3 IIPeIblIyIiei
crpoku. toro, o6paborka crpokn 3arpadnsaet O(m) BpeMeHH.

ECJH/I HE HYy2KHO BOCCTaHaBJINBATH OTBET, TO MO2KHO XPaHUTb 3Ha4Y€HUE JUHAMUKH TOJILKO B IIOCJIC /-
HUX JIBYX cTpokax. Torma nosydaem pemienne, 3arpadnBaiotiee O(m) namaru u O(nm) BpeMeHu.

4. BoccTaHoBJ/IeHUE OTBETA:

Camblil IPpOCTOl BapHaHT — JIs Kazk/I0f KJIeTKH XpaHUTh ee npejka. Ho Ttakoe pemenune Oymer
ucnosib3oBaTe O(nm) namsaru, JaBaite y/IydImmM:

1. Jdeanm m BJIaCTByeM:

Pazgemnm cTpokn Ha JiBe MOJOBHHBI (Bepx/HU3). B Kaxk0# W3 HAX MOCYNTAEM JWHAMUKY C
JAHEHHON NaMATBIO, HAUIA IIPU 3TOM A4 KaXKJIOW KJIETKH U3 IIEHTPAJIbHON CTPOKH NpeaKa U3
IIePBOIi CTPOKH, a JJIst KJIeTOK U3 MOCJIeHell — Ipejika U3 MeHTPAIbHON (aHATOTHYHO ATTOPHT-
my Xupmibepra). Tak HaiijjeM 9acTh HEHTPAJILHON CTPOKH, KOTOPasi BoiigeT B orBer. Ke MoKHO
XPaHWUTh C:KATO (KOOPAMHATHI KJIETKH, B KOTOPOH BXOAUM B IEHTPAJbHYIO CTPOKY, W KOODIH-
HATHI KJIETKH, B KOTOPOIl BBHIXOANM). 3aTeM BBI30BEMCsI PEKYPCHBHO OT KayK/Oil W3 TOJOBHH,
CKJIEUM WX OTBETHI C MOMOIIBIO MOCYUTAHHOTO B MEHTPAJIBHON CTPOKE.
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[TamsThb cTasa JUHEHHOI - Ha KazKJ0M ypoBHe pekypcun Tparum O(m) naMsaTu Ha JHHAMHEKY,
sareMm octapisieM O(1) Ha oTBeT JIs TEHTPAJILHOl cTpoku. Ho mpu 9TOM Bpemst yXyaimmaoch
10 O(nmlogn), Tak Kak Temepb KayKjas CTpOKa OyJIeT y9acTBOBATb B Mepecdere JHHAMUKH
logn pa3.

2. O60OOIIMM 3TOT METO:

B mpeapiaymmem myHKTe MBI TOJIETUIN TAaOJIUIy HA JBe YacTH, a UTO, €CJad mojgenuM Ha k7
Kak rTenepnb Oyzer paborarh JAMHAMHUKA: JEJIUM CTPOKM Ha K I'pynl, B KaxKJO# rpyliie CUu-
TaeM JIMHAMUKY, HOJJIEP:KUBAasd MACCHUB IIPEJIKOB U3 MOCJAEIHEH CTPOKU MPEJBIIYIIeH IPYIIIb.
BrizpiBaeMcst peKypCHBHO OT KarKJI0il TPYTIBI, CKJICHBAEM TTOJTYI€HHBIE OTBETHI.

Teneps 3arpadennast namatb — O(km). Kaxkasi cTpoka Tenepb 6yjieT y4acTBOBATh B THHAMUKE
log;, n pas, urorosoe Bpemst O(nm log, n).

3. Ilpumepsl BoIOOpPa k:

e Ecin Xpanuiu BcexX MpeJKOM, MBI JICJH/IN JTOCKY HA Il CTPOK:
Mem = O(nm)
Time = O(nmlog, n) = O(nm)

e Eciu jenuiau Ha 2 IpYyIIIBE:
Mem = O(2nm) = O(nm)
Time = O(nmlogyn)

e Ecim nogenum Ha +/n:
Mem = O(nm+/n)
Time = O(nmlog, s n) = O(nm)

5. HeMHO>KKO BBIBOJOB:
Austropurm Xupimbepra ObL1 IPUMEHAM TOJIBKO B 33/a49aX, [J1e mepexo/pl u3 cocrosuus (i, j) Obuim
B(i+1,j),Hj+1)u(+1,j+1). Onucanusiii B 370 3a7a4 METOI BOCCTAHOBJIEHHUS OTBETA
o3BoJIsIeT paboTaTh ¢ erle AByMsl TumaMu nepexonos — B (i, j- 1) u (i + 1, j - 1), 910 310pOBO.
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Jleknusg mo ajroputMam #28

,Z[I/IHa,MI/IKa 10 1Mo AMHO2KEeCTBaM
2 HOsIOpsi

28.1. IIpenacraBieHne MHOXKECTB

[ToMHOKeCTBA N-3JIEMEHTHOT'O MHOKECTBa (HAIpPUMep, MHOXKecTBa ducesa ot 0 10 n — 1) MOXKHO
3a/1aBaTh IOCIE0BATENLHOCTIMEI U3 N HyJIell U eJMHUI ecTeCTBeHHbIM 06pa3oM («0» — Gepém aute-
MeHT, «1» — He Gepém). [ToaToMy B mporpamMmMe MHOKECTBO YI0OHO MPEJCTABIATh YUCIOM, GUTOBAsK
3aIIICh KOTOPOT'O COBHAIAET € 3aJIaHUEM TOr0 MHOYKECTBA CTPOKON M3 HyJIel U eIUHUIL.

28.2. Onepanumn ¢ MHOXKECTBaMU

Ham xouercst, 9T00BI OmIepalii, KOTOphie Mbl YMEIN MPOU3BOANTH HaJ MHOYKECTBAMH, BhIparkKa-
JIICh U B HOBOM IIpE€JICTABJIEHHHU, TO €CTh YTOOBI OMEKIIHs OblIa U30MOP(U3IMOM.

28.2.1. O6beanHenune
C=AUB={zx|ze€AVzxe B}

72; // 01001000
184; // 10111000
a | b; // 11111000

unsigned char a

unsigned char b

1]
1l

unsigned char c 248

28.2.2. Ilepeceuenune
ANB={x|x€ ANz € B}

72; // 01001000
184; // 10111000
a & b; // 00001000 = 8

unsigned char a

unsigned char b

unsigned char c

28.2.3. /lonosHeHue
C=A

184; // 10111000
~a; // 01000111 = 71

unsigned char a

unsigned char c

28.2.4. CumMeTrpuyeckas pa3HOCTb
C=AAB

[\

72; // 01001000
184; // 10111000
a -~ b; // 11110000 = 240

unsigned char a
unsigned char b

unsigned char c

28.2.5. Pa3HocTb

Cy1ecTByeT HECKOJIBKO CIIOCODOB HANTH pa3HOCTb MHOYKECTB.

A\B=ANB=ANA(ANB)
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unsigned char = 184;

unsigned char 73;

unsigned char
unsigned char

Qa0 o

// 10111000
// 01001001

a ~ (a & b); // 10110000
a & ("b); // 10110000

= 176
176

28.2.6. OgHO3/71€MEHTHBbIE MHOXKECTBA

BaMeTI/IM7 YTO OJHO3JIeMEHTHbIEC MHOXKeCTBa 3aJal0TCd CTelleHAMHU ,ZLBOfIKI/I, KOTOpbI€ JIEI'KO BbI-

YUCJIUTHb C IIOMOHIbIO Olliepallun ouTOrO CABHIA.

A= {z}

int x = 4; // [0, 8)

unsigned char a = 1 << x;

// 00010000 = 16

28.2.7. JlobaBjeHME 3JIEMEHTA B MHO>KECTBO

Jlas Toro, 9TobbI T0OABUTH 3JEMEHT T B MHOXKECTBO A, HYKHO MHOXKECTBO A 00bemHUTH C
OJTHOJIEMEHTHBIM MHOXKECTBOM {1 }.

B =AU {z}
int x = 6; // [0, 8)
unsigned char a = 184; // 10111000

unsigned char b = a | (1 << x); // 11111000

Ecim snemenT yiKe CylniecTBoBaJl B MHOXKECTBE, €eCTECTBEHHO, IIOBTOPHO OH ,ILO6&BJI€H e 6y;geT.

28.2.8. YgajeHne 3jieMeHTa 13 MHOXKECTBA

st Toro, 9To0bl yaaguTh T u3 MHO)KecTBa A, HyKHO 13 A BBIYECTb OHO3IEMEHTHOE MHOKECTBO
{z}. Wau, eciu MBI 3HAEM, 9TO SJEMEHT B MHOYKECTBE TOYHO ObLII, HAHTH CHMMETPUIECKYIO PA3HOCTh

An{z}.

B =A\{x} uu B = AA{x}

int x = 5; // [0, 8)
unsigned char a = 184;

// 10111000

unsigned char b = a (1 << x); // 10011000

28.2.9. IIpoBepka mpuHAIJIEIKHOCTHA

reAS AN{z} £ 0

int x = 5; // [0, 8)

int y = 6; // [0, 8)
unsigned char a = 184;
bool inx = (1 << x) & a;

bool iny = (1 << y) & a;

// 10111000
// 00100000, true
// 00000000, false

28.3. JImHaMHUKAa 110 IIOAMHOXKECTBaM

OcHOBHag naes B TOM, 9TO MBI MOYKEM MOCYUTATH 3HaUeHne (DYHKIMN JIJIT KAKOTO-TO MHOYKECTBA,
3Hasl 3HAYEHUS PYHKIHU JIJIs OJHOTO I HECKOJBKHX ero COOCTBEHHBIX (He COBIAJIAIONIHX CO BCeM

MHO)KGCTBOM) ITOAMHOZKECTB.
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DTO 03HAYAET, 9TO MepedbupaTh MHOKECTBA HYKHO B TAKOM TOPSIKE, YTOOBI BCE TOIMHOZKECTBA
mepedbupaeMoro Ha TEKYIIeM Iare MHOYKECTBa, Yy Ke BCTPEYaINCh Ha MPeJbIAYIIHX Iarax.

Hamnpumep, eciim 3agaBarh IIOAMHOMKECTBA N-3J1€MEHTHOIO MHOXKECTBA 0€33HAKOBBIMU IIEJIBIMU
qucgamu ot 0 10 2" — 1 (410 MOAPOGHO OMHCAHO B MPEIBIAYINEH YaCTH), HAC YCTPOUT MOPSIIOK
0...2" — 1, TOCKOIBKY JI060e (COOCTBEHHOE) MOJAMHOKECTBO OMUCHIBACTCS MEHBITUM YHCIOM.

Kpome toro, jjs nepecyéra AMHAMHUKE HYKHO HAYy4HTHCs rnepeduparh moaMuoxkectBa. O ToMm,
KakK mepeduparh BCe MOJAMHOXKECTBa, Oy/IeT CKa3aHO B OJHON W3 CJIEAYIONIMX TJIaB, a I TeX 3a/ad,
KOTOpble OY/IYyT PacCMOTPEHHBI B 3TOH IJ1aBe, JJOCTATOYHO MEPEXOAUTH K MOJAMHOXKECTBY 0€3 MHHH-
MaJIbHOrO 3jieMenTa. HayduMces gaesath 9T0, U3BJIeKasd MJIAJIINNE 3HAYAIINAN OUT.

28.3.1. Maagmmmii ouT
k 6ut
. ? ? -~
[IycTh wmeso a B gBomdHOl cucteme uMeeT Bua ... 10...0". Torma yucio ~a + 1 coBmamaer ¢ a

POBHO B HOC/IeAHUITX k OuTax, a B OCTAIbHBIX OoTjindaercd. [[09roMy ecsiu mpuMeHUTH HOOUTOBOE «H»
Kau a+ 1, ™Mbl KaK pa3 nojayuum mnocjaeanuii Kycox '10...0".

unsigned char a = 184; // 10111000
unsigned char b = a & (Ta + 1); // 00001000

a = 10111000
“a = 01000111
01001000
a & (Tfa + 1) = 00001000
* /

1]
o
s
[
1l

OsHaKo u30aBJISTHCH OT MJIAJLIErO OuTa MOXKHO HECKOJIbKO 1poiie: a&(a — 1). Koppekrhnocrs
3TOi1 olepalu JIETKO IPOBEPUTH aHAJOTUYHME PACCY ZKJIEHUSIMU.

unsigned char a = 184; // 10111000
unsigned char b = a & (a - 1); // 10110000

a = 10111000

a - 1 10110111

a & (a - 1) = 10110000
*x/

PaccMmorpuM HECKOJIBKO TIPUMEPOB.

28.3.2. CymmMbI Ha TTOJIMHOYKECTBAX

Haubt n npeameron. Bec i-ro npeamera — w;. Tpebyercs HallTiH cyMMapHBIH BeC KazKI0TO MO/
MHOYKECTBA TIPEIMETOB.
Caoxuoctsb asropurma — O(27).

sum[0] = O;

for (int i = 0; i < n; ++1i)
sum[1 << i] = w[il;

for (int mask = 1; mask < (1 << n); ++mask) {
int e = mask & (“mask + 1);
sum[mask] = sum[e] + sum[mask -~ e];
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28.3.3. KosamnyecTBO €JMHUIL B YNCJIE

s kazkporo guciaa ot 0 10 2" — 1 HocYuTaTh KOJIXIECTBO €IMHAI B ero OUTOBOI 3anucu. 3a/1ady
MOZKHO CBECTH K TPeJIBIIYIIeii: Termephb Bec Kazkaoro npejamera — 1. Ho paceMoTpuM HeMHOTO IpyToe
perrenne, Toxke 3a O(2").

sum[0] = O;

for (unsigned int mask = 1; mask < ((unsigned int)1 << n); ++mask) {
sum[mask] = sum[mask >> 1] + (mask & 1);

}

31ech MBI EPENuIn He K MOAMHOXKECTBY, a IPOCTO YMEHBIIIIN YHCI0, CABUHYB ero Ha 1 BIpaso.
C omeparmueit '>>" HyKHO paboOTaTh aKKypaTHO, MOCKOJBKY JJIsI 3HAKOBBIX YHMCEJ TaKOW CIABUT —
Implementation-defined behaviour.

28.4. 'aMuJIbTOHOB NYTh U ITUKJI

Def 28.4.1. [amusrvmonos nymsv — npocmot nymo, Nporodaujuti weped kancoyo sepuuny 2pada
POBHO 00UH Pas.

Def 28.4.2. I'amusvmonos yuks — 3aMERYMOLG 2aMUADTMOHOE NYMb.

28.4.1. 'aMuIbTOHOB Iy TH

lan HeopueHTHpOBaHHBIN rpad HA n BepmmHaX. HallTw B HEM raMHUJIBTOHOB MY Th.

ITpocTag numammKa: iS4, — €CTh JIX TAMHAJIBTOHOB IyTh B oArpade, HHIYIIPOBAHHOM Ha MHO-
kecrse Beprima A (A — macka), okaHduBaionuiicst B sepiune v (v € A).

Baza: Agy,, = 1; Ilepexox: mepebepém Bce CMeXKHbBIC C U BEPHIMHBI, JeKamue B MHOXKecTBe A.
iSap, = 1 TOJBKO B TOM Cjydae, ecam Jjis KaKo#-TO mepebmpaeMoil BeprimHbl U (CMEXKHOE ¢ v)
CYIIECTBOBAT TAMUJIBTOHOB YTh, OKAHYMBAOIIUICA B U U IPOXosIuii mo MHoxkecTBY A \ {v}.

Ceitqac TpeGyerca O(2"n?) sBpemenn u O(2"n) namaru. [laMaTh MOXKHO COKPATUTD 110 O(2"), econ
BMECTO JIBYMEPHOTO MACCUBA 1S HYJIel W eIMHUI XPAHUTH OTHOMEPHBI MaccuB Macok fin: fing —
MAaCKa BEPIINH, B KOTOPHIX MOZKET 3aKaHYMBATHCS TAMUJIBTOHOB IIYyTh IO MHOXKECTBY A.

Yrobsl conTuMu3npoBaTh BpeMs 70 O(2"n), GysaeM XpaHUTh B OHTOBOM BH/E €Ié W MaTDPHUILY

CMEKHOCTH: adj, — MHOYKECTBO BEDIIHH, CMEKHBIX ¢ v. Temepb 3aMeHHM IepebOp BCeX coceiei
BEPIINHBI HA OJIHY OHTOBYIO onepanuio: fina, = fina,&adj, (fina, — v-it 6ur Macku fing).
// fin = {0, ..., 0}
for (int i = 0; i < n; ++1i)
fin[1 << i] = 1 << 1i;
for (int mask = 1; mask < (1 << n); ++mask)
for (int v = 0; v < n; ++v)
if (mask & (1 << v) && mask !'= (1 << v))
if (fin[mask =~ (1 << v)] & adjlv])
fin[mask] |= (1 << v);
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28.4.2. 'aMMJIbTOHOB INK.JI

Badukcupyem Bepimuny 0. B rpade ecTb raMHIbTOHOB IUKJI TOTJIA ¥ TOJBKO TOTIA, KOIJIA CYIIe-
CTBYeT TaMUJIBLTOHOB MyTh, HAUUHAIONINNCS B BepiuHe () ¥ 3aKaHIUBAIOIMMUICT B OJHON U3 CMEKHBIX
C He#l BepIlIuH.

Baﬂa‘{a HaXO0zKJAeHUud I'aMUJIBTOHOBaA IIYTH, HAYNHAOIIETOCA B BEPIIHUHE O pemiaeTcd TOIHO TaKOI
K€ JIMTHAMUKOIA.

EuHcTBEeHHBIM OoT/IMYHEM OyaeT Oasa:

fin[1] = 1;

28.4.3. BoccTaHoBJ/ieHEe OTBeTa

[ToiiMéM, Kak 110 OCYUTAHHON JIMHAMUKE BOCCTAHOBUTH OTBET.

MpbI g KazKJI0ro MOJMHOYKECTBA 3HAEM T€ BEPIIUHBI, B KOTOPBHIX 3aKAHYUBAETCS TaMHUJILTOHOB
MyTh, TPOXOJLAININN IO ITOMY TOJAMHOXKeCTBY. Ha30BEM Takue BEpHIMHBI KOHEYHBIMU JIJIA JIAHHOTO
MOJIMHOZKeCTBa. B0O3bMEM MHOXKECTBO BCeX BEPIUH H yJAaJIUM H3 HEero JII0OyI0 KOHEYHYIO, IpeBa-
pUTEJBHO J00AaBUB B OTBeT. MBI Meperin K MHOYKECTBY, B KOTOPOM MeHbIIle BepiiuH Ha oxuy. Coe-
JIYIOIeH BEPIIUHON B IIyTH JOJKHA ObITh BEPIIMHA, CMEXKHAs C HPeJblIYINel, TPUuIeéM KOHeYHAs
JUIA TEKYIIero MmojMHOZXKECTBa. lakas, KOHeYHO, HAWAETCHA, Be/Ib JUHAMUKA MOCYHUTAHA KOPPEKTHO.
JlobaBuM €€ B OTBeT | yjajuM. Byjem Tak JiejiaTh J0 TeX TOp, MOKa BEPIIHH He OCTAHETCH.

['aMHJIBTOHOB ITUKJ BOCCTAHABJIUBAETCH AHAJOTHYHO, 38 HUCKJIIOUYEHHEeM TOTO, YTO MEePBOil BEPIIH-
HOiT BbIOMpaeTcda He Jiodast KoHedHnas, a cMexkHas ¢ 0.
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Jleknug mo ajgroputMam #29

JImaaMuKa Ha DOoaAMHOXKecTBax. Packpacka rpada.
26 okTsOPst

29.1. ITocranoBka 3ama4m

an rpad Ha n BeprmmHax. Tpebyercss pacKpacuTh BEPIIUHBI B MUHUMAIbHOE KOJIUIECTBO IIBETOB
TakK, 4T0Obl KOHIIBI JIIDOOTO pedbpa uMe/in pa3udHble IBeTa.

29.2. Pemenne 3a O(4")

HaszoBéM MHOXKECTBO BepIIHH "XOpOIIHM ecJii He CyIIecTByeT pedpa, 06a KOHIa KOTOPOTO JIEXKAT
B 3TOM MHOKECTBE. 3aMETHM, YTO BEPIIUHbI M3 XOPOIIEro MHOXKECTBa BCErJa MOXKHO IOKPACUTH
B OAHMH IBET. CHaqaﬂa npeAlnojcuuracM JJid KaKA0I'0 IIOJAMHO2KECTBa BEPUINH, ABJIAETCA JIX OHO
xoporuMm. CrenaeM 310 B J100: mepebepéM Bce MOAMHOXKECTBA BEPINNH, IepedepéM Bce BO3MOYKHBIE
IIapbl BEPHIUH W3 9TOT'0 IMOIMHOXKECTBa U IIPOBEPUM HaJIUYUE pe6pa. Bep]l[I/IH B IIOJIMHOZKECTBE HE
GoJIbIIIe 11, TIOJAMHOZKECTB 27, TI03TOMY aIropuTM Oyjer paborarh 3a O(2'n?).

Terepsb perum UCXOJHY IO 3a1a1y. PaceMOTpUM HEKOTOe MOJIMHOXKeCTBO Bepinud A. dp[A] - B kakoe
MHHHMAJIBHOE YHCJIO IBETOB MOXKHO PacKpacuTh moarpad Ha Bepmuubax u3 A. /laBaiiTe BoiOepem,
KaKne BepIuHbl W3 A MBI MOKpacuM B mepBbiii nBer. [lepebepém Bce MOAMHOYXKECTBA BEPINUH W,

ecn Tekytee (Ha30BéM ero X) sBSETCS MOAMHOXKeCTBOM A u good[X| == true (kpurepuii Toro,
rpad Ha BepmuHaxX #3 X MOXKHO IOKPAaCHTb B 1 IIBET), TO IPOpeIaKCHPYeM OTBeT A1d A 3HaUeHHeM
dp[A\X] + 1.

Urorosas acummroruka O(2" - n? + 2" - 2™) = O(4").

29.3. DddekTuBHLBII Iepedop BcexX MOAMHOXKECTB 3aJaHHOTO0 MHOXKECTBA

[IycTs HaIO mepebpaTh BCe HEMYCThIE MOAMHOXKECTBa MHOKecTBa A. Crenarb 3T0 MOKHO CJIeIY-
IOIIINM KOJIOM:

for (int X = A; X > 0; X = (X - 1) & A) {

}

1) X TOYHO MOAMHOKETBO A T.K. MBIl HA KaXK/0ii UTEPAINH OCTABJISIEM TOJBKO Te OUTBI, KOTOPbIe
OobLu B A

2) Ha kaxkmoii wrepanuu X yMeHbIIAeTCs T.K. W3 Hero Beiautaior 1 m genaior & ¢ A (a sta
onepanus He MOXkKeT YBeJHYUTh 49ucio). M3 3roro, B 4acTHOCTH, CJIe/yeT, 9To KOj OTpaboTaeT 3a
KOHEYHOE BPEMH.

3) BameTuM, 4TO Ha KazKJO UTeparuu Mbl 6epéM JIEKCUKOrpAhUIeCKH MAKCHMAIBHOE TOMHO-
JKECTBO, MEHbIIlee TEKYIIEro (eciu CPABHUBATH MHOYKECTBA KaK JBOUYHbIE 3AllUCH KOJUPYIOMIAX MX
qucen). JleficTBUTEILHO, BRIYATAS €IMHUILY MbI 3aMeHsieM mocjenion 1 Ha 0, He TporaeM BCE 4TO
ObLI0 10 Heé (CJIeI0BATEIbHO HOBOE MOJMHOXKECTBO MEHBINE), a BCe JOCTylHble OUThI (T.e. Te, KO-
Topble Obin B A) mocie Heé menaem 1 (MOTOMY Cpead BCEX MEHBINHX, MOJIYIEHHOE MHOXKECTBO
JekcuKorpadguaeckn MakcnmasibHoe). Toraa pa3 Mbl HAYaIN € JIEKCUKOTpabUIecKn MaKCHMATHLHOTO
U 3aKOHYUIM MUHUMAJILHBIM, TO MBI IepebepéM Bee IOJIMHOKECTBA.
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A — 10111010011010
X — 10101010010000
X -1 = 1010101000

(X —1)&A = 10101010001010

DTOT aJTOPUTM MO3BOJILET Iepedbuparhb MOJIMHOYKECTBa 3a UX KOJHUYECTBO, a He 3a 2",
BaMedanue: mMycToe MHOKECTBO, €CJIH OHO TpedyeTcs, TpUIETcd pa3odparh OTAEIbHO.

29.4. Pemenue 3a O(3" + 2"'n?)

JlaBaiiTe Tenephb Ipu mepexojie JUHAMUKYN mepedbupaTh TOJIbKO IMOIMHOXKECTBA TEKYIIEr0 MHOYKEe-
crBa. Ouennm Bpemsi paborbl. Ecm MHOMKECTBO COIEPIKAIO K 3/IEMEHTOB, TO KOJUYECTBO €r0 MOjI-
muozkecTs 2F. CKoJIbKO pa3 MBI OyjleM paccMaTpuBaTh MHOZKECTBO, cojepzKamiee k smementos? CF.

n n
Torma cymMmMapHOe BpeMst pabOThl MOYKHO ONEHHTH Kak y_ 28 - CF = S~ 1n7Fok . Ok = (1 4- 2)" = 37,
k=0 —

C yuérom npemozacuéra (good|i]) urorosas acumnroruka Gymer O(3" + 2"n?).

29.5. 9ddexrusnsbii noacuér maccusa good (O(2"))

[Ipumeunane: Mot ymeem naxomuts 3a O(1) muanmuii e TMHAIHBIH OUT IUCTA, HO HE YMeeM Ha-
XOTUTH ero HoMep. [loka MBI OymeM ncnosipb30BaTh MaccuB index, KOTOPBIH MO YUCTY OYAeT XPaHUTh
KaKOH CTeneHblo ABOKHN OHO siBiistercs (index|2"] = n). T.K. Mbl OyA€M HCIOJIB30BATH TOJIBLKO 1l T9EEK
9TOr0 MaccuBa, TO MOXKHO 3aMeHuTh ero Ha HashMap. B ognom u3 ciejayomnux KOHCIIEKTOB OyaeT
paccka3aHo, Kak 00oiTnch 6€3 3TOT0 MacCCHBA.

BaMeTuM, 9TO MOXKHO CYUTATh MaccuB good Gosiee 3hdeKTHBHO: BBIOEPEM OIHY KOHKPETHYIO
BEPIIUHY M3 TEKYIIEro MHOXKECTBa, MPOBEPHM, UTO W3 HeE HeT PEGEp B 9TO MHOMKECTBO (€CIH Xpa-
HUTH COCEJIEN BEPIIMBbI B TAKOM K€ BUJIE, KAK U MHOYXKECTBA, TO ITO MOYKHO JeIaTh 33 1 - IPOCTO
[IPOBEPUTH YTO TEpecevdeHre STHX MHOXKeCTB IYCTO) W HPOBEPHUM, C MOMOIILI0 OODAINeHns K yrKe
MOCYUTAHHOIN sueiike good, 4To MHOXKecTBO 6e3 3Toit Bepmuubl Xoporiee. lToropas acumMnrorunka
O(2™), 9T0 MO3BOJIIET YMEHBIIUTH ACUMIITOTUKY PelleHnst OCHOBHOI 3a1a1u 10 O(3" + 2™) = O(3")

29.6. Ilepebop Bcex MaKCHMMAJIbHBIX IO BKJIIOYEHUIO HE3aBUCUMBIX IIO/I-
MHOKECTB

BepH_H/IHBI CcTenneHn O BXOOAT BO BCE€ MAaKCHMAJIbHBIEC HE3aBUCHUMDBIC ITIOIMHOXKECTBA. I/IX BO3bMEM
cpasy. Beibepem BepInHy v ¢ MEHEMAJIBHON crenenbio. [lycrh e crenenb d. Mbr 1unb0 BO3bMEM €€
B OTBET (JleJlaeM DEeKYDCUBHBIH BBI30OB, BHIKUHYB €€ U eé cocelieil u3 rpada => BepIIMH OCTAHETCS
n - d - 1), mbo Bo3bMEM OmHOTO U3 €€ cocefieil (cremenu coceneli He MeHbIne d, st KasKIoro
JieslaeM PEeKYPCUBHBIN BbI30B 6€3 BepiuHbl v, 6€3 TeKYyIIero cocejia u 6e3 ero cocejieit => BepHIMH
ocranercs He 6osbire n - d - 1). Uroro, ecan 0603Ha4nTh BpeMst pabOThl Ha KOMIIOHEHTEe pa3Mepa n,
0 T'(n) <= (d+1)T(n —d—1).

Joxazkem, ato T'(n) = O(3™/?). Jlokaxem 1o HHAYKIMH.

Tn)<=d+1DT(n—d-1)<=(d+1)-C-375 =C-35. ( 1)3

JlokazkeM 1oc/ieaHee HepaBeHcTBo. Pacemorpu beHKL[I/HO f(z)=2-375.

fl(x)=(z-373) =3"5"1.(3—2In3)

Caenoarensuo f(x) yobiBaer npu X Gobiux o (910 mpumepno 2,7).

Bamerum, uto 1 = f(3) > f(2) > f(1). T.k. nocae 3 dbyuxnus yobIBaeT, TO U BCe MOCJIEIYIONIHE
3Ha4YeHUd MeHbIe 1.

Q
w
w3
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29.7. Pemenne 3amaun o nokpacke rpada 3a (0(2.44")
Tenepnb 1718 KazKJI0ro paccMaTpHEMOro MHOXKeCTBa Oy1eM 1epeduparhd TOJBKO €ro MaKCUMAJIbHbIE

n
[0 BKJIIOYEHHIO HE3aBUCHMBIE MOAMHOXKecTBa. Torma BpeMst paboThl MOXKHO ONEHUTH KaK » 1.44% .

k=0
Ck =5 177*1.44F . CF = (1 + 1.44)" = 2.44". T.e. acumnroruka craner O(2.44").
k=0
Bameuanne: 1.44 ma camom gese /3, 2.44, coorsercrienno, /3 + 1
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Jleknug no ajgaropurmam #30
2 yka3areJjd
30 okTsiOpst

Bamada: ectb n Touek. Heobxomumo BeIOpaTh k TOYeK Tak, 9TOOBI CYMMa PACCTOSHHE OT KarK 0t
13 HCXOIHBIX N TOYEK 10 OuzKaiinieit BRIOpaHHO# ObL1a MUHAMAJILHO BO3MOKHOM. PaHee Mbl perruin
3a/1a49y, UCHOJIB3Ys CJACAYIONIYIO TeOpeMy: CYIECTBYIOT ONTUMAJIbHBIe HAOOPHI TOUEK, /s KOTOPBIX
BeinostHsiercs yeaosue: plk — 1,n| < plk,n] < plk,n + 1], tae plk,n] - 970 KOOpAMHATA CepeNHbI
OTpe3Ka MeXK/Iy TOCAeIHedl u TpeanocaeHeii TOUKaMHI.

30.1. /Toka3aTejIbCTBO

Jlna madana moiMéM, 9TO KaxKkaash BHIOpAaHHsS TOYKa OyaeT OJm:Kaiflneit 1jas TeX TO4YeK, KOTO-
pble HaXOJIATCSl MEXK/y CePeMHAMHI OTPE3KOB OT Heé JI0 coceseil Ha30BEM TaKOH OTPe30K 00J1acTbio
BJIMSIHIST BBIOPAHHONW TOUYKH.

Cresiém mepBoe HEPABEHCTBO KO BTOPOMY. [Ipeamnosmokum, 9T0 OHO JIOKHO, TO €CTh B ONTUMAIb-
HBIX Habopax k u k — 1 Todek [t HEKOTOpOro ucxopHoro Habopa plk — 1,n] > plk,n|. Boamém
OJINH HAOOp TOYEeK U BhIOepeM I Hero cHadajga k, morom k — 1 Touky. Paspepuém oba mabopa
touek. [locmorpum Ha rpanuibl OTPE3KOB BiHMsHUS BIOpAHHBIX TOUYeK. llepBasi rpanuna npasee y
BTOPOiT BBIOOPKH TOYEK. ZICHO, 9TO IPHU MOCIEA0BATETHHOM MEPeX0e K CJIeAYIONUM IPDAHUIAM Ha-
CTAHET MOMEHT, KOTJa JTHO0 TPAHUIBI OTPE3KOB B PA3HBIX BHIOOPKAX CPABHSIIOTCS, JTUOO IPAHWUIA B
[IEePBOM OKaXKeTCs IIpaBee COOTBETCTBYIONIEH I'PAHUIBI BO BTOpOil. B ciydae, HaIu4Ms COBIAIAIONINAX
IPAHUI] OTPE3KHU JeBee HUX HPEeJCTABIAIT cO00M pa3ndHble pellleHus OJHON U TOH Ke 3aja4H, IO-
I0TOMY MOZKHO 3aMEHUTH 4aCTh TOYEK B OJHON M3 BHIOOPOK TAK, 9TO OHA OCTAHETCS ONTUMAJILHOM,
a pasbueHne Ha OTPE3KHU J0 COBIAIAIIUX TPAHUI] COBIAIET CO BTOPOil BHIDOPKOI, TO €CThb mepBoe
HEPABEHCTBO BBINIOJHUTC. EC/u »Ke TPaHula s 1mepBoii BBIDOPKKW OOroHSIET BTOPYI, OTOPOCUM
TOYKHU IIpaBee COOTBETCTBYIONIEH IPAHUIIBI BO BTOPO# BBIOOPKE M IOJIYYUM IPOTHBOPEYNE C IIEPBHIM
HEPABEHCTBOM.

Teneps mokazkem Bropoe HepaBeHcTBO (p[k,n| < plk,n + 1]). IlycTs ¢ - KoopauHATA TIOCTETHEI
BBIOPAHHOM TOYKMU.

Paccmorpum ciay4gait ¢ > ¢;. Bosbmém wernipe nabopa todek. [lepsblii - ontuMaabubiil BEIGOP k
TOYEK JIJId N UCXOJMHBIX. Bropoil - n + 1 ucxoanasg Touka, p = p;. Iperuil - onTuMaabHbli BbIOOD k
TOYEK JJIsd 1 + 1 HCXOTHOHN p = Po, ¢ = ¢o. HeTBEPTHIH - cHOBA N TOYEK JAHO, ¢ = (1, P = Po.

Ob6o3HauuM f; CyMMy pacCTOSTHHI OT KarKJIOH TOUKHM 10 OJuzKaiilieil BHIOpaHHON B i-M Habope;
F) - cymmy paccrosiunii jyist TO9€eK JieBee pp (TO ecTh Jjisl TOYeK J0 P B MePBHIX JABYX Habopax), Fh -
CYMMY DACCTOSIHUIT 1l TOYeK JieBee Po, (TO eCTh JJIS TOYEK JO P B JIBYX MOCJAEIHUX HAOOPaX).

n n p1—1
fi = fa=(Fy = F2) + (32 dist(pi,qu) — 3 dist(pi,q1)) — > dist(i,q1)

i=pl i=pl 1=p2
n+1 n+1 p1—1

Jo— fa=(F1 = Fy) + (> dist(pi,q1) — > dist(pi,q1)) — > dist(i, qa)
i=pl 1=pl i=p2

(pr.n—q1)—(p1.n—q1)) =0=((pr.n+1—q) — (p1.n+1—q1)) - paccTosiHUsI OT @; 1O TOUEK
paBee pj.

p1—1 p1—1
> dist(i,qe) < > dist(i,q1), T.K. g3 > ¢1 - PACCTOSIHUSI OT @; JO TOYEK LpPaBee.

1=p2 1=p1

Otcoma (fi1—f1) > (fo—f3). U3 ontumansinoctu Tpethbero nabopa fo— f3 > 0. [lo TpansurusrocTn
fi—f1 > 0= f1 > f4, cnegoBaTe/bHO, YeTBEPTHII HAOOP onTUMaIeH. MBI HAIILIN TaKOit HADOP A IUHDI
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n, nyist kKoroporo p[n, k| < p[n + 1, k|. Hepasencrso nokazano.

Tenepsr paccmorpum ciaydait go < ¢1. CHOBa BO3bMEM dUepbipe Habopa Touek. [lepBwrit - om-
THCMAJIbHOE peIIIeHne 3aJa4u 171 n TodeK. Bropoii - n + 1 Touka mana, p = p;. Tpernit - pemenne
3a1a9u i 1+ 1 Touku. YeTBEpThIil - n TOYEK JaHO, BHIOOpAHHBIE - KAK B TPETHEM. Po - P JIJIST IBYX
OCJIe THUX HAOOPOB.

3menenust pu mepexojie OT 1epBOro HaboKa KO BTOPOMY - JI00aB/IeHHE OJIHOW TOYKH, OITOMY
YBEJIMIUBAECTCA HA X — 1, TJIe X - KOOpJuHaTa jjodasjaenno# Trouku. [Ipu nepexojie ot Broporo nabopa
K TPEeTbeMy CyMMa PacCTOSHUN MOXKET TOJIbKO YMEHBIIUTCS, T.K. TpeTuii ontuMaJsieH. [Ipu mepexose
OT TPeThero HabOpa K YeTBEPTOMY CYMMa PACCTOSHHUN ONATH YMEHBIIAETCS 3a CYET UCUE3HOBEHUS
mocJIe JHe TOUKH, IIPUIEM, TOCKOIbKY ¢ < ¢ < T, MOJYJIb 3TOTO H3MeHeHusI O0JIbIIe, YeM IIPU IIePBOM
nepexose. OTCIOa BUAHO, 9TO CYMMa, PACCTOSHUII B IOC/€THEM HADOPE MEHBINe, YeM B IEPBOM,
3HAYUT, Mbl HAILJIX ONTMAaJbHBINH OTBET ¢ p < po. HepaBencTro noxazano. document
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Jleknuga mo ajgroputMam #31

Boabime AVNHAMMKNA 110 ITIO/IMHO2KECTBAM
30 okTsiOpst

31.1. Crapmmuit 6uT

Haititu crapmmuii 6ur uncaa or 0 go 2™ — 1.

a) IMocunrtars mas Beex. upli] - crapmmuit 6ur qucra i. O(2").

up[1] = up[0] = 0;
for (int i = 2; i < (1 << n); ++1i)
up[il = upli >> 1] + 1;

b) Toabko g X. O(log X).

up = 03
for (int i = 2; i <= X; i *= 2)
up++;

31.2. HezaBucumoctsnb

Def 31.2.1. Hesasucumoe MHosicecmeo - marxoe MHONACECTNEO SEPULUH 2pagda, “41mo
HUKAKUE 2 GEPULUNDL U3 IMO20 MHONCECNEA He COCOUHEHBL PEOPOM.

g KayK10r0 MHOYKECTBA BEPIITUH MPOBEPHUTD, MIPAaBIa JIU, YTO OHO HE3aBUCUMO.

is|A| - HE3aBHCHUMOCTH MHOYKECTBA ¢ MACKOH A, up - BepmimHa B A ¢ HAKOOJBIIHM HOMEPOM,
g[A] - cocenu BepmmHB up. A He3aBUCHMO, ecM A Up HE3ABUCHMO U U3 up B A Her pébep, TO eCTh

iSJA] = (is]A~ (1 << up)] && ((glup] & A) == 0).

31.3. Cymma HA TOAMHO2KECTBE, PEKypPCUBHAas BEPCUS

g0 - PeKypCHBHas TPOIEypa, KOTopas IMepebupaeT Bce MHOYXKECTBA W B Ipolecce JT0OABIeHUS
9JIEMEHTA B MHOYKECTBO MEPeCUnThiBaeT cymmy. Limybuna pekypeunn - n. Bpems - To ke O(2").
i - HOMEp 3j1eMeHTa, A - TeKyIee MHOXKECTBO, S - TEKYIasi CyMMa.

go (i, A, S) {
if (i == n)
return;
go (i + 1, A, S);
go (i + 1, A | (1 << 1), S + al[il);
}

Mumnyc - pekypcud jgaér 00JbITyI0 KoHCTaHTy. [LII0C - He HY)KHO XPaHUThH BCE CYMMBI.
N3-3a MenbIero o0bEMa UCIOAbB3YeMOil TaMATH ¢ DOJILITUME JIAHHBIME Oy/1eT padboTaTh ObIcTpee.
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31.4. Set Cover (anasgor Piok3aka)
Hano 6osibmoe muoxkectBo A u k ero nojgmuoxkecrs By, Bs, ..., By.

Hy:xuo npeacraBurh A B Bue 00beaMHEHNST MUHIMAJIHHOTO KOJHYECTBa KaKHX-TO B.

[Iycts B A m smemenToB. MOKHO peKypcHeil aHaJIOTHIHO HpeabLAyIneil 3a1atde 3a 0(2’“).
A moxuo 32 O(2"k). f[i, C| - KoIMIECTBO MHOXKECTB U3 MEPBBIX 1, KOTOPBIMH MOXKHO TOKPBITH C.
relax(fli + 1, C|, fli, C|) - korma e Gepém By, relax(fli + 1, C | By, f[i, C]) - xorma 6epém B;.

31.5. /IlmHaMuKa mo HAJIMHO>KECTBAM

for (A = 0; A < (2 << n); ++4)
for (B = A; B < (2 << n); B = (B + 1) | A)

s

1) JTioboe B - maamuoxkecTBo coorsercrByiomero A. B = ...|A D A.

2) dnst ogroro A kaxkjoe caepytoriee B Goubine npeapiaymero. B = (B +1) | ... > B +1 > B.

3) KoppexkrHocTb. JIist Kazkaoro A coOTBETCTBYOIIHE eMy B - DOBHO Bce ero HaJIMHOXKeCTBA:
[Iyctb A4, ..., A - peasibHBIe YHOPSIOUEHHBIE TI0 BO3PACTAHHUIO (GUTOBBIX MACOK) HAJMHOXKeCTBa A.
Torma mocmoTpuM, Kak u3 A; momydaercs A;,q. Pazmenum A; ma crapiime m Maanine OUTHI Tak,
qT00bI cTapiime 3akanduBaanch Ha 0, a Bce muaamue Obitn paBabl 1. Temepb pazmenum A u A,
Ha CTAPIINe W M OUTH Tak, YTOOBI WX KOJUYECTBa coBmamaan. [ pybo roBops, BeiOpamn y A,
A, m A;,1 omMHAKOBBIE XBOCTBHI TaK, 9TOOBI Y A; XBOCT OBLI MAKCHMAJBHBIM U3 COCTOAINIAX TOJBKO
u3 ejunuil. Torja crapiime 6uThl y A Takue ke, Kak y A;, TOJbKO Hoceannit u3 uux - 1, a #e 0,
nHave A; ;1 He 6bLT0 ObI Gosbie, yem A;. ITpu sroM mrammue 6uThl A; 1 (XBOCT) Takue ke, Kak y A,
uHave A;, 1 He OblI0 Obl MUHUMAJIBHBIM BKJIIOUAOIMUM A 13 MHOXKECTB ¢ TAKHUMH CTAPIIUMU OUTAMHU.
BaMeTuM, 94TO 3TO B TOYHOCTH COOTBETCTBYET METOLY BbIOOpa cjenyoiiero B u3 mukia:
A = (A + 1) | AL A, + 1 obecriedanBaeT mpaBuiIbHbIE cTapiie OUTHL, a | A - MpaBUILHBIE MJIAIIIHE.

4) Bpems - O(3"). BaMeTnM, 9TO y KazKJIOTO IJ€MEHTa Ha JIOOOM IIare MOXKeT ObITh OJHO W3
Tpéx coctosiumit: od B A (u, coorBercTBeHHO, B B); oH He B A, HO B B; on He B A u He B B. 3naunr,
BCcero komouHanuii cocrosinuit 3", To ectb OyjeT cjaeaHo 3" maros.

Ecyim MBI ymMeeM nepeOupaTh MOAMHOYKECTBA, TO YMeeM U MepeOupaTh HaIMHOXKECTBA!
s moboro B maamuoxkectsa A: (Beé \ B) - mogmuoxkectso (Beé \ A). I HaoGopor.

Kpowme toro, eciiu B muoxkectBe A m 3j1eMeHTOB, TO Y A poBHO 2" """ HAJIMHOKECTB.
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Asropurmbr, ocenn 2015/16 JInHamMuKa 1m0 CKOTIIeHHOMY MPOQUIIIO

Jleknug mo ajroputMam #32

JImHAMWKA TI0 CKOIIMEHHOMY MPOMUIIIO
30 okTsiOpst

32.1. Pa3buenue goCKu Ha JOMUHOMIIKH

Jana nocka co croponamMu W u H. Ilocuutars KoamdecTBo c11oco00B pa3dUTh €€ Ha JOMUHOIIKH.

int go (x, y) {
if (x + 1 == W) { \\ 1)
x = 0;
y++;
}
if (y == H) \\ 2)
return 1;
if (Alx, yl1) \\ 3)
return go(x + 1, y);
// if (m.count(x, y, A)) A\ *)
// return M[x, y, Al;
int res = 0;
if ((x + 1 < W) & (A[x + 1, y]1 == 0)) { \\ 4)
Alx, yl = Alx + 1, y] = 1;
res += go(x + 1, y);
Alx, y] = Alx + 1, y] = 0;
}
if ((y + 1 < H) && (A[x, y + 11 == 0)) { \\ 5)
Alx, y] = Alx, y + 1] = 1;
res += go(x, y + 1);
Alx, yl = Alx, y + 11 = 0;
}
return M[x, y, Al;
}

Bosppariaemoe 3Ha4eHNE - KOJHIECTBO CIOCOOOB IHOKPHITH BCE OCTABIINEECH JTOMUHOIIKAMHE.
A - MaccuB MOKPBITOCTH KaeTOK. M - X3mr Tabauia, B KOTOpOi XpaHuM OTBETHI.
PekypcusHblii iepebop 3a (9(2#). Unem o crpokam. TTokpbiBaem KJIeTky (X, y).

1) Ecau mornuin 0 KOHIA CTPOKH - MEPEXOUM Ha CJIeTYIOTIYIO.

2) Ecaim ¢TpoK# 3aKOHYMINCD - KOHEIL. [TOKPBITh HIYTO MOYKHO OJHUM CIIOCOBOM.

3) Eciu kyteTKa y2Ke MOKPBITA - BO3BPAIIAEM PE3YJIbTAT JJIsl CJIEIYIONIEH.

4) Ecn ectb ¢BOOOHAS KJIETKA CIPABA, TO MOXKHO MOCTABATH TOPU3OHTAIBHYIO JOMUHOIIKY
Cunraem KJIETKH 3TOH JOMUHOIIKH ITOKPBITBLIMHU, 3aIlyCKAEM PEKYPCHIO, 0CBOOOKIAEM KJIETKH.

5) Ecam ectb ¢BOGOHAS KJIETKA CHU3Y, TO MOYKHO ITOCTABHTH BEPTHKATIBHYIO JTOMHHOIIKY:
AnamormaHo.

*) Ecam 1mpoBepsTh, HOCYNTAHO JIM YK€ ITO 3HaUYeHWe, TO OyJaer He mepebop, a (JleHuBas)
JIMHAMHIKA 110 TIpoduIo, Koropas paboraer yxe 3a O(2W HW).

[Ipo M:

1) MoHo XpaHuTh Bech A KakK 9ucsio (6UT - HOKPHITOCTD KaeTku), ecan W-H < 128 (_ int128).
2) A - vector<vector<int>>, M - map<vector<vector<int>>, int>.

3) M[A]|x][y] wrm tuple< _int128, int, int>>. [lomuHOMUATBHBINA XTI,
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32.2. KpacuBble MaTpUNbI

Def 32.2.1. Kpacusasa mampuua - mampuua, 8 xomopoti nem xeadpama 2x2 u3 nyaet.

Ecth nawanasg marpuna b - 109 n3 myseit n egmani. CKONIBKO B Hell KPACHBBIX MATPHUIL?

Hunamuka. f[i,C] - ¢KoJIBKO ¢0COBOB 3all0THATH OCTABIIYIOCS YAaCTh MATPHUIIBI, €CTTH YKe 3aI0J1-
HEHO 1 cTos16110B, upuuém nocaeanuii u3 nux - C. is|Cy, Co| - MoxkHO s11 n10C1E cTosbna Cy nocraBuTh
croabern Cy. CunTaeM KOJIHYIECTBO MAaTPHIl, B KOTOPHIX 3a i-M croaomom Cp ciaenyer i+1 -it Cy, ecan
J10 i BKJIIOYATEJIHHO BCE TTOCUYUTAHO.

fli + 1, Co] = D> (f[i, C4] - is[Cy, Cy]), To ectn f]i + 1] = {[i] - is maa marpur f u is.
Cy

f110°] = £]0] - (is1%")), a 510 MoxHO crenars 3a (25)3 - log, 107 (2 - pasMep MATPHIBI is).
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Jleknug no ajgropurmam #33

Tomosormyeckasi COpTUPOBKA M T.II.
9 nosiOpst 2015t

33.1. UYro xorum?

Han opuenTHpoBaHHBIH Tpad. XoTHM HaWTH TaKylo HepecTaHOBKY BepIIH, 4TO J1060e peGpo
uaér "ciaeBa manpaso". OHa 1 Ha3BIBAETCS TOMOJOTUIECKON COPTUPOBKOM.

Cpasy 3aMeTnM, 9T0 eCau B rpade ecThb MUK, TO TOIMOJOIMYECKONH COPTHPOBKH HE CYIIECTBYET.
[Iycth y HAC MK V -> U —> Vv (pebpo v -> u, Kakoii-To myTh u —> V).

[lycTh npaBUIbHBIA HOPSJIOK - 3TO ... V ... U ... Ho Bce pébpa myTu u —> v JOJKHBI UATH CJIEBA
HAIIPABO, TO €CTh MPABUILHBINA MOPSIOK - 9TO ... U ... V ... Ho ecTh pebpo v -> u, 3HAYUT, TpaBUIbLHBII
MOPSAJIOK - 3TO BCE-TAKH ... V ... U ...

B obGmem, B 1060M ciiydae mpoTuBopedne, Tak 9To B rpade ¢ IUKJIAMHU TOMOJOTHYeCKON copTH-
POBKH JIEHCTBUTEILHO HET.

33.2. Hausnbiit anroputm (O(n?))

JlaBaiiTe Kak-HUOYIb HAYIUMCS UCKATH TOMOJOTHYIECKYIO COPTUPOBKY. CrmeslaeM n utepanuii, Ha
KaKJI0i BBIOEDEM BepIHHY ¢ BXojsieil crenenbio 0 (creneHb, pasyMeercsi, CAUTaeM [0 BEPITHHAM,
ernié He 0GABIEHHBIM B TOMOJOIHYECKYIO COPTHPOBKY ), 100aBIIsieM eé B TOMOJIOTHIECKYI0 COPTUPOB-
Ky. Ecin ecTh HECKOJIBKO BepIUH BXO/dTIel cTerrern (), TO MOKeM BBIOPATh Ty, KOTOpas HAM HYKHA,
MOKeT BBITh, [0 YCJIOBHIO (HAPUMED, ¢ MUHIMAJIbHBIM HOMEPOM, WJIH, OISATh 7Ke, M0 KPUTEPHIO, YKa-
3aHHOMY B YCJIOBUH 3ajaqu). Beprmuny Bxojgiieii cremenu 0 Mbl 6epéM MPOCTO TOTOMY, YTO BCE
BEPIINHBI, KOTOPBIE OYyT HITH 037Ke BHIODAHHOI, He IMeoT pébep B BRIOpaHHYIO (IIPOCTO HOTOMY,
9TO B BHIOpAHHYIO BOOOIIE ceifaac HeT pébep).

for (int it = 0; it < n; it++)
{
int best = inf;
for (int j = 0; j < n; j++)
if (!'deg_in[j] && (best == inf || our_comporator))
best = j;
for (int j = 0; j < n; j++)
deg_in[j] -= elbest][jl; //elil[j]l is a number of edges from i to j

cout << best << "\n";
deg_in[best] = inf;

33.3. BoJiee OBICTPHII AJITOPUTM HAXO0XKAEHUSA TOIIOJIOTUIECKO COPTUPOBKH

(©(n+m))
Samernm, 9T0 A5 000 BEPITUHBI BCE €€ COCeH HAYT MO03Ke B TOMOJOIHYECKON COPTUPOBKE.
[Tosrygaem ajaropuTm

void dfs(int v)
{
used[v] = 1
for (int u : el[v])
if ('used[ul)
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dfs (u);
topsort.push_front (v);
// or push_back and reverse(topsort.begin(), topsort.end()); after dfs

}

33.4. IIpoBepka Ha HaJaWYME ITUKJIOB

[IycTh He rapantupyercs, uro rpad amukanden. Hayuaunmces omuum dfs’oMm mpoBepsaTh Hagmdue
IIUKJIOB U CTPOUTH TOIOJIOTHYECKYIO COPTUPOBKY.

bool dfs(int v)
{
used[v] = 1
for (int u : elvl])
if ('used[ul])
dfs (u)
else
if (used[u] == 1)
return O
topsort.push_front (v)
used[v] = 2
}

Kpacum Bepuuaer B 3 migera: 0 - erné He 3axoqunn (Gerbiii), 1 - yzKe 3aIii, HO He BB (Cephiii),
2 - yke oM (4épHbiii). Torma TOHITHO, YTO MUKJ €CTh, €CJIM Mbl U3 CepOil BEPITHHBI MOTAIN B
cepyio. dfs Bo3ppammaer bool - mpasma i, 94T0 rpad anUuKJIHIEH.

33.5. TonosiornyecKasi COpPTUPOBKA U JUHAMIUYeCKOe IPOorpaMMUpPOBaHIE

[IycTh Mbl XO0THUM HaliTh KojudecTBO nyTeit u3 start B end. [lonarno, 4To 3a/1aya pemiaercsd au-
HAMUYECKHUM MPOrpaMMHUPOBaHUeM. TakKe MOHITHO, YTO MPABUILHBIN MOPSII0K 00X01a COCTOSHUIL -
9TO TOMOJIOTHIECKAsI COPTUPOBKA (MK €€ PA3BEPHYTHIN MOPSIJIOK ).

33.5.1. DP

cnt [end] = 1;
for (int i =

{

n; i >= 1; i--)

v = topsort[il];
for (int u : el[v])
cnt[v] += cnt[u]

33.5.2. Lazy DP

£fill(cnt, cnt + n, -1);
cnt [end] = 1;
int dfs(int v)
{
if (cnt[v] !'= -1)
return cnt[v];
cnt [u] = 0;
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for (int u : el[v])
cnt[v] += dfs(u)
return cntl[v];

}

33.6. CunbHagd CBA3HOCTD

OpuenTupoBanHblii rpad CHIBHO CBSI3€H, €CJIM MeKy JII00oii (ymopsigoueHHoii) napoii BepIiuH
€CTh IIYTh.

33.7. AaroputrM HaxX0XK/1eHUs KOMIIOHEHT CUJIbHOI CBA3HOCTH

1. 3amycTuM MOUCK TOMOJOTHYECKON COPTHUPOBKH, HTHOPUPYS TO, ITO €€ MOXKET U He CYIIECTBO-
BaTh.

2. Bynem kpacuthb 110 oopaTnbiM pépbam. To ecTh OepéM HEeIOKpAaIIeHHYIO BEPIINHY, KPACUM €€ U
BCE, YTO U3 HEE JIOCTHZKHMO 10 OOpATHBIM pEOpaM (B HOBBIH 1BET).

void dfs(int v)
{
clr[v] = color;
for (int u : eelv])
if ('clrl[ul)
dfs(u);
}
color = 0;
for (int i = 1; 1 <= n; i++)
if ('clrl[topsort[ill)
{
color++;
dfs(topsort[i]);
}

33.8. Ilouemy paboraer?

JapaiiTe mojaepKuBaTh KHBAPUAHT:

a: BCe BEPIHHBI V, JJIsi KOTOPBIX scc(v) = sce(j) (j < 1) yzKe HOKpAIeHbl 10 TOrO, KAK Mbl HAYAJIH
paboTaThb ¢ i-TO# BEPIIUHON B MOPSJIKE TOMOJOITIECKONU COPTUPOBKH.

b: Hukakast u: V j < i: sce(u) != sce(j) ne mokpariena.

CMOTpHM Ha i-TYI0 BEPUIHHY B MOPSIKE TOMOJIOTHYECKOH COPTUPOBKY (/7151 y106CTBA HASBIBATH €€
Toxe Oyziem i). Eciu i He nokpaiena, 1o Best sce(i) gocrmkuma u3 i mo o6parubiM pébpam. [Tokpacum
scc(i). TTokazkem, 9T0 JIMIIHUE BEPHIMHBL HE Oy IyT IIOKPAIICHBI.

Ot nporusHOTO: 3 X, MOKpalenHas u3 i, Ho sce(x) = sce(i).

Cwmorpum wa scc(x). [Tycrb y - BepimuHa, B KOTOPYIO MbI 3anin nepseiM dfs’om (Tem, KoTOpHIif
cobupaer topsort) panbiiie Bcero. Ilokazkem, 9to y B topsort panbime, yem scc(i). Bouum mepssiM
dfs’om B y. sce(i) tubo nenukom géphast, 1u60 meukoM Oesast. Ecou sce(i) neaunkom cepast, To u3 scc(i)
eCTh Ty Th B Y, KOTOPast HAXOIUTCA B SCC(X), U3 KOTOPOit ecTh myTh B scc(i). [Toydaem mpoTuBopeune.
YacTuuHble HBETa TOKE HEBO3MOKHBI, T.K. KOMIIOHEHTHI Mbl KPACUM CPa3y H IETUKOM.

[Tycrh sce(i) Bes uépHas =™ B TONOJIOTHYECKOIT COPTUPOBKE y Oy/I€T PAHbBIIE = > Y YK€ MOCEIEH,
a 3HAYUT, scc(y) yzKe MOKpAIleHa.

I[Iycts sce(i) Best Gemast => ecTh nyTh U3 y B scc(i), mosromy sce(i) cramer 4épHON paHbIme, deM
Yy => B TOHNOJIOTHYECKOH COPTHPOBKE Y MIET paHbIne, dem Scc(i).
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B sr06oMm citydae mMeeM MpOTHBOpeYHe (¢ MHBAPDHAHTOM M B IEJIOM C CHTYaIHeil, KOTOPYIO MbI
paccMaTpHBAEM ).
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Ditneponbie Tpadbl, UKL ¥ COMYTCTBYONINAE AJITOPUTMbI

Jleknug mo ajgroputMam #34

DiistepoBbie rpadbl, MIUKJILI U COMYTCTBYIONIE aJTOPUTMbI

13 HOs10pst

Def 1: DitepoB muk/1 - muk/a 1o BceM péopam rpadpa Def 2: DitnepoB nyrTh - myTh 10 BeeM

pébpam rpada
Kpumepuu naruvwus streposa nymau:
S, t - BEpIIUHBI OPHEHTHPOBAHHOIO rpada
1)degm(t) - degout (t) =1
degout(t) — degin(s) = 1

Va(x - octapmmecs: Bepiunbl rpada) degou:(x) — degi,(z) =0

2)CeszuocThb Tpada

Jlok-60: 1) U3 s B t MOKHO TIpOiTH. (€C/IM MBI BOIIUIA B KAKYTO-TO BEDIINHY, TO U3 HEE Mbl MOKEM
BBITH, BO3MOZKHO 33 UCKJIOYEHHEM CJIydas BEPIINHBI t, HO OECKOHEYHOTO TYTH OBITH HE MOZKET, 3HAYHT

OH 3aKOHYUTCS B 1)

2)Bo3bMeM MaKCHMAJIbHBIH MYTh U CKazkeM, 4TO OH 3i1epoB(OT MPOTHBHOIO, MYCTh HET, TOT/IA
T.K. Tpad> CBA3EH, TO B OJHY M3 BEPIIMH HE B3ATHIX B IIyTh €CTh BXOJAIINE M CXOAAIIE pEGpa, HO
Terepb T.K. y BCeX BepuiuH degyy () — degy,(r) = 0, 10 ujsi 110 HeB3sThIM PEOPAM Mbl BEPHEMCsI B

JAHHYIO BEPIIHHY, & 3HAYAT CMOYKEM YBEJHIHTD Ty Th).
Aneopumm noucka:

struct Edge{
int to, id;
}
deque<int> pathj;
vector <Edge> gl[N];
dfs(v){
while(gl[v].size() > 0){
Edge e = glv].back();
glv].pop_back;
dfs(e.to);
path.push_front (e.id);
}
}
Ymo orce desamn, ecau 2pad HEOPUEHMUPOBAHHDLT?
1)3ameTuM, 94TO OH OCTAHETCS CBSI3HBIM.
2) 3amoMuHaeM HOMepa OMHAKOBBIX PEGep.
3)IIpu HEOOXOAUMOCTH JIEHHBO YIAJISIEM.
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34.1. 3anaua(De Brujiu sequence):

Nmeercs AsdpaBuT, BCe C0Ba KOTOPOTO CPOKH JauHbl n, coctosiue u3 0 u 1. CymecrtByer jn
CTPOKA CO/IEpIKAIAsi BCE BO3MOXKHBIE CJIOBA KAK MOICTPOKH.

Pewenue:

Otser: ComepzKur.

[Houemy:

Jlokasameavemso. 1)Pacemorpum rpad, B KOTOPOM BEPIIUHBI - 9TO BCE BO3MOYKHbIE TIOICTPOKH JIJTH-
HBI n— 1, IyCTh U3 BEPUIUHBI B BEPIIHHY €CTh PEOPO, €CJIH O/IHA SBJIsIeTCs MPeUKCOM CJI0Ba, & Apyrast
cyddpukcom.

2)3amernm, 9TO U3 KarKI0il BEPIIHHBI BHIXOIUT 2 pebpa U B KazxkAyIo BXxoauT. Kpome Toro rpad
CBS3€H, T.K. MOKHO 33 N JefiCTBUIl BCeraa MpeBpaTUTh OJHY CTPOKY B JAPYLYIO.

3)HAYUT y HAC CYIIECTBYET 3UIepoB MyTh 1m0 BeeM pébpam(CunraeM HAYAIOM KOHIIOM OJHY U TY
JKe BepPIIUHY, MOYKHO Pa3/IeTUTh MBICJEHHO HA 2, U3 OJIHOH OyIeT ucXo uTh 2 pebpa B BXOJIUTH OJIHO,
a BO BTOPYIO OyJeT BXOIUThL ocTapmieecs). B rpade 27! pepmmub u3 Kaxkmoit BHIXOIUT 2 pebpa.

4)Bcero pébep 2". Bamernm, 9T0 Kazkaoe pebpo 33/[aeT CTPOKY JUIMHBL L. DTO 3HAYNT, YTO HAIIK
pédpa 310 posHO 2" cjioB andaBuTa T.K. npedukc u cydduke B mape yHUKAJIbHDI.

Hmozo: Panucas HavaJbHYIO BEPIIUHY W MPH MEPEXOJe 3aMUChIBas COOTBETCTBYIOIIUIT HOBYIO
upy MBI TTOJYYUM HAILY CTPOKY JAauHbl (1 — 1) 4 27,

|
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Jleknug no ajaropurmam #35

KoMmmnioneHTbI ABYCBA3HOCTHA
13 HOs10OPst

35.1. Ilouck KOMIOHEHT pebepHOIl TBYCBA3HOCTMU.

Def 35.1.1. Pebepnas dsyceasznocmy:
Jlee sepuunvl Ha3vl6a10mces pebepro 08YC8AIHBIMU, ECAU MEHCIY HUMU CYUuLecEyIom dea pebepro
HENepeceraouuTcs nyYmu

& OHU AEIHCAM HA PEOEPHO NPOCTNOM UUKAE.

& npu ydaaenuy 106020 pebpa oy ocmarymcea 8 00HOT KOMNOHEHME CEAZHOCTMAL.

Teopema 35.1.2. Pebepras 08Yyc6a3HOCML - OMHOWEHUE IKEUBAAEHMHOCTAL.

e J/loka3zaTe/ibCTBO:

PednekcuBHOCTD U CHMMETPHIHOCTH OYEBUIHBI.

JloKazkeM TpaH3UTUBHOCTD.
(u,v), (v,w) - pebGepHO JBYCBSI3HBIL.

Hokazarb: (u,w) - pebepHO JBYCBSI3HBIL.

13 w B v ecTh 1Ba pebepHO Hemepecekaromuxcs myTu, Py u Py coorBercTBenno. Obozunatunm 3a C'
o0beIMHEHNE JIBYX peOepHO HelepeceKaomuxcs myTeit u3 u B v. C' 6ymer pebepHO-IIPOCTHIM THKIOM.
[IycTh BepIuHb @ 1 b - IepBBIE CO CTOPOHBI W BEPIIHHBI Ha epecedernn Pp u Py ¢ C' cOOTBETCTBEHHO.
PaccmoTpuM nBa nytd w —a — u 4 w — b — u, TaKue, ITO YaCTH ¢ — U ¥ b — u HAYT B pa3HbIe CTOPOHBI
no nukiry C. Hanmawme aByx Takmx pebGEpHO HEIEPECEKAIONUXCs IyTell OYeBHIHO, a 3HAYUT U U W
pebepHO JBYCBSI3HBI.

Ve = (u,v) : € - MOCT < u W ¥ B Pa3HBIX KOMIIOHEHTaX PeOEPHOI JBYCBSI3HOCTH.

e AnropurMm 1:

Hamnu MocTsl, yaaJ uan MOcThl. KOMIIOHEHTBI CBA3HOCTH B UTONOBOM I'pade - 3TO KOMIIOHEHTHI
pebepHOoii IBYCBSI3HOCTH B UCXOIHOM.
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I(OMHOHGHTBIABYCBHSHOCTH

OV +E)

e OHONMPOXOAHBII AJTOPUTM CO CTEKOM:

AsropuT™m cTpouTcs Ha Ha3e AJITOPUTMA MTOUCKA MOCTOB. Bo-TIepBhIX, C03/1a, 1M TJI00aJIBHBI CTEK,
U TpH cIycke 1o aepeBy dfs mobaBisieM B Hero BepImmHBI. Bo-BTOPBIX, KOT/Ia BO3BPAIaeMCs HA3a/I,
IpoBepsieM He aBJIgeTcs Jiu pedbpo MocToM. Ecin 310 Tak, TO Bee BEPITHHBI, HAXOAAIIAECS 10 TEKYIIEro
OTOMKA B CTEKe, MPUHA/IEKAT OJHON KOMIIOHEHTE. 3aMEeTUM, UTO 9Ta KOMIIOHEHTa OyIeT BUCITIei
BEPIIUHON B JepeBe KOHIEHCAINH, TaK Kak 00xoamin rpad MOuCKOM B TiyOWHY. 3HAYHUT, €€ MOXKHO
BBIKHHYTH U TPOJIOJIZKHUTD TOUCK B OcTaBieMmcs rpade. elicTBys 10 aHAJOTUM B MOy YUBITEMCS
rpade, HaliIeM OCTaBIIHECS KOMIIOHEHTHI peOepHON TBYCBI3HOCTH.

Kox:
void newComp(size_t size = 0) {
comp.emplace_back(); // create new empty component
while (st.size() > size) {
comp .back () . push_back (st.back());
st.pop_back () ;
}
}
void find_bridges(int v, int parentEdge
if (uplv] !'= 0) { // visited
return;
}
up[v] = tin[v] = ++timer;
st.push_back(v); // st - stack
for (edge e glvl) A
if (e.id == parentEdge) {
continue;
}
int u = e.to;
if (tin[u] == 0) {
int size = st.size();
find_bridges (u, e.id);
if (upl[ul > tin[v]) {
newComp (size) ;
}
}
upl[v] = minCuplv], uplul);
}
}
int main() {
fori (m) {
if (uplil == 0) {
find_bridges (i);
newComp () ; // dfs root component
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42 }
43 }
44
45 }
OV +E)

35.2. Ilouck KOMIOHEHT BEPHIMHHOMN ABYCBA3HOCTU.

Def 35.2.1. Bepwunnas d8yceasnocmo:
ea pebpa 2paa Ha3vi6a10MCA BEPULUHHO O8YCBAZHBIMU, €CAU MEHCIY HUMY cyuecmeyem d6a
[eepuiuniio] nenepecexarouuzes nymu

& OHU AEHCAM 8 0OHOM NPOCTNOM UUKAE.

< npu ydasenun A1000T 6EPUIUHBL OHU OCTNAHYMCA 6 00HOT KOMNOHEHINE C8AZHOCTIU.

[Iyctb e = (u,v), g = (v,w) // ABa cMexKHBIX pebpa
e W g B Pa3HBIX KOMIOHEHTAX BEPIIHHHON IBYCBSI3HOCTH <> HeT myTH (u — w) 6e3 v.

JokazaTeabcTBo:

=
(0ueBHIHO)

=
OT OpoTUBHOTO: IIyCTh OHU B OJHON KOMIIOHEHTE => J /IBa BEPIIHHHO-HENEPECEKAIOIITINXCA Ty TH
= OJWH HE COAEPIKHT V.

3aMmeuaHUe:
€ U ¢ B pa3HBIX KOMIIOHEHTaX = VU - TOYKA COUJICHEHHS.
¥ - TOYKA COUJIEHEHUS 7 € U ¢ B PA3HBIX KOMIIOHEHTAX.

Teopema 35.2.2. Bepwurtas 08Ycea3H0CMb - OMHOWEHUE IKEUBAAEHMHOCTNL.

e J/loka3aTe/IbCTBO:

Pe(bﬂeKCI/IBHOCTb n CUMMETPHUYIHOCTL OYEeBUIHLBI. ,Z[OK&S&TGJH)CTBO TPAaH3UTUBHOCTH aHaJIOTHYIHO
€ OTHOIIIEHUEM pebepHoil JBycBA3HOCTH. VneM /10 mepBoro nepecevenus ¢ MUKJIOM, IIOCAe Yero UaeM
110 NUKJIY B pa3HbI€ CTOPOHLI.

e Anropurm moucka 3a O(V + E):

Anropur™m cTpouTcs Ha 06a3e aJroOpUTMa MOKCKA TOYEK COUIEeHeHWs. Bo-IepBBIX, MepBBIi pa3
poxo/id 10 pedbpy, Oy/ileM KJIacTh €ro Ha CTeK. BO-BTOPBIX, ecjii BUJIUM, YTO CIyCTUBIIKUCH 110 PeOpy
HeJIb3sI MOJHATHCS BBIIE TEKYIell BepIuHBI 110 JgepeBy dfs(3T0 roBOpuUT, 4TO BEPITHHA - TOUKA COUJIE-
HEHWsI), TO MTOMeYaeM BCe, YTO JIeKUT Ha CTeKe [0 9TOro pebpa Kak HOBYIO KOMIOHeHTY. OTaenbHO,
KaK U B aJrOPUTMe IOUCKA TOYEK COUJICHEHHSsI, CTOUT PacCMOTpeTh ciaydail Kopus dfs.

Kox:

void newComp (size_t size = 0) {
while (st.size() > size) {
color[st.back()] = compCnt;
st.pop_back () ;

=~ W N
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}
++compCnt ;
}
void find_points(int v, bool root = true) {
if (uplv] != 0) {
return;
}
up[v] = tin[v] = ++timer;
int cnt = 0;
for (edge e : glvl]) {
if (usedl[e.id]) {
continue;
}
int u = e.to;
st.push_back(e.id); // st - stack
used[e.id] = true;
if (tin[u] == 0) {
++cnt;
size_t size = st.size() - 1; // minus this edge
find_points(u, false);
if (up[u]l >= tin[v] && (!root || cnt >= 2)) {
newComp (size) ;
}
up[v] = min(up(lv], uplul);
} else {
uplv] = min(uplv], tin([ul);
}
}
if (root && !'glv].empty()) {
newComp () ;
}
}

int main() {
foma (@) 4
find_points(i);
}

35.3. IIpo 2-sat:

Ectb dpopmyna B 2-KHO.
XOTUM HAUTH BBIIOJHSIONIH HAOOP MJIKM CKa3aTh, 9TO (pOpPMYJIa IPOTHBOPEUIUBA.
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[Tocrpoum rpad. Bepiunbr rpada - jurepasst (r win -z, rie & - nepeMeHHast).
g kaxkaoro nusbionkra (a V b) nobasum B rpad pebpa:

a—b

b—a

@opmyJia TPOTUBOPEUNBA <> Jr: T U —x JeXKaT B OJHOM KOMIOHEHTE CUILHOU CBA3HOCTH.

e 3ameuanue 1:

B rakowm rpade eciu ecth myTh U3 Jaurepasia la B aurepal [b, To ecTb u nyTh u3 —lb B —la.

e 3ameuanue 2:

[Io cyTu, MBI 3aMEHWJIM OJIMH TU3IBIOHKT HA JBe UMILTHKAIUU. Takum oOpaszoM, HabOp 3HAYCHHUIHA
IePEMEHHBIX BBIOJIHAIONINN <> HeT pedep U3 BHIINOJHEHHBIX JUTEPAJIOB B HEBBIIIOJTHEHHBIE,

e Pemienmne:

Cremraem xougercaruio rpada.

[TpoBepum bopmysy Ha BBIIOTHUMOCTL(YTO VZ: & U = B Pa3HBIX KOMIOHEHTAX CHUJIBHON CBsI3-
HOCTH).

OTToncopTum.

[ToiieM 0 KOMIIOHEHTaM B OOPATHOM TOICOPTY HOPSIKE.

Bepem st060it smmrepas (o). Xorum ero BbogHUTH(ecan (2 = &, TO yCTAaHOBHTb T = 1, uHade
(lx = —z), ycranosuth x = 0). Ecin HeT npoTuBopednii, BHIIIOIHIEM BCe JIHTEPATbl 9TOH KOMITOHEH-
THhI. I/IHaqe - He TpOoraeM 3Ty KOMIIOHEHTY W UIAEM AdaJIbIIIC.

e YTBepxKaeuue 1:

Wi MBI ¢MOKEM BBIIIOJIHUTH BCE JINTepaJibl O,ZLHOfI KOMIIOHEHTbBI, UJIU HU O,ZLHOI‘O(,ILJIH BCeX IIepe-
MEHHBIX 3T0Of KOMIIOHEHTHI V2Ke OBLIN yCTaHOBJIEHDBI IIPOTUBOIIOJIOZKHDBIC 3Ha‘IeHI/IH).

Jloka3zaresbcTBO:
Va,y : lx u ly B ogHoit KommmoHenTe = —ly n —lx TOXKe JieXKaT B OJIHOH KOMIIOHEHTE.

e YTBepKaeHUE 2:

Ecau MBI He CMOIVIE BBIIOJHATH KOMIIOHEHTY A, TO MBI He CMOXKEM BBIIIOJTHUTDH M HHU OJHY KOM-
IIOHEHTY, U3 KOTOPOil ecTh pebpa B A.

JokazaTeabcTBOo:

[penosiozkum obparnoe. PaccMoTpum 11epBblii ¢iiyvail, Korja Bce ILJ10XO0.

Vixr € A 3naem, uTo —lx BCTpedascs paHee. SHAYUT, Ajs J00oro pebpa ly — lr : —ly Toxe
BcTpeuasicsa panee. [Tpuuem cymectByer pebpo —lx — —ly u —lx ObL1 Beimosnen. Torga u —ly ObLI
BBINIOJTHEH, T.K. MBI PACCMaTpPUBaeM TEePBBIil IJIOX0H MOMEHT. = [y He Oy/eT BBIIOJTHEH.

[Honyunnu, aro jgjis Jjoboro pebpa lx — [y ecau BBINOJIHEH JIUTepas [x, TO BBINOJHEH U [y =
MOJIYYeHHBI HAOOD 3HAYEHUl IepeMEHHbBIX BBITOIHSIONINN.
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Jleknug no ajgropurmam #36

BFS, Dijkstra
20 Hos1Opst

36.1. Peknamuaga maysa A 9T0 MBI 3HAEM O TIOUCKE KPATIANIINX MMy Tei?!

1. Hesspemennniit rpadp = O(V + E) — BFS
2. B3Bemrennnrit

a. w; > 0 — Heiikcrpa (Dijkstra):

1L E?+V

2. ElogV (heap)

3. E+ VlogV (Fib. heap)

4. (E+VlogC) OR (E +V/logC) (w; € {1...C}, radix heap)
b. w; € Z+ Heoprpad = O(V + E) — Thorup (2002)
c. w; € Z+ Oprpad = O(E + VloglogV)

d. Her orp. mukisos - anropurm Poppa-Bennvana (O(VE)) — amropurm Tombadepra (1993)
(O(EVV1og N))

36.2. BFS Umnier myTh OT 3a/aHHOMl BEPIIMHEl § JI0 BCEX OCTAJBHBIX Ha HEB3BEICHHOM

rpacde. Ha i-M 1mare paccMaTpuBafoTCsl BEPIINHBI MHOXKeCTBa A; - BEPIINHBI Ha PACCTOSHUH i OT S.
Peanuzanus:

1. Taxk genarth He HY»KHO

l|vector<vector<int>> a(n);
2|al[0].push_back(s), dls] = 0;

3/for (int i = 0; i < n; ++i) {

4 // Calc for ali + 1] using ali]
5%}

2. Ha ouepenn

6 |memset (d, -1, sizeof(d));

7| queue<int> q;

8| for (q.push(s), dls] = 0; !'q.empty(); ) {
9 int u = q.front(), q.popQ);

10 for (int v: edgesl[ul) {

11 if (dlv] == -1) {

12 dlv] = d[u] + 1;

13 q.push (v);

14 }

15 }

16 | }
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3. 3aMeTuM, 9TO Ha OCHOBE 3TOr0 MOXKHO ciaenarh Heno-DFS 6e3 pekypceun

17 |memset (d, -1, sizeof(d));

18 | stack<int> q;

19| for (q.push(s), d[s] = 0; !q.empty(O; ) {
20 int u = q.back(), q.pop();
21 for (int v: edgesl[ul) {

22 if (dlv] == -1) {

23 plvl = u;

24 dlv] = 0;

25 q.push (v);

26 }

27 }

28 | }

Time: O(V + E)

36.2.1. I'pad kpaTyaiimmx mmyTeit u3 s B ¢

1. BFS(s)
2. ocraBuM pebpa, takue uro djv] = dfu| + 1

3. DFS reversed(t);

36.2.2. Marpuna paccrosauii (d[s|[t]), TpaH3uTHBHOE 3aMbIKaHWE
(exists _pathls|[t]) Ouesngno: O(V - (V + E)) — BFS u3 KaKI0it BepITAHbI

. V-(V+E
JasaiiTe nuckarh 3aMbIKaHue 4yTh OBICTpEEe — 32 O(%), rJ1e W - MallnHHOE CJIOBO

1. bitset<N> exists_ path|N];
2. pemmMm JiJIs KOHJIEHCAIHH (KOTOPYIO MOCTPOuM, KoHedHo ke, 3a O(V + E))
3. MOJIyueH OpMEHTHPOBAHHBIN anukaudeckuii rpad, OygeM cunTarh MO HEMY MHHAMEKY: iS[u] =

U is[v]) Uu

uU—v

36.2.3. ®opa-benaman Vcnoprum BF'S Tak, uTo on npepparurcd B aaropurm Popaa-

Bemrnmana:

memset (d, -1, sizeof(d));

queue<int> q;

for (q.push(s), d[s] = 0; !q.empty(); ) {
int u = q.front(), q.pop();
for (int v: edges([u]) {

if (dfv] == -1 || dlv] > d[u]l + wlullv]) {
dlv] = d[ul + wlullv];
q.push(v);

}

}
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36.2.4. 0-1-BFS (w; € {0,1}) Cuauasia 06pabarbiBaeM HyJeBble pebpa, 3aTeM elu-

HUYHbIE, TO eCTh:

wlu][v] =0 — q.push_ front(v)

wlu][v] =1 — q.push_back(v)

O(V + FE), tak Kak Mbl J06aBuM He 0oJiee OJHOIO pa3a ¢ KazKI0i CTOPOHBI

36.2.5. 1-K-BFS (uw; € {1,... K})

1. Jlequm pebpo ajiuubl [ Ha yTh JJIHBL [ 9epe3 (DUKTUBHBIE BEPITUHBI U IIYCKAEeM 10 HUM OObIYHbII

BFS (O(V + KE))

2. K + 1 ouepeup. ITocnenoBarenbuno paccmarpusaem tytu Jjymmabl ot 0 go (V' — 1) K. [lycrs Mmb
ceffyac CMOTpHM Ha IMYTb JJIMHBI d, TOTJA HAIM OYepeu TMPEeJCTAB/ILAI0T cOOOil ouepean i
d,d+1,...,d+ K. Unem 1o pebpam BepiiuH, JIjis KOTOPHIX OTBET HE OoJbIe d, B oUepean Jjis
d ¥ 3aKHIbIBaEM IIOTOMKOB B o4depenu d + w , OOHOBJIsISI OTBET.

uU—v
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Jleknug no ajgropurmam #37
Agaropurm JeiikcTpbr, A*
20 cenTsiOpst

37.1. AnoHc

Asropurm JlefikeTphl UIeT pacCTOSHUS OT JAHHON BEPIIUHBI S 70 BCeX BepiinH B rpadax 0e3
orpunareabubx pebep. Hausnast peamusanus paboraer 3a O(|V|?), Ho eé ouenb npocTo yCKOpUTD,
HCTIOJIB3YsI U3BECTHBIE HAM CTPYKTYPHI JaHHBIX. B 001mem-To aaroputy JledKeTphl - 09eHb MOX0XK HA
U3BeCcTHBIE HaM bfs, HO BEPIIMHBI MPOCMATPUBAIOTCS CTOTO B MOPA/IKE PACCTOSHUS OT CTAPTOBOH, W
3aCYET ITOTO KaKAas BEPIIMHA ITPOCMATPUBAETCS POBHO OJUH Pa3.

4l TyT BCE pacuuchiBald MakKCUMaJbHO 110JpobHO. Ecjin KOMy-TO 3T0 HE HAJ0 - CMOTPUTE TOJIBKO
KOJ[, TAM €CTh TOSICHSIONNe KOMMeHTapun. Ecim KoMy-TO HaI0 eIré moApodHee - MyCTh 0OPATHTCS K
CUXHUATPY.

37.2. Anroputm eiikcTpbi, npeambyJia

e d[v] - MUHUMAJIbHOE HAfiIeHHOE PACCTOSIHUE OT CTAPTOBOIl BEPIIMHBI § JO BEPUIMHB v. V3Ha-
qasibHO noJaraeM d[v] = oo d[s| = 0. d[v] saBisiercss BepxXHEl ONEHKON HA PACCTOSIHUE, TO €CTh
d[v] HEKOTJa HE MeHbIe HCTHHHOIO PACCTOsHUA. B KoHIle paboThl asroputMma Bee d[v] paBHBI
MCTUHHBIM DACCTOSTHUAM.

e "O6paborarh BepuiuHy ' 3HAYAT JJIsI BCEX BEPIIMH v, CMEXKHBIX C U MOJOXKHUTH d[v] =
min(d[v], d[u] +w), rie w - Bec pebpa u3 u B v (relax mo Becem coceam). Mbl 6yaem obpaba-
THIBATh BEPIINHY TOJHLKO €CJIM PACCTOSIHUE 0 He€ y»Ke MOCYUTAHO OKOHYATEIbHO,
T.€. COOTBETCTBYET UCTUHHOMY.

e used[v] - dar, KOTOPHIi TOBOPUT, UTO BEPIMUHA v yKe 0OpaboTaHa.

e c[v] - MHOXKeTBO pebep, NCXOAANINX W3 BepITHHBL v. e[v][i].to - KoHel i-ro pebpa, e[v][i].weight
- Bec 1-10 pebpa.

e A - MHOXKeCTBO 0OpabOTAHHBIX BEPIIHH.

[Tpeapiayinme aaropuT™Mbl TOMCKA KpaTYalux myTeii 00pabaThiBa il KaXK Iyl BEPIIMHY MHOIO pa3
u paborasu B xyaiem caydae O(V E). Anropury JleitkcTsl 06pabaThiBaeT KaxkK Iy BEPIIHHY TOJIHKO
OJINH pa3 ¥ IIOTOMY paboTaeT 3aMeTHO ObICTpee.

U nest asropuTMa OCHOBAHA HA CJIEIYIONIEM YTBEDZKICHUH:

Jlemma: [lycts v ¢ A, d[u] MmuruManbHO cpemn Beex emié He oOpaboTaHHBIX BepmuH. Torma
paccrosiune d[u] yzke MOCYUTAHO OKOHYATEJBHO, TO €CTh COOTBETCTBYET HCTHHHOMY PACCTOSHHUIO.

B camowm gnejie, paccMoTpum Jii060# myTh s ~» u. [Iycth v - nepBas He obOpaboTanHas BEpPITHHA HA
9TOM IYTH, W - HOCJe/IHsdss 00paboTaHHas BEPIINHA Ha ITOM IIyTH, a [ - JjIMHA [y TH.

1. v = u. Tak kak w yxke obpaborana, | > d[w| + efw — v] > d[u].

2. v # u. Ham myrb cocrouT m3 ABYX 9Wacreii: s ~» v u v ~> u. JIiuHa NepBoil 9acTh myTH He
MeHbIe d[u] - TaK KaK B NPOTHBHOM caydae d[v] < d[u], 9T0 HPOTHBOPEYUT MHHEMATLHOCTH
d[u]. Jnuua BTOPOil YacTH Iy TH HEOTPHUIATEIBHA, TAK KAK Bee pefpa B rpade HeOTPUIIATEIBHEL.
3HauUT cymMMa JITHH JIBYX dacTeil He MeHbine d|u].
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[Monyuaaerca gymaa 106010 MyTH He MeHbIle d[u]. DT0, KOHEYHO, 3HAYNUT, 9TO d[u] MOCIUTAHO
OKOHYATEJIHHO.

37.3. Anroputm JleiikcTpbl, aJITOPUTM

U3 npenpiayimedi seMMBbl cpa3y BUJIHO aJlOPUTM: Ha KayKJIOM Iare OepéM emné He oOpaboTaHHYIO
BEPIIHHY ¥ ¢ MEHEMAJIbHBIM d[u] u obpabarsBaem. Bor mcesnokoxn:

u = s; //W“3HAYaNBHO y HAC OfHA BEpUHHA C IPABMILHO IOCYUTAHHHM PACCTOSHUEM - S
while (u != NIL){
for(edge in elul) //obpabaTrBaeM BepuMHy U
relax(edge.to, d[u]l + edge.weight);

u = find_min(); //HaxomuM HOBYKO BEPWMHY C MMHUMAaJIbHHM d

Bpewmst pa6orsr aaroputma pasuo O(|V] - find_min + |E| - relax). eiictBurenabno, mukisl for
mepebupaloT Bee ucxozsmue pebpa Beex BeprruH, ux O(F). A mepe KaxKIbIM BBI3OBOM find min
KOJIIYeCTBO 00pabOTaHHBIX BEPIHH yBeauduBaercs Ha ofuH, nosromy scero O(|V]) find _min.

37.4. relax n find min
Bpems paboThl aJITOPUTMBI 3aBUCHT OT 3TUX JABYX (DPYHKIUN, ITOCMOTPUM, 9TO MBI MOYKEM C HUMH

clenaath. relax - 31o, oueBunno, DecreaseKey, a find_min - ExtractMin (Ha MHOXKeCTBaX €IIE He
06paboTaAHHBIX BEPIIUH).

1. HemieBo, cepauTo. Hukakux crpykTyp, relar mpocto odHOBIsAEM d, BEPIIMHY ¢ MUHUMAJIb-
HBIM d HAXOJIUM MPOCTBIM ITHKJIOM:

void relax(int v, int val){
dlv] = min(d[v], wval);
}

int find_min(){
int res = 0; // O-u Bepumua - ¢ukTuBHasg, d[0] - GeCkKOHEUHOCTH
for(int i = 1; i <= n; i++)
if (tused[i] && d[i] < d[res]) res = i;
used[res] = true;

return res;

[Lnochl: HUUero caoxkuoro, ecan |E| ~ |V]?) 1o BpeMs paboThl ONTHMAIBHO

Mumnycobi: ecjin pebep He CJAUIIKOM MHOI'O, TO, OYE€BU/HO, ITO CJAUIIKOM MeJJICHHO
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2. IBomunaga Kyd4a Tyr nekoropnie cioxknoctu ¢ DecreaseK ey. Hemuoro mokosiioBas HaJi JBO-
UYHON Ky4eil, MOYKHO TOJIYYIUTH JOCTYI K IPOU3BOJILHLIM 3/IEMEHTaM, U TOTIa OyJIeT J0CTaTO4-
HO MPOCTO M3MEHHUTDH HYKHBII 3JeMeHT U MpocedTh ero BBepX. Ho, caesaB Tak, Mbl JUIIHMCH
OTPOMHOTO ILJIIOCA JIBONYHOM Ky4u: oHa ecThb B STL.

[Tosromy Gyzem jgenarb mo jgpyromy. B Kyde Oymem xpauuth napbl (u,d[u]). Bmecto Toro,
9TOOBI OOHOBJISATH JIEMEHT, OyaeM J00aBadTh HOBbIH. To ecThb relar BHIIVISIAT Tak:

void relax(int u, int val){
Insert( {u, val} );
}

A find _min BHIIISIAT Tak:

while (used[u]) u = ExtractMin()->first;
used[u] = true;

B kyue Teneps 6yayT HaX0AUTHCs auinnue saementol. Ho ux me 6oee wem O(|E|), motomy 4ro
obree Kom4aecBo Bbi30BoB relax pasuo O(|E|). HeiicteurenbHo, KazxKas BepiinHa u obpaba-
TBIBAETCS OJIMH Pa3 M MOPOkKaaeT degree(u) BHI30OBOB Telat.

|E] = O(|]V]?), nosromy Bee 3ampocsl K Ky4de 6yayT no npexkuemy einoanaathes 3a O(log |V]).
Beero 3ampocos Gyzer O(|E|). Ilostomy obmee Bpems paborst 6ymer O(|E|log|V])
HJ_IIOCBI: HE HaJO INHuCaThb HAUYEro JIMIMHEero, OTHOCUTE/JIbHO XOPpOoIIee BpeMdd

Munycol: BpeMs MOXKHO €I¢ Y1y YITUTh

3. k-Heap

BecbMa J0CTOHHBIH BAPUAHT B CIy4Yae KPUTHIHOCTH BpeMeHu. Bcé To »Ke, YTO U B NP/ Iy IIeM
nyakTe. Ho pa3 yxx Bcé paBHo B STL Her, MoKHO He KyJpHWYATH U jeaaTb DecreaseKey
YeCTHO, MOJIJIEPIKUBAS JTOCTYII K TPO3BOJIBHBIM SJ€MEHTAM.

DecreaseKey - peanusyercsa depe3 SiftUp, ExtractMin - depe3 SiftDown. Tax kak
DecreaseKey y nac O(|E|) mryk, a ExtractMin - O(|V]), To HaM Kak pa3 BBITOJIHO, €UTO-
o1 SiftUp paboran 6pictpo, a StftDown moxuo HemuOoro 3amemintb. [losromy k — Heap
BBIUTPBIBAET TIepe/| OOBLIYHON JIBOMYHON Kydeid.

[Limocer: xopomiee Bpems na npakruke: O(|E|log, |[V|+ k|V|log, |V])
Mumnycsl: Het B STL, TeopeTndecku MOXKHO eIllé ObIicTpee

4. @dubonavumeBa kyda llcnosmn3yas DubonaudmeBy Kydy, MOXKHO JOOUTHCH ACUMITOTHKHU
O(|V]log|V| + |E|). 9T0 B HEKOTOPOM CMBICJIE TPEe JJist anropurMa JIefKcTphL.

Mpbr HE MOXKEM He TTPOCMOTPETH BCceX pedep, MO3TOMY BpeMs pabOThl HE MOYKET OBbITh MEHbIIe
O(|E|). Kpome Toro, B anropurme JlefiKcTpbl Mbl 06pabaThlBaeM BEPINUHBI B MOPSIKE COPTH-
POBKH 110 PACCTOsHHIO. B obrmem caydae orcopruposath 6eicrpee, e 3a O(|V|log |V|) mbr ne
MOZKEM.
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To ecTh, HE MOJIB3YSICh HUKAKON JOMOJHITENbHON nHopManueil (Hanpumep, 410 Beca pebep -
nesbie uncgaa or 1 o C), HEBO3MOKHO Peayn30BaTh aaroput™ JIefKcTphl ObicTpee.

ILirocel: onTruMaJIbHad aCUMIITOTHKA,

MI/IHYCbIZ BC€ MbI 3Ha€M, HAaCKOJBKO Ha CaMOM JeJie 6bICTpI)I OubdoHaIIneBEI Ky4nu...

37.5. A*, npeambyna

Momudunupyem anropurm IefiKeTpsl, 4T00bI OH GBICTPO PaGOTAT HA PEATBHBIX (CIyYIaliHbIX, €
HEKOTOPBIMU JIONOJIHATEIbHBIMI cBoficTBaMu) Tpadax. HacTo HaM Hy?KHO HARTH PACCTOSTHHE TOJTHKO
MeXKJY ABYMS BEPITUHAMM, a HE OT OJHOI 0 BCEX OCTAJbHBIX.

B sTOM ciiydae MOXKHO CIeIaTh TaK, ITO aArOPUTM OyaeT He pAaBHOMEPHO HAXOIUTHh PACCTOSHUS
JI0 BCEX BEPIIMH BOKPYT CTAPTOBOHM, a KaK OBl IBUIAThCSI B CTOPOHY HYXKHON BEPIIMHBI, HE YXOIS
JIa1eKo B ¢cTOpoHy. Torma Mbl CMOXKeM HAWTH HYKHOE PACCTOSHEE PAHbIIIE.

J1s1 3T0TO HAM MOHAMO0UTCsT (PYHKIHS f - OIEHKA PACCTOSHUS 0 KOHEIHOH BEPIIIHBI.

To ecTh MyCTh MbI HINEM KPATIAfImil MyTh OT BEPITHHBI S 10 BePITHHBI t. d(u,v) - paccTosHue
Mezk ity BepummHamu v 1 v Torga f(v) - onerka Ha d(v, s), KOTOpas 061a1aeT CJIeIYOIUMI CBOHCTBA-
MH:

1. Heorpumnareapuocts f(v) > 0
2. Omenka cuusy f(v) < d(v,t)

3. HepaBeHcTBO TpeyrosbHuKa Va, b, ceszanubix pedpom f(b) < f(a) + w, tae w - Bec pedpa.

Oyuknug [ nombupaercs, UCXOAd U3 3aJa4uu. Ecan rpad pacrnosoxkeH B TPOCTPAHCTBE WJIH HA
WI0CKOCTH (HAIpUMeED, TOPOJIA U JIOPOTH ), TO TaM CYIIECTBYET ecTecTBeHHas DYHKIUs f - 9BKIHIOBO
paccrosinue. JIerko npoBepuTh, 4TO BCE TPHU CBOMCTBA B 3TOM CJIy4ae BBINOJIHAIOTC. TOrma ajiropurm
JlefikcTpbl OyAeT NhITATHCA MPOJBUTATHCSI UMEHHO 110 HAITPABIECHUIO K HYYKHOHN TOYKe.

37.6. A*, agropurm

A* spenaer B 061EM-TO TO K€, 4TO M AJropuT™M JIeHKCTPBI, HO PACCMATPUBAET BEDIIMHbI HE B
mopsaake d, a B mopsiake d+ f. B ocraibHOM BCE OymeT TpOMCXOAUTH TOTHO Tak zKe. Bee obo3HaueHns
O3HAYAIOT TO K€, YTO U PaHbIIIE.

Jlemma: Ilycrs u ¢ A, d[u]+ f[u] Munuvaabao cpen Beex enré ne 06paboTaHHBIX BeprinH. Toraa
paccrosiaue d[u] yzke HOCYUTAHO OKOHUYATENBHO.

Jok-Bo: PaccMoTpuM TPOU3BOJIBHBIN TIYTh § ~» w. B 00IIeM caydae myTh MOXKET 3aXOJuTh B A
¥ BBIXOJUTH OTTYJA HECKOJIbKO pa3. Ho Tax kak 0 o6oit 00paboTaHHONl BEPIIHHBL W CYIIECTBYET
KPATIARIIHH [y Th § ~» W TOJBKO 110 00PAGOTAHHBIM BEPITHHAM, Mbl MOYKEM CHYHTATh, 9TO IyTh § ~> 1U
HUKOT/Ia He Bo3Bparaercd B A (Hama mespb ¢eJaTh IyTh KaK MOKHO KOPOde).

I[IycTh vy - mepBast HeobpaboTanHasi BEPITHHA HA [YTH, Uz - BTOPAs, Uy - HPEIHOCTCIHSS. W; - BEC
pebpa MexKIy v; U U1 (CIUTAEM, UTO Vjy1 = U).

1. ITo HepaBeHCTBY TpeyroabHUKa I f:
floe] < flu] +wy,
flok—1] < flok] + wr—1 < flu] + w1 + wg

f[Ul] Sf[u}—l—wo—l—wl—o—wk
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2. Mur Boibpanu u Tax, aro dfu] + f[u] MuanmaapHo cpegu Beex HeoOpaboTaHHBIX BepimmuH. Tak
KaK BeChb IyThb § ~» ¥ HPOXOAUT 10 00pabOTAHHBIM BEPITHHAM JJIHHA ITOTO IMyTH HE MEHBIIE

d[Ul} .

TOF,ZLa JAJHWHa BCEro MyTHU pPaBHA!
l:d[’Ul] + w4+ ... wg

L+ flu] = dlvi] + (w1 + . we + flu]) 2 d[on] + fvl] = d[u] + flu]
[ > d[ul

Irak, MBI pACCMOTDEN IPOU3BOJIBHBLH YTh M MOHSIN, 9TO €ro JTAHA He MeHbIe d[u]. DTo 3HATHT,
970 d[u] HOCIUTAHO OKOHYATETHHO.

37.7. A*, stmor

Yrobsl moyunth Ax u3 JelKkeTpsl, HAH0 J00aBUTH OYeHb MaJIo. A UMeHHO, relaxr Temepb BBITIs-
JIAT TaK:

void relax(int u, int val){
Insert( {u, flul + vall} );
}

A raBHBI MUK - TaK:

u = s; //W3HadYambHO y HAC OJHA BEpNKHA C IPABUILHO [IOCYMTAHHEM DPACCTOSHHEM - S
while (u != NIL && u !'= t){
for(edge in elul) //obpabaTiBaeM BEpUUHY U
relax(edge.to, d[u]l + edge.weight);

u = find_min(); //HaxomuM HOBy0 BepumHy C MuHEManbHeM d + f

Tyt npeanosaraercd UCHOJIH30BAHUE HEKOTOPOW Ky4YH, W MbI MO-TIPEYKHEMY BCTaBJISE€M HOBBIE
3JIEMEHTHI BMECTO TOT0, 9TOOBI OOHOBJIATH CTaphie.

Bpems paborsl Ax, 04eBHIHO, ACHMIITOTHIECKH TaKoe ke, Kak y Jleiikcrpsl. OmHAKO Ha peaJbHBIX
rpacdax Ax paboraer HAMHOIO OBICTpee, TaK KaK He IPOCMATPUBAET IBPUCTHYECKH HEONTHMAIbLHBIE
MapuIpyThi. Beé 910, KOHEUHO, B IpeANoIoKeHnd, uro dyuknus f cauraercs 3a O(1)
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Jleknug no ajgropurmam #38

Anropurmbr Puoiina n beaamana-Popaa
23 HOsIOps

38.1. Aaropurm ®oiiga

Anropurm @noitaa coctonT B TOM, 94T0OB HalTH MaTpuily d[a,b] — MEHUMAJILHBI TyTh OT Bep-
IIWHBI @ JI0 BEPIIMHBI b. AJITOPUTM HO3BOJIAET IIPUCYTCTBOBATH B Ipade pedpaM ¢ OTPHUIATEIbHBIMA
BecaM#, HO He IMKJIaM OTPUIATEJBHOrO Beca. Yalme BCero Koj aJTOPUTMAa BBITJISIUT CJIETYIOTIAM
obpazoMm:

for (int k = 0; k < n; k++)
for (int i = 0; i < n; i++)
for (int j = 0; j < n; j++)

relax(d[i, jl, d[i, k] + dl[k, j1);

[TpeaBapuTeIbHO, HYKHO 3aMOJHUTH d OECKOHEYHOCTSMU, d9eiiki riapHo# auaroHasu 0 u nHu-
[MIAJTM3APOBATh MATPHUILY JTAHHBIMH HAM pedpamu.

Cnoxnoctb anropurma O(V?3), tae V - KomuaecTBo BepmuH B rpade.

[Tokazkem ero KOppeKTHOCTh. JIJ1s1 9TOro paccMoTpn BOT Takyio mMarpuiy: d[k, a,b] - MunuMasIn-
HBII TIyTH OT @ 710 b, B KOTOPOM B Ka4uecTBE MPOMEKYTOUHBIX BEPIIMH MOTYT OBbITH Bepiuabl 0T 0 10
k — 1. Usnagamnsuo d[0, a, bl = wyp, TO ecTb, Bec pebpa MexKAy a u b uian GeCKOHETHOCTH, €CJIN TAKO-
Boro Hert. Ilepexon geraem ciepytonum obpasom: d[k + 1, a,b] = min(dlk,a,bl,d[k,a, k] + d[k, k, b]).
JleiicTBATENBHO, KOT1a MBI IIO3BOJIIEM BepPIIHHE k OBITH IIPOME:KYTOTHON, MbI MOXKEM JINOO HE B3SITh
ee(mepBbIil epexo), ubo B3ATH(BTOPOI Tepexos). YOpas napamerp k Mbl TOJYUAM TePBOHAYAb-
HbI Byl ajropurma. Mbl MOXKeM Tak MOCTYIHUTH, Bejb €JIMHCTBEHHAs Hpod/ieMa, ¢ KOTOPOil Mbl
MOZKEM CTOJIKHYTBLCA - IPOXOZKJACHNE 110 BepHInHe k HECKOJILKO pa3, HO HaM 3TO He€ BLITOJHO.

38.2. Anroputm ®PJioiijia 1 BOCCTAaHOBJIEHUE ITyTHU

st 9roro GyjeM CYUTaTh BCIIOMOIATETbHBIN MaccuB - pla,b], a WMEHHO: KaKyi0 BEPIIHHY MbI
OpaJsin B KauecTBe HPOMEZKYTOYHOI, Korja 0OHOBIIsI M oTBeT st d[a, b]?

for (int k = 0; k < n; k++)
for (int i = 0; i < n; i++)
for (int j = O0; < n; j++)
if (dfi, j] dfi, k] + dl[k, j1) {
dali, jl dli, k] + dlkx, j1;
pli, jl1 = k;

v .

}

IIpOHeﬂypaJBOCCTaHOBﬂeHHH OTBeTa]ﬂﬂEHHﬂHT‘CﬂeﬂyKHHHNIO6paSOMZ

void restore_path(int a, int b) {
if (pla, bl == -1) { //edge
cout << a << " ";
return;
}

restore_path(a, pla, bl);
restore_path(pla, bl, b);
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JL1g KOPPEKTHOCTH PEKYPCUHU MOKAXKEM, YTO B UTOI'€ MOJIYYaeTCd MPOCTON MyTh U PEKypCcus He
3AIMKINBAETCS.
1) Ilycth myTh He mpocToii. JJoKazkeM Mo WHIYKIUA KOPPEKTHOCTh. I1ycTh HEBEPHO /1Jis KAKOTO-1u60
uytu (k,a,b). Torma o6o3HaquT 3a T BEpIIHHY, KOTOPAsi COACPAKUTCI U B IyTH OT a 10 k, u oT k 10
b(x e paBHa k). 3aMeTuM, U4TO MUK T — k — T HEOTPUIATETHHOIO Beca, a CJIeJ0BATENLHO MyTh
a — xr — b He XyxKe, yeM umeronuiica. Takke TpoMeKyTOYHAS BEPIIMHA T MEHbIINE k, U MO3TOMY
MbI ObI HAIIJIKA 3TOT IyTh paHee.
2) Pekypcus He 3anuKJINBaeTCs, TaK KakK JJIMHA 033129 CTPOrO YMEHBIIALTCS.

TakuMm ke 0O6pa30oM MOXKHO BOCCTAHABIMBATHL M OTPUIATEJIbHBIN MUK, OTpUIATEJIbHBINR UK
MOSIBJISIETCS, KOTJIA B KAKOU-TH00 MOMEHT BpeMeHU d[a,a] CTAHOBHTCS MEHbIIE HyJs. DTO MpUMeM
0e3 JJoKa3aTeILCTBA.

38.3. Anroputm PJioiijia 1 TPAH3UTUBHOE 3aMbIKAHUE

Tpusnasnbubii axropurm 3a O(V3):

for (auto e : edges)
is[e.first][e.second] = true;
for (int k = 0; k < n; k++)
for (int i = 0; i < n; i++)
for (int j = 0; j < mnj; j++)
isli, j1 I= is[i, k] && islk, jJ;

. 3
MozkHO HamueaTh 3TO Ke ¢ bitset-oM u MOy YUTh aJITOPUTM 34 (9(%), I71e W - pa3Mep MaIIuHHOI'O
CJI0BA.

bitset<n> is[n];

for (auto e : edges)
is[e.first].set(e.second, 1);

for (int k¥ = 0; k < n; k++)

for (int i = 0; i < n; i++)
if (is[i, k1)
is[i] |= is[k];

38.4. Aaropurm Beanmana-®opaa
di[k,b] - 970 Min MO mMyTM OT BEPUIMHBL S JO b, COCTOSANMM DPOBHO u3 k pebep. M3HavaabHO
di[0,s] = 0,d1[0,b # s] = oo. Ilepexom: di[k,b] = minb(dl[k — 1,a] + w,). Ho Ham xoresoch Gbl
e:a—>
UMEeTh min 1o myTdM He TOJILKO U3 POBHO k pebep, a U 1o TeM, KOJHYECTBO pebep KOTOPBIX MEHbBIIE.
Takosa MoTuBanus 1 Beegenust ds(k, b] = min(d;[k,b], d2[k — 1,b]). Yopas mapamerp k, moydaem
3HAKOMBI#I BCEM BHJ 9TOTO aJITOPUTMA:

for (int k = 0; k < n - 1; k++) {
for (e : a -> b)
if (d[b] > d[a] + w_e) {
d[b] = d[al] + w_e;
plbl = e;

MpbI TakzKe HOIePKUBACM MACCUB p[r] - HPeAbIIyIas BepIIHHA Ha myTd oT = 10 S. CI0KHOCTD
anropurma O(V E).
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38.5. Anropurm Besimmana-®opa u break

3aMeTnM, 9TO MBI CIEJIaeM CJIEIVIO I0 UTepaluio BIIYCTYVIO, €CJIU HaC Ha TeK eli Hu4ero He
’ s
VAYYIINJI0CD. OTa HATAJIKABAET HA MBLICID O HepeMeHHOﬁ—HHﬂHKaTOpe.

bool RUN = true;
for (int k¥ = 0; k < n - 1 && RUN; k++) {
RUN = false;
for (e : a -> b)
if (d[b] > d[a] + w_e) {
d[v] = dl[al + w_e;
plbl = e;
RUN = true;

Mper noyunan Bpemst paborst O(kE), rae k - qiuHa MaKCHMAJIBHOTO 1O KOJHYeCTBY pebep Kpart-
qaiiero nyTu.

38.6. Anropurm Bennmmana-®opaa u random shuffle()

Teopusi BepOsSITHOCTH yTBEPZKIAET, UT0 ecau ciaenarsb random __shuf fle() pebep nepej BbiojIHE-
HHUEM aJTOPUTMa, TO Mbl TIOJIYIUM BPEMs PAOOThI (’)(%E ). UaryurusHoe 06bsicHenne 31oMy (heHOMEHY
B TOM, YTO HaM C OYEHDH OOJIBIION BEPOSITHOCTHIO TMOBE3ET U MBI 33 OJHY WTEPAINNI0 OyIeM BBIKUIbI-
BaTh cpaly JiBa pebpa KpaTdaiimero myTtu. Kog mpu 9ToM ocTaeTcd TaKWM Ke, KaK H B MPe/IbIIyIIeM
MyHKTE.

38.7. Aaropurm Beanmmana-®opjaa u odepesb

[TorabJr0/1aB 3a TOBEIEHNEM TPEBIIYINAX PeaTn3annii aJIrOPUTMa, MOYKHO OCO3HATH, ITO 3ata-
CTYIO OH IBITAETCS YJIYUIIIATH TOYHO TAKYIO 2Ke [Mapy BepIINH, KaK 1 Ha HPeAbLAYIIeil HTepaIin, XOTs
3HaYEHHUsI Ha KOHIIAX ITOro pedbpa He MeHsLIuch. HampamuBaeTcs BBeIeHHe MHOKECTB A; - MHOXKECTBO
BCEX BEPIIHH, KOTOpble ObLIN YJIVUIIeHbl Ha urepanuu ¢. Kak m B aaroputme BF'S 3Tn MHO:KeCTBa
yJI00HO XpaHUTh B OU€PeJIH.

while (q.size()) {
int a = q.front();
q.pop () ;
in[a]l = false;
for (e : a -> b)
if (d[b]l > dl[al + w_e) {
d[b] = dl[al + w_e;
plbl = e;
if ('inl[bl) {
q.push(b);
in[b] = true;
}

Maccus in[v] xpanur wHbOPMAIHsT O TPUCYTCTBUH BEPIIUHBI ¥ B OYeped U MO3BOJISIET He J10-
OaBJIATH BEPIIMHY Ha PACCMOTPEHHE, €CIH OHA yXKe JIEXKHT B odepeau. [IpmmedarenbHO, 9TO HA
caydaiiapix rpadax ta peanusanus ajaropurMma besivana-Pop/a paboraer 3a JUHEHHOEe BpeMs.
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Jleknug no ajgropurmam #39

]_[I/IK.JI oTpUIIATEJIbHOTO BeCa N IIUKJI MUHUMAJIbHOI'O CpeJaHero
BecCa.

23 HOsIOps

39.1. Illukya oTpunaTeJILHOTO Beca. HobasuM B rpad PUKTUBHYIO BEepUIHY, U Ha-

IpaBuM u3 Hee (HO He B Hee!) pebpa HyJEBOTO Beca BO BCe OCTAJbHBIE. JAMYCTHM W3 HEe aJrOPUTM
®oppa-bennvana.

Kak m3BecTHO, 3a mepByio n — 1 urepanuio aaroputm Popaa-bemrrvana HaxoauT Bce KpaTdaiinme
[yTH, COCTOsIIIE U3 He Dojee ueMm n — 1 pebep. 3HAUUT, €C/TH HA N-HON HTepaIluu MPOU30IILIa PeTaK-
carusi, To B rpade ecTb Kpardaiiimii myTh JJIUHBI N, & B IYTH JIAHBI N 00S3aTEJIbHO eCTh MUK/, Tak
KaK 9TOT MyTh Kpardaiimmii (mpuaem muki Beca 0 #e pesakcupyercs anroputmom Popra-Besivana),
TO TOT [UKJ UMEET OTPUIATENbHBIH Bec (nHade Ge3 Hero myTh Obl CTAaJl KOPOYe).

BoccTanoBinenne oTBeTa: IOCTATOYHO I KaXKI0W BEePITUHBI XPAHUTD TMOCTIETHIO BEPITUHY HA ITYTH
B Hee. Korjia nHalijieHa BepIilnHa, PacCTOAHUE IO KOTOPOH y/ydIWJIOCh HA N-HOW MTepaluu, JI0CTa-
TOYHO MJITH W3 Hee Ha3aJl, MoKa He Oyaer HaiijeH UK.

Ocratock j10Ka3aTh, 9TO ecjim B rpade ecTh MUK OTPUIIATETHHOTO BECA Vg, U1, - . . , Uk, TJI€ Uy = Uk, TO
Qopa-benvan caestaet XoTs Obl OTHY peJIaKCalnio Ha n-HoM 1mare. IIpeamo1oKum, 9To 9Toro He mpo-

u3ornwio. Torma mocsie n—1 pesnakcaruu 1ist Beex ¢ ot 1 10 k d[v;] < dlv;_1]+w(v;_1,v;). Ecau mpocym-
k-1 k k

MHPOBATB 3TO HEPABEHCTBO 10 BeeM i 0T 1 jo k, momyuutes, uro » . dv;] < > dv]+ > w(vi_1,v;), a
i=0 i=1 i=1

k
TaK KakK Uy = Uk, 9T0 paBHOCHAbHO 0 < > w(v;_1,v;), TO €CTH TOMY, YTO HAIl OTPUTATETHHDBINA KT
i=1

HEOTPUIATEJIEH.
C10:KHOCTh aJropuT™Ma paBHa ciaoxkHocTh aaropurva Poprae-Bennvana n pasaa O(V E).
[Ipumedanue: TaKOH aJIropuT™M HAXOAUT TOJHKO OTPUNIATEIBHBIE THKJIBI, JOCTUKUMBIE H3 CTAPTOBO
BEPIIUHBI ATTOPUTMA. UTOOLI aaropuT™M paboTast KOPPEKTHO, HYKHO J00aBUTH (DUKTUBHYIO BEPIIH-
HY, U3 KOTOPOii poBecTn pebpa BO BCe ocTajbHble (HO He 00pATHO!), W 3alyCKaThCs U3 Hee.

39.2. [Iukya MUHUMAJBHOIO CPEIHETO BeEcA.

39.2.1. Bunnowuck. BocCnob30BaBIINCh YMEHHEM HAXOAMTh OTPHIATE]bHBLI MUK 38

O(V E), MOXKHO cjlefaTh clejyolee: mepebparh GUHIONCKOM MUHUMAJBHbIN cpeauil Bec (0ueBH/I-
HO, OH HE MeHbIIle MUHIMAJIbHOIO Beca pebpa rpada u He 6osbiie MakCHMaabHOro). s Kazxkmoro
3HAYEHHsI MUHUMAJbHOTO cpesiHero Beca BeraTeM 3a O(F) u3 BecoB Beex pebep BHIOpaHHOE 3HAYEHHE,
a 3aTeM MpOBepHM, ecTh Jin B rpade orpunaresnbubii uki. Ciaoxuocts — O(V Elog M), tne M —
PA3HOCTh MAaKCHMAaJIbHOTO ¥ MHHHMAJIbHOIO BeCOB pebep B rpade.

39.2.2. Aaropurm Kapma. Urak, 3amaua: uzbapurhbes or Jjorapudma. dag sToro

pa3zobbeM 3ajady Ha 2 YacTH: HaXOXKJeHHEe MUHUMAJIbHOI'O CPEJIHEro Beca IMKJa M HaXOXK/EeHHe
€aMOoT0 3TOTO MUKJIa MPU U3BECTHOM MUHWMAJILHOM CpPEJTHEM Bece.

Bropas gacth y:ke pasobpaHa B MpebIAyIIeM MeToje (BblUATaHUE HANJEHHOIO 3HAYEHHs + £ U3
BECOB BCeX pefep U MOUCK MHUKJIA OTPHIATESBHOTO Beca).
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Teneppb, cOOCTBEHHO, HAXOK/IEHHE MIUHIUMAJILHOTO CpeHero Beca mukia B rpade. Oupenento d[k, v]

Kak JJIHHY KpaTdaiiliiero myTu w3 BepimHbl s B v 10 k pebpam (camraercs Poprom-Bemivanom).

- =1 din v]—dlk,v]
Teneps onpegermo p Kax min(max(==-===
v k=0 B

JOCTaTOYIHO CKa3aTb, YTO.

)). dokaxy, 9T0 9TO U ecTh UCKOMBIH orBet. [lyist 3TOTO

1. Ilpu yBesmuenun (yMeHbIIEHHHN) BECOB BCeX pebep HA OJHY U TY K€ KOHCTAHTY, HU [i, HU OTBET
(06o3HATY ero Kak X ), He H3MEHSTCS 110 OLPE/ECTCHUSIM.

2. Ecnu nokasars, uro npu X = 0 - p = 0, To upu mobom Xp = X (cregyer u3 mpeablIyIiero

IIYHKTA).
3. 3ameruMm, uro npu X = 0 rpad 6e3 orpunareqbHLIX MUKI0B. /g Hero p 1mo ompejese-
dn,v]—d[k
HUIO HEOTPHUIATE/bHA, TaK KaK 3HaMeHATeJb (% BCerIa TMOJIOKHUTEIEH, a THCIUTETDb

max

n—1 ( d[n,v]—d[k,v]
k=0 n—k

) = 0 paBeH Pa3HOCTH KpaTYaillero myTH W3 N BepHIMH W KparTdaifiiero myTu

BOOOIIE, YTO SABJILAETCH HEOTPUIATE/IHHON BEJTUYUHOI.

4. TIpu X = 0 cyImiecTByeT BepIInHA V, JIJIsT KOTOPOI r%é}(%) = 0. Tak kak X = 0, B rpace

cymectByer 0-1uk/1. BosbMeM HEKOTOPYIO BEPUIUHY % Ha 3TOM IuK/e. [Iycrh Kparuaidnmii myTh
JIO Hee coCTOUT u3 k pebep. Torma Mot ieM u3 3TOH BEPIINHBI jlajiee 10 HYJIeBOMY IUKJIY n—k pas,
IOKA He OpHiieM B HeKOTOpYIo Bepiuuny v. O603Hady CyMMY BECOB Ha IIYTH II0 HYJIEBOMY ITHKJLY
W3 U B U KaK , a U3 v B u Kak . [To onpenenennto + = 0. C oxHoit croponsl d[v] (KpaTdaiimii myTh
10 BepiuHb v) He Gostbine d[u]+ A. C apyroii cTOpOHbL, M TPeAIoNI0KUTE, uTo d[v] < d[n,v],
upu Tom 410 d[n,v] < dlu] + A, noaygaem: dfu] < djv] + B < d[u] + A+ B = d[u], uTo j0xKHO.

Buaunt, d[v] = d[n,v], aro 3HauwHT, UTO r%:aé{(d[n,ziiz[k,v})

pw=0.

= 0, a Tak Kak y HEOTPHUIATEIbHA,

13 nanmucanHoro BeIe BUAHO, 9T0 X = . BoccraHopienune Takoe ke, KaK U B aJTOPUTME ¢ ODHHIIO-
uckoM. Croxnocts — O(VE).

[Ipumeganue: Takke KaKk U B aJropurMe ¢ OMHIIOUCKOM, Ha/10 J00aBUTh (DUKTUBHYIO BepmiuHy. Tak-
JKe, B 9TON 3a/ade CYUTAIOCH, YTO €CJH HeT IMyTH u3 § B v 10 k pebpam, d[k,v] = oco. Takxe,
00 — 00 = 00. Takum o6pazom, eciu B rpade HET MUKIOB, TO d[n,v] = 00, TO €CTh [t = 0.
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Jleknuga mo ajgroputMam #40

Anropurm Kapna m ajgroputrm /I>KoHCcoHA
28 ceHTsAOpst

40.1. Aaropurm Kapna

3amada: HAlTH UK MUHEMAJIbHOTO CPE/THEro Beca.

dn,v_dk,v

Teopema 40.1.1. Benuunna 1nukJia ¢ MUHUMA/JIBHBIM CPEJHAM BECOM PpaBHA (4 = Min  max p—"

v 0<k<n—1

Lm 40.1.2. Eciu Bec Bcex pédep YMEHBIIUTD HA X, TO BEJIUYMHA MHUKJIA ¢ MUHUMAJIBHBIM CPEJTHUM
BECOM YMEHBIIUTCS HA .

Takum 06pa3oM, TOCTATOYHO JOKA3aTh, YTO B €CJIU BEJIUYNHA OTBeTa paBHa HYTO, TO p = 0.

dnv—d Yvz, >0
[Iycts 2, = max === Torma u=0<
0<k<n—-1 "7 Jv: 2z, =0

JlokazkeM cHagaJsa IepBoe. 2z, = Imax %. n — k > 0, Mo3TOoMy YTOOBI OIPEIEIUTH 3HAK J10-

2 -
CTATOYHO PACCMOTPETH YUCJIUTENb. d, - KOHCTaHTa, 109ToMy max{d, — dy} = d, — min d; > 0.

k 0<k<n—1
n—1

[locieinee HepaBEHCTBO BEPHO, T.K. r]glg dy - 910 Kpardaimuil myTh 0 BEPIIUHBL, & d, - KAKOI-TO
My Th.

Teneph JoKazkeM BTOPYIO 4acTh. [lycrh u - Kakas-To BepruHa nukiaa gauabl 0. Ilyets p(u) -
KpaTdailliuii IyTh B 9Ty BEpIIMHY, a KOJHYecTBO pédep B HéM pasuo k. Ilpoitném or sToit Bep-
muHbsl n — k pédep BRosab nukiaa. Ilycrs mpl momanu B Bepmuny v. Torma d,, = d, . Kpowme
TOro, Kpardaimuil nmyTh B BEPIIMHY ¥ paBeH Kpardaiimemy myTtu B Bepuiuny v. CjieoBare/ibHO,
Jk: dy, = dgy = 2, =0, 9.1 1.

AjropuT™M HAXOXKAEHUS TUK/I2 MAHUMAIBHOTO BECa!

1. Hocumraem ¢ momompio Popna-beanvana marpuity d,, .

2. Berameanm .

3. Bwrurem u3 Bcex pédep i + €.

4. Haiiném oTpunaTe bHbI# MUK CTAHIAPTHBIM AJITOPHTMOM.
CU102KHOCTD JIAHHOTO aJroput™ uexoaut u3 caoxkuoctu OB u pasna O(VE).

40.2. Anropurm /l>xkoHCOHA

3anada: moCUYATATh PACCTOSTHIE MKy BCeMH MapaMu BEPIIWH ObICTpee, YeM 9TO yYMeeT JeaTh
@noitn. B rpade MoryT ObITH OTpUIIATEIbLHBIE PEOPa

Ha rpade ¢ pébpamu HeoTpHUIIATEIHHOTO Beca 3TY 3aa4y MOXKHO PElUTh 3aIyCTUB U3 KaxK IO
sepiunbl ajgroputy Jleiikerpot 3a O(V21log V). Anropury JIzKOHCOHA COCTOUT U3 TPEX MIATOB:

1. Cmenars npeobpaszoBanue HaI PEOpaMm, KOTOPOE JIeIaeT UX BeCa HEOTPUIIATETbHBIMMI.

2. Haiitu kparyaiimme nyTw MexKJy BCEMH IapaMHd BEPIIMH HAa HOBOM rpade ONHCAHLIM BbIIIIe
METOIOM.

['masa #40 120/155 Astop koucnekta: [leBuenko ibs



Asropurmbr, ocenn 2015/16 Asropurm Kapna n anropurm IzKoHCOHA

3. BoccranoBuTh myTH B HCXOAHOM Tpade MO MOACTUTAHHBIM.
Def 40.2.1. [lomenyuan sepuunv, — pyruxuyus p: V. — R.

Def 40.2.2. [Ipumerums nomenyuan — nposecmu ¢ ecom kaxcdozo pebpa e(a,b) npeobpazosarue
we = we +pla) — p(b).

Lm 40.2.3. Kparuaiimuii nyre u3 a B b yBeamaurces Ha p(a) — p(b).

JHoxazamenvcmeo. Bec myTn - 3170 cymMma BecoB pébep. 3aMeTnuM, 9TO BCe U3MEHEHHs HPUMEHEHHBIE
K péOpaM COKPaTATCS, KPOMEe TeX, 4TO MPOU3OILIA Ha KPasx. |

Caedcmeue 40.2.4. KpaTyaiilmme myTH HCXOIHOTO rpada mepexoasaT B KpaTdailine IyTH B HOBOM
rpade.

Y10o0bI, 10C/I€ BBIYUC/AECHUS KpaTdaillimx iyTeil B HOBOM rpade, HOJIYyYUTh IyTH B HUCXOJLHOM
HY?KHO K JIJIsT KazK/10ii napsl Beprnd (a,b) cnenars dla, b] = d[a, b + p(b) — p(a). D10 upsamo cremyer
n3 jgemMmbl 40.2.3.

e Kak BrIOpaTh mOoTEHIHNAJbI, YTOOBI HOBBIE Beca pEOep ObLJIN HEOTPUIATEIbHBIMA !

JlobaBnsieM (pUKTHUBHYIO BEPIIUHY S U U3 Heé pédpa Bo Bee Beca 0. [loTrennuan v — paccrossHue oT
GUKTUBHOT BEPIITUHBI § JIO V.
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Jleknuga mo ajgroputMam #41

AaroputMm TI'oapabepra
27 Hos1Opst

41.1. AnropurMm losibabepra
3amaua: B rpade 6e3 orpunarenbHLIX ITUKIOB HaiiTm Takoit morenmuan p : V. — R, 4To

Ve(a,b) € E : w, = w + p(a) — p(b) > 0.

[Iycte B rpade Beca Bcex pebep orpanmuenbl cauzy. T.e. Ve € E : w, € Z N [—N;+o0]
aaa mexkoroporo N > 0. Torna anropurm losbnbepra MOKeT pelluTh JAHHYIO 3329y 34 BpeMsd

O(EVV log N).
Hayunmes pemars 3aaady s cay4das N = 1. Bee pebpa rpada pasbusaiorcsa Ha 3 Kjacca:

—1
we =

r, x>0
Permrenne 3a O(EV).

Def 41.1.1. Hasosem sepwuny nioxod, ecau 6 Hee srodum pebpo eeca -1.

Def 41.1.2. Pebpo e(a,b)nasvsaemcsa ucxodsuum pebpom muoscecmea sepuwun Aecau a € A b ¢
A.

Def 41.1.3. Pebpo e(a,b) wnasweaemcs exodawum pebpom muoscecmsa eepuun A, ecau a ¢
A be A.

Def 41.1.4. Pe6po e(a,b) nasvsaem enympentum pebpom mmostcecmea sepuun A, ecau a € A, b €
A.

Def 41.1.5. Pebpo e(a,b) naswseaem enewrum pebpom muoscecmsa sepwun A, ecau a ¢ A, b ¢ A.
Anropur™m 6yner ureparuBbiM. Kazkaasg urepamnys COCTOUT U3 D IIATOB:
1. Haxomum moxyto sepmuny v. [lycrs e(z,v) 1 w, = —1.

2. Bamyckaem dfs u3 v no pedbpam ¢ Becamu -1 u 0. Bee nocemennbie Bepinabl 00pa3yoT MHOZKECTBO
A C V. Ecmm v € A, TO cyIecTByeT HEIOJOKUTEJbHBIH IIyTh U3 U B T, & 3HAYUT €CTb U
OTpHIATENLHBI UK (T.e. y HAC y2Ke eCTh OTpHIATeJbHOE PEOPO U3 T B V).

3. ns Beex a € A genaem p(a)— = 1. Ilpu srom w, BuyTpennnx pebep A ue mamenumics (41 ¢
OJIHOTO KOHIA W -1 ¢ JAPYroro), BXOASIIHX YBEJHUUICT HA 1, a HCXOMSIIIX YMEHbITHIc Ha 1.
Ho T.x. BCe ucxomsinmme pebpa UMEIOT TTOJ0KATEIbHBI BeC (MHAaYe MBI MPOIIN OBl O ITOMY
pebpy B dfs-e), To BCe HexopsIIIe pedpa OCTATHCH HEOTPHIATETbHBIMH.
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4. Bepmuna v nepecrasia ObiTh 1110x01. HOBBIX 11oXUX BepinH He 00Pa30BaJIOCh, T.K. HE MOABU-
JIOCh HOBBIX OTPHUIATETBHBIX pebep.

5. Eciin B rpade He ocTaioch mj0xXux BepIInH, TO 3aKAHIMBAEM — Y HAC HE OCTAJIOCH OTPHIIATE b
HBIX pebep.

B xymmem cayguan Mol caenaeM Vomrepannii, Ha Kaxaoit df s orpaboraer 3a O(V + E). Ioxygaem
Bpemst padorst O(V E).
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Pemrenue 3a O(EVV)).

Lm 41.1.6. Eciu 13 HeKOTOPOro MHO)KecTBa A T0MIaroBo yaaiarsk > /| A| snementos (JA| — pas-
Mep MHOKECTBA Ha TEKYIIEM IIare), To MHOKeCTBO ctamer mycThiM depe3 O(1/|Ag|) maros (|Ag| —
M3HAYATBHBIH pasMep).

Joxazamenvemeo. TlpeacraBum pa3mep MHOXKECTBA KAK KJETYATBIA IPAMOrYJbHUK CO CTOPOHAMU
npumepHo /| Ag|. Torma Kaxkaplii mar yjaajenust MOXKHO COOTHECTH C OTPE3aHUeM OT MPSIMOYTOJIb-
HEUKa cTPoKH /cronbia (depeayiorcs). Koa-Bo crpok u ¢1o61moB B 31oM npamoyroibauke O(y/|Ag|).
[Tocite yajienust BceX CTPOK W CJI0DOIOB Hallle MHOYKECTBO CTaHET MyCTHIM. |

Anropurm Oymer nrepaTuBbIM. Kazk1as nreparus COCTOUT U3 1 IIATOB:

1. Cxongencupyem rpad mo -1-m u 0-m pebpam. Eciau BHYTpH Kakoii-TO KOMIIOHEHTHI 0Ka3aJI0Ch
pebpo Beca -1, TO Mbl HAILIA OTPUIATEbHBIN UK/ BHYTPH 3TOH KOMIIOHEHTHI.

2. JlobaBum buKTHBHYIO BepinmuHy S U MpoBeaeM u3 Hee peOpa Beca () BO BCe ApyTue BEPITHHBI.

3. Haitnem paccrosame o Bepmiuabl S 10 Beex apyrux 1o -1, 0 pedbpam. T.K. B rpade HeT 1MUKJI0B,
TO 9TO MOYKHO CJINIATh ¢ MOMOIIBI0 auHamuky 3a O(F).

4. PazobbeM Bce BEPIIMHHBI HA CJIOU B 3aBHCUMOCTH OT IIOCYUTAHHOTO PACCTOSHUS. Ecan Bepimmna v
JIEXKHUT B 1—M CJIO€, TO CYIIECTBYeT IyTh U3 S B ¥, B KOTOpOM OyaeT ¢ pedbpa Beca -1. Obo3HaunM
3a k KOJI-BO OCTaBIMXCH ILIOXUX Beprud. Torpa, mo npunmuny JIupuxse, ecTh Wian caoi, B
KoTopoM > 'k ILIOXHX BepInH, WIH KOI-BO ciaoeB > vk (me cumras 0-ro, T.K. B HeM Her
IUIOXUX BEPIIHH).

5. Pacemorpuwm 2 coyuad:

(a) Ecrp cioii, B KoTOpOM > Vk wnoxux sepumn. Toraa, 3anycrum dfs 3 Beex STHX BepIInH
aHAJIOruIHO 1-My perreHnio, obpasyem MHOKecTBO A. 3amernm, 9T0 BepIInHbl H0/1ee paH-
HUX CJIOEB He MOTYT JiesKaTh B 9TOM MHO)KecTBe. [Ipumenum p(v)— = 1 [j1s Beex BepIiuH
MHO2KecTBa. Bee nexosmniue pebpa Mbl He ucmoptuM. T.K. Bce pebpa Beca -1, KOTOpbIe BXO-
JILJIA B TJIOXWE BEPIIUHBL, TILJIH U3 00Jee pAaHHEeTO CJIOs, TO MOC/Ie N3MEHEHUsT MOTEHITHAIA
ux Bec craner pasen (. T.e. Bce m10Xue BepIIMHBI U3 3TOTO CJ0S XOPOIIMMU, & HOBBIX HE
06pa30BaIOCh.

(b) Kon-Bo ciioeB > Vk. Torna, mo ckazaHHOMY B 4 NMYHKTE, €CTh MPOCTON MyTh, B KOTOPOM
m > 'k pebep seca -1, 3naunr u m > vk wioxux sepuum.
Pacemorpum 3101 myTh. [IpoHyMepyem Ia0xue BEepITHHBI 9TOTO IMyTH ¢ KOHNA (T.e. MyTh
OyAeT UATH B TIOPSATKE Uy, Uy 1, - - -, U2, V7).
Banycrum dfs u3 vy, moayaum MHOXKeCTBO A;. JIj1g Bcex BepIIMH IOMETHM, YTO OHH OBLIN
J0b6aByIeHbl B 1 MHOXKeCTBO. Terepb MbI JIOJI2KHBI OBLITH ObI 3aIycTUTh dfs U3 vo U OJIYIUTH
MHOKeCTBO Ay. Ho 310 sosro. 3amernm, urto A; C Ay (T.K. v1 JOCTHRKIAM U3 V). MHOXKe-
cTBO Ay cocTouTt w3 3-X YacTeil: BepIINH, KOTOPbIE TOCTUKUMBI U3 Uy, TO HE JIOCTUZKAMHA
13 ¥1; BEPIIMHBI, KOTOPHIE JIeXKaT B Aj; BEpIUHBI, KOTOPHIE TOCTUKHUMBI U3 U1, HO B MO-
MeHT 3amycka dfs u3 v; B HUX BeJu MOJIO0KUTebHBIE pebpa (mpu npuMenenun p(v)— = 1
K A; Beca ucxoagmux pebep yMeHbITUIUCH u MOIH ctaTh (). Yr1obsl obpaborars 1-1o
rpynmny mpocto 3amyctuM dfs u3 vy, XoauTh OyaeM TOJBKO MO HEIMOCEIIEeHHBIM BEPITHHAM.
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Y0661 00pabarsiBaTh 3-10 IPYIIILY, 3aBe/leM MarudecKyro cTpyKTypy Vector, koropast 1o
HOMEDY ILIOXOH BEPIIHHBI BO3BPAIAET CIHUCOK pebep, KOTOpbie MOTIH '0OHYIUTHCs ' ipu
00paboTKe mpeuIyeil II0X0i BepIIHHbI.

[Tonyyaem cieayromuil mopsaoK JeiicTBuii: npu obpaborke v; 3amyckaem dfs mo eme He
MIOCEIEHHBIM BEePIIMHAM, a TaKyKe U3 KOHIOB pebep, KOTOpble MOTJIM OOHYJIHTbCS Ha, Te-
KyIeMm 1are (ecm BepIimHa Ha JPYyroM KOHIEe pebpa yrKe JIeKUT B KAKOM-TO MHOXKECTBE
i pebpo He OOHYIUIOCH, TO HUYEro He JIEJ1aeM); MOMedYaeM MOCEIeHHbBIe BEPITHHbI, YTO
OHH IIPUHAJIIEXKAT (-My MHOYKECTBY; J100aBJIseM B CTPYKTYPY HOBBIE HCXOJdIue pebpa-
KaHIHIATHI.

3aMeTuM, 4TO MOCJe -0 3aIllycKa MbI CJIeJaad BepIIuHy v; Xopoirei. T.e. Mbl caenanem
BCE 1M BEPIIUH XOPOIIHMHU.

Camo 3HaUYeHHe MOTEHIHAJA JjI BEPIIMH MOYKHO H3MEHATh HEe Ha KaykKIOM Imare, a B
KOHIIe, 10 HOMepY MHOXKeCTBa, B KOTOpoe ero jgobasuan (310 Gyger 1-e monaganue, Ha
HOCJIEIYIOTIUX [IaraxX Mbl BCEDIa Jeiajn — = 1 Jjist 9TO# BepIIUHBI).

Ommmem ctpykrypy Vector. D9to Oymer BeKTOp BeKTOpoB pasmepa F. Pebpo Beca a, KoTtopoe
Jl0b6aBUIM Ha Imare b, Kjaajgem B cIucok a + b. [lpu obpaborke i-if IJIOXO#l BEPIIUHBI MBI CMOTPUM
B i cnucok. s peGep 9TOro CmmcKa BEpHO, YTO € MOMeHTa HUX Jo0aBjieHHst mponuio a (Bec
pebpa) maroB, a 3HAYUT MBI MOTJIM @ Pa3 YMEHBIIUTH ero Bec Ha 1. Pebpa Beca Gosbiie E MOXKHO
UTHOPUPOBATH (T.K. OHO HE YCIIeeT CTATh HYJIEBHIM).

Ha xaykmoit mHTEpanmnm Mbl JIeJaId XOPOITAMU > Vk mmoxnx BEPINTUH, & 3HAYUT MBI CAEIaeM
O(Vk) wrepamuit, uro B xymmem caydan O(v/V). Ha xazxoit nrepamnuu Mol copepurama O(V + E)
omeparuii, a 3HaIuT Bpems paborsr O(EvV V).

O6ob6menne pemntenud. [lokakem, Kak UCIOIbL30BATH MOJYYEHHOE pellieHue it J1io00oro N.
[Iycte N = 2d + 1. Byuem ucnonibzoBarh perienune g N = 1, arobsr nepeittu kK N = d. Jljs sToro
3aIyCTUM eT0 C YIeTOM CJeAYIOMUX MepeobO3HATeHH !

we € [—(2d+1); —(d+1)] | -1
w, € [—d; 0] 0
we > 0 [ 251 (Bec mpn noGamssiennn B CTPYKTYDY)
PO =@+ |plo)—=1

Vexonnplit anropurM 11s Beex pebep Beca -1 crapua sec > 0. Tenepb anropurum s Beex pebep
w3 [—(2d + 1); —(d + 1)] cmenaer Bec > d. Takum obpaszom, 3a log N npuMeneHnii 310ro ajropuma
BCce pebpa OyayT mmerh Bec > 0.
omygaem spems paborer O(Ev/tlog N).
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Jleknusg mo ajgroputMam #42

Anropurm llena u BBenenue B Radix Heap
30 Hos1Opst

42.1. Aaropurm Vena

42.1.1. IlocTaHOBKA 3aJa4n

Ectp B3BemreHHbINl rpad ¢ HeoTpumaTeJbHBIME BecaMu pébep, HalTH B HEM K-THII MO JJIMHE
IPOCTON IyTh MEK/Y BEPIIMHAMHA S U T.

42.1.2. 2-0i1 IO AJINHE IIyTh

Paccmorpum kparyaiiimmiit nyTh Mexkay s u t. Bropoit mo jjmbe myTh MeXJay HUMH CBOUMH Ha-
YaJbHBIMU PEOPAMU COBHAJIAET C TMEPBBIM, & 3aT€M B KAKOM-TO MeCTe TOSIBJISETCS TePBOe OTINYHUE.
[aBaiiTe mepebepém pedpo, B KOTOPOM MYTh OyIeT OTIUYATHCSA, T.e. MO KOTOPDOMY MBI He MOWIEM.
HazoséMm 310 pedpo 3anpeménnsiv. Haiiém n3 BepimuHbL, T/1e MBI OCTAHOBWINCH, KpATIAUIIAN Ty Th
J10 t, 3alIpeTUB XOJUTh B BEPIIUHDBI, KOTOPbIE ObL/IM B HAYAJIE 11yTH, & TaKzKe 110 3alPEIEHHOMY pedpy.
T.kx. B kparuaiimem nytu makcumym V' — 1 pedpo, 7o Mbl nosyduau Bpems padborwr V' - Dijkstra

42.1.3. k-ThIil Iy TH

Pazo6béM myTu Mexk1y s u t Ha Kjaacchl. OJUH KJIacc onpejiessercs napoii: npeduke nyTH, 3amnpe-
ménnbie péopa. [lepedbepém npedukce, Kak B IpeablayIeM IyHKTe, IOy IuM HaOop K1accoB. Beibepem
13 KarKI0r0 KJIACCa [0 MUHUMAJIbHOMY IIPEICTABUTEIIO.

Bynem xpannts Heap kmaccos. Tocranem mMuanMym (06o3Ha9nM ero X ) u, HONBITABITHCH DA3HBI-
MH CIIOCOOAMH YBEJIUYIUTD HpedUKC Ha OJHO pedpo, pa3podbuM TaKuM oOpa3oM Kjaacc X Ha JIpyrue
KJIACChl, O0beJIMHeHne KOTOPBIX JaéT Kiaace X. Caenas Tak k paz, mojyunm k MUHEMAJIBLHBIX ITyTEH.

Time =k - (V - Dijkstra + log)

Memory = k -V - V. Moxuo ymeHbIIUTL aMsTh 10 k - V|, Tak KaK B KayKJbIii MOMEHT BPEMEHU
MOZKHO XPAHHUTH TOJBKO JIydIline Kk KIaCCOB.

42.2. Benenne B Radix Heap

42.2.1.

Radix Heap = k-bfs + Dijkstra + Magic,
U C IeJIbIME BecaMu pébep or 1 10 k Mbl nojtydaem Kpardaiiiiue myTu or oqHoli sepruusbl 3a O(F +

Vlogk)
42.2.2.

3mech nam Toke Hy)kHa Kk + 1 ouepeip...

42.2.3.

..M BOOOIIe cTOUT 3aMeTHTDb, 9To 1-k bfs m Dijkstra oyennb moxoxu...
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42.2.4.

.1 10, uro Kpardaiimue nyru 3a O(F logk) Mbl yzKe HO/Ly4aeM COBEPUIEHHO OECILIATHO CJIe/Ly-
ormuM obpasom: masaiite B 1-k bfs Beibupars ciemyrontyio odepens 3a log, xpans Heap memycTobix
odepese. ..

42.2.5.

...& JIAJIBITIE IOy IuM [ +VVk ¢ moMmombo sqrt-I1eKOMIIO3UINI: pa300bEM OUepe I Ha Vk 610K0B
o V k ouepeieit, npobezKuM IUKJIOM 10 OJOKAM, 3aTeM ITPOOEKUM 110 IePBOMY HEILyCTOMY.
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Jlekuug mo ajgaroputMam #43

Radix Heap
30 Hos1Opst

43.1 Radix Heap

MBI XOTUM HamUCATb Ky4y I/ peajau3annu aaropurMa JefdkeTpsl.

Radix Heap paGoraer 3a O(E + V log k) npu ycaosuu, 9ro Beca Bcex pebep ot 1 mo k.

Bynem xpauuth Bee paccrosiaust B m + 1 6akerax, rae m = [log k].

Bagaaum auanasonbl dyg < dp < -+ - < dyy, < dypqq < 00. Torga B nepsom 6axere Oy1yT XpaHUThCS
quCcIa U3 TPOMEeXRYTKa [dg . . .d;), BO BTOPOM — U3 MPOMERKYTKa [dy ...ds), B i-OM GakeTe XpaHATCS
TUCTA U3 TPOMEKYTKA [d;_1 ...d;). B (m+1)-om Gakere u3HaAYAIBHO OYAYT J€KATH BCE PACCTOSTHUSI.
BuyTpu kaxjaoro dakera OyjieM XpaHUTh PACCTOAHUS B JIIOOOM ITOPSJIKE.

BaaanM orpaHmydenns Ha auanaszonsl d;. [yers xg = 1 1 V1 < i < m z; = 27! Ckaxkewm, uto Vi
diyr — di < ;.

CozaaumM odepeaua qo, qi, - - - , ¢m, COOTBETCTBYIONINE DaKeTaM.

Usnawanbuo dg =0, dy = 1, divq — d; = x;, dppy1 = 00, qo = {start}, q,, — ocTasbHBIE BEPIIHHBI

Jlnst peanuzanun ajgropurMa JlefikcTpbl Mbl JOJIKHBL yMeTh Jejiarh Extract Min u Decrease Key.

e EMin
Ilycts qo, q1, - - -, Qi1 — ILYCTBIE.
¢; — 1uepBasg Helycras 04epe/ib.

Eciu ¢ < 1, 1o BbiTaluM Ji1000# 3jieMeHT U3 3Toit ouepein — OH U Oy/IeT MUHUMAJIHHBIM.

Ecsin HeT, TO HY2KHO BCE 3JIEMEHTHI OYePe i PACKUIATH 110 IPEJIbIAYIIHM O4epPeIsiM. SaMeTHM,
910 To + -+ + Ti1 = ; > diy1 — d;. DTO 03HAYAET, YTO MBI MOXKEM BCE SJIEMEHTHI U3 0Uepe/in
packujaTh 1o npeabyaymum. [Ipocrasum ciaepyromue quanasonst: dg = 1, dy = 2, dj1—d; = x;
win dji1 = diqq, e dj + x5 > digq, 114 Beex npeablaymux odepeneil u d;1; = d;. Torga see
9JIEMEHTHI PACHpe/IeTIINCE KOPPEKTHBIM 00pa30M.

Tenepb MbI XOTHM, YTOOBI gy OKazaJach HemycTo#. [lycTh a — MUHUMAJILHBIH 9JIEMEHT B OYepe Iu.
Torma 6ymeM pacKuIbIBATh 3J€MEHTHI TaKxKe, TOJbKO Tenepb dy = a.

¢o CTaJa HEmycToll, BLITACKUBaeM U3 Hee JIIOOoi dJ1eMeHT.
[lepsyto memycryio odepens Mol utmem 3a O(log k). Kaxkapiit s;1eMeHT B WTOre MEPEMECTHTCS B
pebLIy LYo o4epesib He bosiee log k pas. Suauut, Bcero EMin paboraer 3a O(V log k).

e DecKey

YmenbIraeMm deMedT. [loka oH He COOTBETCTBYeT IMANA30HY TEKYyIIel odepeiu, mepeMeniaeM
ero B Ipeaplaymyio. Kaxkaplit /ieMeHT MBI IepeMecTuM He Oojiee m = log k pa3, moaTomy
cymmapuo Decrease Key orpaboraer 3a O(E + Vlogk).
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43.2 Two Level Radix Heap
O(E+V log k )

loglog k
Bosbpmem mekoTopoe t. PazoObem Bech auamason Ha log, k odepeneil, KazKayio odepeqb pa3odbeM

Ha t KyCKOB. 3aJauM AManasonsl diq — d; < t.

¢ EMin

3a O(log, k) maiinem nepsyto HemycTyio odepe/in, 3a O(t) Haiigem nepBbIil HEHYIEBOH KyCOK B
He.

BameTum, uTo t' = t'~1 . ¢, wTo O3HawaeT, YTO AWATA30H OJHOTO KYyCKa i-0ff ouepenn paBeH
nmanasony (i — 1)-oit ouepenn. Torya a1 TOro, 9To OB PACHPEIETUTL KYCOK 110 TIPeIBI Ly TIIM
OUepesaM, Mbl MOYKEM HePeMeCTUTh BCe 3JIeMEeHTH M3 Hero B (i — 1)-yio odepensb U IOMeHATh
JMATIA30HHL.

Torna EMin pa6oraer 3a O(log, k + t). Cymmapno 3a O(V - (log, k + t)).

e DecKey

YMeHbIINM 3Ha4YeHHe d1eMenTa. [loka nc/io He Homaiaer B IMaa3oH TeKymieil odepe i, Oyiem
mepeMernaTh ero B npeaplayiyo. KaxKapiii saement nepemecturcs me Gosee, deMm Ha log, k.
Buaunt, cymmapuo Deckey paboraer 3a O(E + V log, k).

log k

Bosbmem t = .
loglog k

Torma asropurm paboraer 3a O(E + Vlogig,ﬂ)-
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Jlekuuga mo ajgroputMam #44

Cucrema HemepeceKalonnmXcsad MHOXKECTB
4 nexabps

44.1. Cucrema HenmepeceKaIMnXcsd MHOYXKECTB

44.1.1. Ompenenenne

CHM - Cuctema HenepeceKaroluxcs:t MHOXKECTB
DSU - Disjoint Set Union

CHM - 370 cTpyKTypa JAHHBIX, HO/I/IEPKUBAIONIA JIBE OIEPAIMH:

int get(int v) - mOJyIUTH HOMED MHOZKECTBA, KOTOPOMY MPHHAJIEZKAT SJIEMEHT U

void join(int u, int v) - 06beMHUTH MHOYKECTBA, B KOTOPBIX JIEYKAT JIEMEHTHI U U U

Takzke gacto ObiBaer noJesnoit is(u,v): {get(u)==get(v)}, nupoBepsromast sjeMeHTHl U,V HA IPH-
HAJJIEKHOCTb OJHOMY MHOXKECTBY.

44.1.2. CHM na cnuckax

color|v] - HOMep MHOXKeCTBa, KOTOPOMY HPUHAIEIKUT V

list[col] - BepmmMHBI MIHOMXKECTBA MO HOMEPOM €Ol

get: return color[v] O(1)

join: if color|u] != color|v]: merge(list|color|u]], list[color|v]])

merge: 1)IIepekpacuM BepHIMHBI MEHBIIIETO MHOKECTBA.

2)O0beIMHNM CIHCKH.

31ech MBI IOIB3YEMCSl y7Ke 3HAKOMBIM IIPUEMOM IIPUCOEIUHEHNs MEHBIIEr0 MHOYKECTBA K GOJIb-
meMy, 6J1aroapst KOTOpOMY KaxK/Iblii 3jieMeHT Oy/ier nepekpaiier e bosee log n pas. Takum obpaszom
ACHMIITOTHKA TTOCTE0BATELHOTO 00heIMHEHIS 1 OJHOMIEMEHTHBIX MHOKecTB B oiHO O(nlogn).

44.1.3. CHM wna ngepeBbsax

JaBaiiTe XpaHUTh MHOMKECTBA B BHJE JepeBbeB. [KOpeHb KazKIoro Jiepesa - Kako#-TO 3J1eMeHT
MHOZKECTBa, BBIIOJIHSIOIMA POJIb €10 ujaeHTuduKaTopa.

parent|v| - mpesok 37emenTa v

parent|root| = root

join(u,v): pget(u)]=get(v)

get(v): return v == plv| 7 v : get(p[v])

Bpewmsi: join=1+ 2 - get, get=0(n)

44.2. DBpPUCTUKH

44.2.1. Cxkarwne mmyTeii

Kazkapiit pa3 Korja BbI3BIBaeTcd get OyIeM IepelnojBelnBaTh K KOPHIO BCEe BEPIIUHBI HA IMyTH
MEKJIy HUM U V.

get(v): return v == p|v| 7 v : (p[v] = get(p|v]))
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Teopema 44.2.1. C10:KHOCTH M join’0B U3 N OIHOIJIEMEHTHBIX MHOYKECTB C 9BPUCTHUKON CyKATHs
nyteit pasua (m + n)logn

Jlokasamesvemso. Hazosem erknmu pebpa ab(pebpa HampaBiieHbl BBEPX MO JAEPEBY ), IS KOTOPHIX
sizela] < gsize[b], coorBercTBERHO THKEABIME GyyT PeGpa, 1715 KOTOPBIX sizela] > 1size[b].

Ba onun get Mbl npoitaém me Oosee logn jerkux pebep. Beero mlogn jerkux pebep BO Bcex
3aIpocax.

Temepb OTEHNM KOJUIECTBO TSIZKEIbIX pedep. Tak Kak IBPUCTUKA CXKATHUS Yy Teil meperno/IBeInBa-
€T BepIIMHbI K KOPHIO, TO Mbl OyJeM yJIaadTh Bce Ipoiijernnbie pedpa. Tak Kak y KazkJI0i BepIIUHbBI
MOYKHO YJIAJUTh TsKeaoe pedpo He OoJiee logn pas, To Bcero mbl obpaboraem ne 6osee nlogn Taxe-
JIBIX pebep.

mlogn + nlogn = (m+n)logn |

44.2.2. Panurosaga

XpanuM i1 KazKJIoro jepesa ero pasmep. llpu obbepunennn MeHbIee IepeBo IMO/IBEINBACTCS
x Gopmemy. Coorserctsenno depth < logn, sizeldepth] > 2%Pth,

BwmecTo pazmepoB MoxkHO XpaHuTh "panrn" gepesbes. M3HadagapbHO paHIHd BCEX OIHOIIEMEHTHBIX
nepeBbeB pasubl (). [Ipu 00bemHEHNN TEPEBO MEHBIIETO PAHTA TOBEINBACTCA K JIE€PEBY OOJIbITe-
r0 paHra, a IpH PABEHCTBE MOPIIOK OODbEIUHEHHUS MPOU3BOILHBIN, U PAHT MOJIYYUBIIErOCsS JepeBa
yBeJqndnBaeTcsd Ha 1.

rankv] <logn

size[rank] > 2rank

Panru Tpebyor log namaru, KoTopas HyKHA Ha XpPaHEHHE Pa3MEpOB.

CronT ynoMsiHyTh peajH3aIuio join, MOJBEITUBAIOILYIO JI€PEBbs B COyUYaiiHOM mopsake. Takast
peasm3alys JaeT JUIb KOHCTAHTHOE YCKOpeHnue paboThl MPUMEpPHO B 2 pa3a.
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Jlekuug mo ajgroputMaMm #45

Xopomniue oneHKn Ha Bpems padorsit CHM
4 Jlekabpst

45.1. BBengenue

B CHM conepzkurcs n saementos. [logpasymesaercs, uro CHM ucosib3yer obe 9BpUCTUKA: C2KATHE
nyTeit u panrosyio. 3a Bce Bpems padorsl K CHM 6bL10 caeano m 3anpocoB THIIA get U ¢ 3aIIPOCOB
TUIIA jOIN.

Def 45.1.1. Pane. Kaswcdomy sremenmy e conocmasasemes wucro r. € NU {0}, xomopoe Hazwvi-
saemca parzom asemenwma e. HUsnauanono Ve : r. = 0. Ecau obsedunsomen 06a mrnooscecmea ¢
npedcmagumenramu a u b, npudwem r, = r, = r, mo pane npedcmasumens obsedunenus, 6ydo mo a
uau b, cmanosumea pasuvim T+ 1, mo ecmu yseaunusaemcs Ha 1.

Def 45.1.2. IIpedok. Ecau sremenm e ne asasemcs npedcmasumenem muoxcecmsa A, 6 xomopom
OH AeHCUM, MO, 68 coomseemcmeue co cmpykmypot CHM, anemenm e ccolaaemcs Ha 0pyzot ssemenm,
De MHOOCECTNEA A, KOMOPHIT HAZBLEAEMCA NPEOKOM INEMEHMA €.

Lm 45.1.3. Ecin sneMenT e He ABIAeTCA NPEJCTABUTEIEM CBOCTO MHOMKECTBA, TO Tp, > Te.
Jorasamenvcmso. JloKazKeM 3TO yTBePXK/IeHNe, KaK WHBAPUAHT:

e Takoii nHBapUAHT BBIIOJHEH B CAMOM HavaJjie, KOTJa KazK/ bl 3JIeMeHT 00pa3yeT OJ[HOIeMEeHT-
HOE MHOYKECTBO.

e Korzia BBINOJHAECTCS ONEpaIus join, THBAPUAHT COXPAHSIETCsI, TaK KakK JHOO 3JEeMEHT ¢ MeHb-
UM PAHIOM CTAJI CCBLAATHCH HA JIEMEHT ¢ OOJIBIIUM PAHrOM, JIUOO paHIru mpejcraBureseit
00 beIUHAEMBIX MHOZKECTB ObLIM PAaBHBI, HO TOIJ[A PAHT' HOBOT'O TPEJCTABUTE/S CTAHET DOJIBIIE
Ha 1 u Oymer OoJibIle, YeM PAHT MPEeICTaBUTE/IsI BTOPOr0 MHOXKECTBA.

e Korya Beinostgercsd onepaius get, *HBAPUAHT COXPAHAETCS, €CJIU OH ObLJI BBIIIOJHEH JI0 9TOT0,
TaK KaK B TaKOM CJydae PaHr MPeJCTABUTE/S MHOYKECTBa OOJbINe, YeM paHr JIIoboro Japyro-
'O 3J€EMEHTa TOT'0 MHOYKECTBA, a OIEepaluu get IpoCTO IepeHAIIPaBJIdeT CChLIKKA HEKOTOPBIX
3JIEMEeHTOB Ha TIpeJIcTaBATeIs.

[Toryaaem, 910 JaHHBIH WHBAPUAHT COXPAHSAETCS HA MPOTsizKeHHH Bceit paborer ¢ CHM. |

Def 45.1.4. Pasmep muoorcecmsa. Ecau saemenm e AGAACMCA NPEICMABUMENEM CB0E20 MHOIICE-
cmea A, mo s, = |A|.

Lm 45.1.5. Ecan sinemenT e gaBiigercst IpecTaBuTeIeM CBOero MHOKeCTBa, 1o 2™ < s,.
oxazamenvemeo. JokaxkeM 3TO yTBep:K/IeHHe, KAK HWHBAPUAHT:

e Takoii ”HBAPUAHT BHITIOJIHEH B CAMOM HavaJjIe, KOT/la KazKblil JieMeHT 0Opa3yeT O IHOR/IeMEeHT-
HOe MHOKecTBO: 27 = 20 =1 = s,.

e Korja Bbinosasiercst onepanust join (0603na4uM 3a a u b upeacrasuresieii 06beMHAEMbIX MHO-
JKECTB), BO3MOXKHBI JIBA BAPHAHTA:
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1. Panrm mpeacraButenieii pasamdasbl, Torga: 2 < 5,2 < g, = max {2 2"} <
max {Sq, $p} < Sq + Sp.

2. Panrm mpefcraBuTesiell COBIATM, TOTNA: Tq = Ty = 7,27 < 54,2 < 5, = 271 =27. 2 =
2N 42" = 2T 4+ 270 < 5, + .

e Korja BBITIOTHIETCS onepanus get, HI ¢ pa3MepoM MHOXKECTBA, HU C PAHTOM IIpeJICTaBUTEN I,
HAYEro He IIPOUCXO/IUT, 3HAYUT MHBAPUAHT COXPAHAECTCH.

[osyqaem, 910 JaHHBIH HHBAPUAHT COXPAHSAETC HA MPOTsizKeHnu Bceit paborer ¢ CHM. |

45.2. KpyTbie pebpa m jorapmpm co 3Be3a09KOI

Def 45.2.1. Kpymoe pebpo. Ecau ssremenm e He A8AAEMCA NPEICMaBUMENEM CB0E20 MHONCECTNEG
u rp, > 1.77, mo ccoiaka saemenma e na pe Ha3u8aAEMCA KpYmoum pebpom (pebpo 6 epagde ccolnok).

Lm 45.2.2. Kpyrbix pebep Ha mmyTu 1o ccblikam ot V ajiementa e € A j10 mpejcTraBuTeiss MHOXKECTBA
A ue Goabie gem 2logs(n).

Hoxazameavemeo. lokazxkeM OT MPOTHBHOTO, YTO KPYTHIX pebep me Gosbmre deMm logy ;(n): mycTsh
KPYThIX pebep Ha nytu E > log) -(n).
O6osnaunm 3a R mpencrasurens A. Jlokaykem, 9Tto rp > 1.7"'1'7%, rae koanmdectBo 1.7 paBHO E.
PaHT 9J1eMeHTa € PABEH T, DAHTH CJIEYIONHMX JeMEHTOB cTporo 6osbie (o semme 1.3). Ecoiu panr
HEKOTOPOI'0 dJeMEeHTa Ha IIyTH PaBeH I, TO T > T., a €CIH CIeAyioliee peObpo Ha IYTU SBISETCS
HEPBBIM KPYThIM peOPOM Ha IIyTH, TO JJIs PaHIa CJEYIONEro Ha IyTH JIEMEHTa a4 BEPHO, 9TO T, >
1.7% > 1.7". IIpoBojg JanHOoe paccyzK/eHne WHYKIIMOHHO, OJIydaeM TpedyeMoe HepaBeHCTBO: 'y >
1‘,7.“1A7Te
13 mosty4eHHOTO HEpaBeHCTBa CJaejyer 4ro, ecau 1. > 0, To log] -(rg) > EF > E — 1, a eciin r, = 0,
to log] ,(rg) > E — 1. To ects B miobom cayuae log] ,(rg) > E — 1 > log] ;(n) — 1. Tak kak 3to
HEPABEHCTBO B IEJIBIX YHCJIAX, TO W3 HEro ciaeayer, aro logy ,(rg) > logi ,(n) = rg > n = 28 >
2" > n > sg. llomyderHoe HepaBeHCTBO MPOTUBOPEYHUT JeMMe 1.5, 3HAUUT NpeIoI0KeHre HeEBepPHO
n E <log] ,(n).
Umeer MecTo HepabeHcTBO Vo : 1.7V7 > 2% Eeom n = 1.7“'1'7a, e 0 < a < 1m KOJTHYeCTBO
2

1.7 gerHoe (obosznaunm ero 3a Ty7; = log]-.(n)), To u3 HepaBeHCTBa ciaemyeT, 9To n > 2 | TJe

KoJmaecTBo 2 (0603HaduM 3a Th) B jBa pasa Menbine 77, TO eCTh PABHO L1 Beau Ty, HEe4eTHO,

2
To Ty = % B soboMm ciaygae n > 2 , roe Ty > Tl‘;’l, o torma logs(n) > Ty > % =
eeli=l — 2logj(n) > log} ;(n) — 1 = 2logj(n) > log] ;(n).

[Tonyuaaem, uro E < log] -(n) < 2logs(n). |

Lm 45.2.3. Ecan sjieMeHT e He gBJIsSeTCs TPeJICTaBUTEIeM CBOEr0 MHOYKECTBa, TO TOCJe JI000i
omepanuu (get Win join) 3HaUEHHEe BEJIUIHHBL T, HE YMEHBIIHIOCH.

Hoxazamenvcmeo. OTaesbHO I KAXKAOM OIEPAIIH:

1. get. Ilocse oneparuu OO IPEJOK dJIEMEHTa He H3MEHHJICH, TOIJA 7, TOXKe, TaK KaK MOCTIe
OTepaIiy get PAHTH TEeMEHTOB He MEHSIOTCS, MO0 MPEIKOM IJTeMEHTa CTaJl IPe/ICTaBUTE b
MHOZKECTBA, HO y IPEJICTABUTE/IsI MHOKECTBA PAHI HE MEHbIIE, €M Y BCEX JIEMEHTOB MHOZXKe-
crBa (o aemme 1.3), BK/Iowas OBIBIIErO IPEIKa e.
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2. join. Ilocse omepaliuu MpejIoK 3JIEMEHTa He M3MEHUJICS, HO MOT' U3MEHUThCH PaHT npejika. Panr
OJTHOTO 3JIEMEHTA 110 OIPeJIeJIEHUI0 He MOYKET YMEHBITHTC.

Lm 45.2.4. Ecnan s71eMeHT e He sIBIsSeTCd PeICTaBuTe/IeM CBOEro MHOYKECTBA, TO € yKe HUKOT/1a He
CTaHET IPeJICTAaBUTEIEM CBOEI'0 MHOXKECTBA, a BeJIUYNHA T Y2Ke HUKOI/Ia He N3MEHUTCH.

oxazamenvcmeo. llocsie onepamnyumn get e pa3Be YTO MOXKeT CCBLIATHCS Ha MPEJCTABUATENS CBOETO
muozkectsa. [locjie onepanuu join oaun U3 AByX HpejcTaBuTeseil nepectaer ObITh MPEJICTABUTEIEM,
a HOBBIX HE MOABJISETCH.

Panr sjiemenTa MeHsSeTCS TOJIHLKO KOTJIA MPOUCXOJMUT ONepalusd join, IpUieM U3MEHSIeTCs PaHT 3Jie-
MeHTa, KOTOPBII OBLT IpeJICTABUTETIEM CBOETO MHOYXKecTBa. Ta Kak e yzKe He CTaHeT IIPe/ICTaBUTeIeM
CBOETO MHOYKECTBA, & PAHT MEHSeTCs TOJTBKO y MPe/ICTaBUTE N, TO T, DOIbINE He W3MEHUTCS. |

Lm 45.2.5. llycTth HEKOTOpBIN 9JIEMEHT € IOcje OIMepaluud join Nepectas ObIThb IIPeIcTaBUTeIeM
CBOEr0 MHOZKecTBa. Torma coryracHO eMMe 2.4 e HUKOTJa He CTaHeT MpeACTaBUTeIeM CBOET0 MHOKe-
CcTBa, a BeJIMYMHA T, He udMmenurcs. [locse 1.77¢ onepaiuit get, KoTopbie MPOXO/UJIN 110 CChLIKE U3 €,
KOT/IA P, HE SBJISICS IPEJICTABUTEIEM CBOEI'0 MHOYXKECTBA, CChLJIKA Ha P, 00s3aTE/IhHO CTAHET KPYThIM
pebpoM U ocTaHeTCs UM HaBCEeria.

oxasameavemeo. Eciau onepanus gel IPOXOIUT IO CCBLIKE U3 € He B IPeJICTaBUTed MHOXKECTBA,
TO HOCJIe OIlepallUU CCBLIKA 3JIeMeHTa e U3MEHUTCs Ha IpeJCcTaBUTesIsd MHOKECTBa, Y KOTOPOTO PaHT
Gosbire xorst Obr Ha 1 (temma 1.3). Tak xax Bejamduna r,, He yMenblmaercs (aemmva 2.3), TO mocJe
1.7" Takmx omepammit get 1, Oyaer xord Obl 1.77¢. 3mauuT depe3 1.7"¢ Takux omepanuii get Oyner
BBITIOITHEHO HEPABEHCTBO T, > 1.77¢, 4TO O3HadYaeT, 4TO CCHIJIKA HA P, ABIACTCA KPYTHIM DPeOPOM.
Tak Kak r, He yMeHblmaercd, a 1.7"¢ me m3Mensercda (memma 2.4), TO HEPABEHCTBO OyIeT TOJIBKO
YCIJINBATBCH, a 3HAYUT CCHLIKA 3JIEMEHTA € HaBCerJa OCTaHeTCs KPYTLIM peOpoM. |

Teopema 45.2.6. CymmapHoe BpeMsi paboThl Beex onepaliuii get mpomnopruonaibao mlog™(n) +n+
m.

Jlokazamensvemso. Bpemst paborsl i-oit onepanuu get nponopuuoHabio log*(n) + t; + 1:

1. log*(n). Tlo memme 2.2 KoMMYIeCcTBO KPYTHIX pebep HA TYTH Omepaluu get He OOJIbINE YeM
2log"(n).

2. t; O3HAYAET KOJIMYECTBO HE KPYTHIX pebep Ha IyTH -0 olepalluu get, He YIUTBIBad IOC/Ie/IHeH
CCHIJIKM B TIPEJICTABUTEISI MHOKECTBa. 10 eCTh 9TO KaK pa3 TaKue CChLIKHA, KOTOPbIe UCIOIb3Y-
I0TCA B JeMMe 2.5.

3. 1. HekoTropoe KOHCTAHTHOE KOJUYIECTBO JAefCTBHIl /1/1sT Kaxk a0l omeparun get. Ciofa BKJIIOYEH
IIPOXO/I, IO TIOCJIeHEH CChLIIKe B IIPEJICTaBUTE S MHOYKECTBA, TaK KaK 3TO JeliCTBUE He yUUThI-
BaeTcs B IYHKTe 2 W He BCerjia YIUTHIBAETCs B MyHKTe 1.

BuauuT cymmapHOoe BpeMms paboThl Beex omepanuii get mponopuuonaibhuo Y (log*(n) +t; + 1) =

> logi(n) + 3t + 321 =mlog™(n) + 3 t; +m.

KA
dti = > Ce, TAE Co CYMMapPHOE KOJHYECTBO IEPEXOJOB MO CCBLIKE JEMEHTa € BCeMU OIEePAIUsSMU
[ e

get, KOrJa CChLIKA 3JIeMEeHTa, € ObLIa He KPYThIM peOpoM, U P, He SBJIAIC IPeICTaBUTEIeM CBOEIo
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mHO)kecTBa. Ho no Jjiemme 2.5 Bemmunna ¢, < 1.77 (1715 Kazkaoro snemeHTa Gepercss ero paHr B
MOMEHT, KOI/Ia SJIEMEHT HepecTas ObITh HPEACTABATEIEM CBOENO MHOXKECTBA, 10 JieMMe 2.4 ero paur
V7K€ He U3MEHUTCsI), TaK KaK ITOCJIe TAKOTO KOJMYECTBA MEPEXo0B 10 CChLIKe U3 € CChLIKA MapaHTH-
POBAHO CTaHET KPYThIM PeOPOM U OCTAHETCsl UM HaBcerja. SHaduT » ¢, < »_ 1.77. Eciu 3a count(r)

e e
0603HAYUTH KOJIUICCTBO JIEMEHTOB ¢ PAHTOM 7, TO », 1.77¢ = > 1.7" - count(r).

T

€
Hokazkem, aro count(r) < g-. OT mpormBHOro: mycTh count(r) > 3. Paccmorpum B XpoHOIOrmde-
CKOM MOPSIJIKE TIOSBIEHUE KAaXKIOr0 JeMeHTa e ¢ PAHTOM 7. Ecu TosBIIseTcs 3JIeMeHT ¢ PaHTOM 7,
TO 3HAYUT IIPOU3ONLIA OllePALUA JOIN, IJie JIEMEHT e, IepecTaBlIuil ObITh HPE/ICTABUTE/IEM CBOEI'O
MHOYKeCTBa, UMeJ paur r. Torja mocyuraeM MO BCEM TAaKUM COOBITHUSAM CYMMAapPHBIl pasmep MHO-
JKeCTB, TPEJICTABATENIIMI KOTOPBIX OBLIN 3TH JJEMEHTHI €. DTU MHOYKECTBA HE MEePECeKaroTCs, TaK
KakK 1o jJemMe 1.3 r HaubOJIbIIUiI paHT JeMeHTa B MHOXKECTBe, a 3HAYUT OJTHO MHOXKECTBO He MOTJIO
COZIEP2KATh MpeJbIAyINee, TaK KaK B MPEIbIIYIIEM Y Ke eCThb JJIEMEeHT ¢ PAHIOM 7, & MePeceKaThes
MHOKecTBa He MoryT, Tak Kak B CHM MHOxkecTBa He pas3buBaiorTcs. 3HAYMT CyMMAapHBIH pa3mep
TAKUX MHOZKECTB HE MPEBOCXOIUT KOJUYIECTBA BCEX IIEMEHTOB, TO ecThb N. C Apyroit CTOPOHBI MO
JleMme 1.5 pazMep KazKJI0ro Takoro MHOYKECTBa X0Ts Obl 27, HO TOrJja CyMMapHbIil pa3Mep 3THX MHO-
XKeCTB XoTd Ob1 27 - count(r) > 27 3 = n. llomyyennoe nIpoTHBOpedHe O3HAYACT, UTO IPE/IHOTOXKECHIE
HeBepHO, i count(r) < .
n

llcnomb3ys pesyabTaT HpeABIyIIuX paccy KAeHuil momrydaeM, 910 y 1.7 - count(r) < Y 1.77 - 5 =
T s
n- Y (L), Tak xax LT < 1, To cymma reomerputeckoit mporpecenn Y (41)" He npeBocxoauT Heko-
T

T
Topoit koucrantsl C, a snaunt n -y (55)" < n-C. [omyanmm, aro Y ¢; < C'-n, T0 €CTb, 9TO CyMMa
T )
t; IPONOPIIUOHAJIBHA 1.

[Tosrydaem, 9To cymMmapHoe Bpemsi paboThl Beex omeparnuil get mponopimonaabao mlog™(n) + n +
m. [ ]

45.3. YiaydineHue OHNeHKMN, pacTyllas KPpyTu3Ha

Def 45.3.1. Kpymusna.
0, ecau x < 1.7Y
fla,y) =

1+ f(log, -(2),y), unaue
Kpymusnot anemenma e nasweaemes wucao he = f(rp.,re). Jdas npedcmasumeneds mroscecms h,
pacro 0. Ecau 2060pumo ne cmpozo, mo h, 03HAMAEM MAKCUMAAGHOE KOAUNMECTNGO KPYMBL pebep,
wmo npotida no MUM KPYMvLM Pebpam pane YeeAuMUmCca He boabuLe, “eMm ecat npolimu no cevake
U3 € 6 Pe.

Lm 45.3.2. /i fanHoro 37eMeHTa € BeJIudnHa h, He YMeHbIIaeTCs.

Loxazamenvemso. 1o nemme 2.3 Bennduna 1, He yMeHbmaercd. Tax kak dynknusg f u3 ompege-
JIeHWsT KDY TH3HbI MOHOTOHHA TPH (DUKCHPOBAHHOM BTOPOM napameTrpe (OH He W3MEeHsIeTCs MO JIeMMe
2.4), 10 h, He YMeHbBIIAELTCH. |

Lm 45.3.3. /lna namHOTO 3J7€MeHTa € Iocje onepanuun get BeauduHa h, BBIPOCTET XOTd Obl Ha
KOJIMYIECTBO KPYTHIX pedep Ha MyTH U3 P, J0 ITPeJCTaBUTe s MHOKECTBA.
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Joxazamenvcmeo. Bocnosb3yemcsi 0603HAYEHUSAMEI U BCIIOMOTATEILHBIM YTBEPZKICHUM JIEMMbI 2.2.

rg> 17" " , TJIe KOJIMYecTBO 1.7 paBHO F — KOJIM4ecTBY KPyThiX pebep Ha nmytu us p, 10 R. Torma

HOBast KpyTH3Ha h, = f(rg,re) > f(1.7-"7 e re) = E+ f(rp,,re), TO €CTb yBEIHIHIACH XOTS OBl HA

E. |

Lm 45.3.4. g qo6oro snemenTa e Besnansa h, < 2log*(n).

Joxaszamenvcmeso. JloKazaTeabcTBO aHAJTOTUIHO JieMMe 2.2, IMEHHO B 3TOM CMbBICJIe KPYTH3IHA YKBU-
BaJieHTHA he KPYTbIM pebpam. |

Caedemeue 45.3.5. Y he < 2nlog*(n).

Caedemeue 45.3.6. s naHHOro 37€MeHTa e 1oc/Ie onepanuu get BeJIUInHa h, BBIPOCTET XOTHA ObI
Ha CYyMMAPHYIO0 KPYTH3HY pedep Ha IMyTH U3 P, 0 MPEICTaABATEIS MHOXKECTBA.

Hoxazameavemeo. AHanorndno jgemme 3.3. [ |
Teopema 45.3.7. Cymmaproe BpeMst paboThl Beex onepanuii get nponopiuonaibao nlog™ (n)+n-+m.
Zoxazamenvemeo. Bpemst paboTsl -0l onepanuu get ITponoOpIHOHaIbHO u; + t; + 1:

1. u; o3HAYAET «KOJMYECTBO KPYTHIX pebep Ha myTH onepaiuu MuHyc 1y uiu 0, ecoim KpyThIxX pedep
Her. Jlornuecku U3 paccMOTpeHUs BBIKU/IBIBACTCH TIOC/IE/IHEEe KPYToe pedpo Ha MYTH OIEPAIIHH.

2. t; anajgorudHo Teopeme 2.6.

3. 1. Anasormano Teopeme 2.6, HO CIOIa TaKyKe BKIIOUYEH IIPOXO 110 IOCIeTHEMY KPYTOMY pedpy
Ha IIYTU OlePALUU.

3HaYuT cyMMapHOe BpeMsi pabOThI BCeX ollepalnii get mpornopIuoHaIbHO Z (u; +t; +1) => u+

Zt + Z 1= Z u; + Zt + m. U3 reopembl 2.6 cymma Zt HponopuHOHaﬂbHa n.

v Ka}K,ZLOI‘O SJIeMeHTa CoBUIKA KOTOPOI'O yYTeHa B 1U;, prTOCTb 110CJIe ONepanuy get yBeMIuTCst XOTs
6er Ha 1 (1emma 3.3). To ecTh nocJie i-0ii onepaiun get cymMMapHast KDy TOCTh BO3PACTET XOTs Obl Ha Uy,
TaK KaK KPYTOCTH OCTAJBHBIX JIEMEHTOB He yMeHbInaiorcs (1emma 3.2). To ectsb mocsie Beex onepanuii
get cymMMapHasi KpYyTOCTh Oymer Xotst 661 y | u;. Ho mo caemersuio 3.5: Y u; < > h. < 2nlog*(n).

K A e
[Mogywwin, 9To cymMMapHOoe Bpemsi pabOTBI BeeX omeparuii get mpomopimonanbuo nlog*(n) + n +
m. [ ]

45.4. AnprepHaTnBHAA OIEHKA, KJIACChl KPYTU3HBI

Def 45.4.1. Kaacce xpymusno,. Kascovli ssemenm e 6 3a6UCUMOCTIU 0M €20 KPYMuU3Hsl nonadaem
8 HEKOMOPH KAGCC KPYMU3HDL, KOMOopul 0603navwaemca co. A umenno: c, = [log(h.)].

Caedemeue 45.4.2. U3 omnpemesnenuss cpasy CJIEIyeT, YTO KJIACCOB KPYTH3HBI He OOJbINe, dYeM
log(max{h.}), aro e Gompie, gem log(2log*(n)) = log(log*(n)) + 1 (mo memme 3.4).

Lm 45.4.3. /In1g maHHOTO 3JIeMeHTa e BeJIuUnHa C. He YMEeHBbITaeTC .
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Joxazamenvcmeo. Ilo nemme 3.2 Benmunna h, He ymenbiaercs. Tak Kak log MonoTonHas (pyHKIus,
TO C, HE YMEHBIIIAETCS. ]

Lm 45.4.4. Eciau Bo Bpemg onepanuu get HaJl KPyThIM peOpoOM 3jeMeHTa e; ObLIo KpyToe pedpo
9JIEMEHTa €y (TO eCTh ey OBLIO HA MyTH JI0 KOPHA MO37Ke, 9eM €1), U Co; < Cep, TO KJIACC KPYTH3HBI
9JeMEeHTa €1 TOCIe ONePAlnn get CTPOTO YBeJTHIHTCS.

oxasamenvcmeo. | ¢, m h,, — 910 HOBLL KJIacc KPYTH3HBI B HOBad KPYTH3HA JIeMEHTa €] COOTBET-

creerno. Torga mo ciaeactsmio 3.6: by, > he, +he, = olog(e1) 4 olog(e2) > olloglen)] 4 gllogle2)] — 9ce; 4 9ces >

201 4201 = 2.2% = 2.208he)] Torna ¢, =log(hl,) > log(2-2M°ee)l) = 1+ [log(h,,)] = ., +1 =

>, |
el €1

Teopema 45.4.5. Cymmaproe Bpems pabOTBI BCex omepaiuii get MNPONOPHUHOHATIHHO (N +
m)log((log™(n)).

Jlokasameavemso. Bpemst paboTsl i-0it oneparuu get nponopuuonansio log((log*(n)) 4+ v; + t; + 1:

1. log((log*(n)). Kpyrbix pebep Ha TyTH, ¥ KOTOPBIX KJACC KPYTOCTH He TOMEHsICS OyIer He
Goaprre, gem log(log®(n)) + 1. Illycrs 310 e Tak. Ho mo caemcrsuio 4.2 cpean takux pebep
CYIIECTBYIOT JBA C OJMHAKOBLIM KJIACCOM KPYTU3HBI, a 1O JieMMe 4.4 OJHO M3 HHUX ITOMEHSIO
CBOM KJIACC KPYTU3HbBI, TOJYYUIH IPOTUBOPEYNE.

2. v; 0O3HAYAET KOJMYECTBO KPYTHIX pedep Ha MyTH, Y KOTOPBIX KJACC KPYTOCTH ITOMEHSLICH.
3. t; amajmoruvHo Teopeme 2.6.
4. 1. Anasoruano Teopeme 2.6.

3HauuT  cyMMapHOoe  BpeMsa ~ pabOTBI  Bcex  ollepallii  get  TPOHOPIHOHAILHO
Z(log((log*( ) +uv+t+1) = Zlog((log*( ) + sz + Zt + Zl = mlog((log™(n)) +

Z v; + Et + m. U3 Teopemur 2.6 cyMMa Zt HponopuHOHaﬂbHa n.

Tax Kax Y KayKJOro 3JIEMEeHTa KJACC prTI/ISHbI TOJIbKO yBeamduBaercsa (memma 4.3), a KJIaccoB
KpyTususl He Gosbure e log((log™(n)) + 1 (caeactsue 4.2), TO KazxkKAbIH 97IeMeHT OYIeT H3MEHATD
cBoil Kyace KpyTusnsl He Gouibine geM log((log™(n)) + 1 pas. Suaunt Y v; < nlog((log™(n)).

[Tostyauiu, 4910 cymMMapHOe BpeMmsi paboTbl  Bcex  omnepanuit  get  mIpPOHOPIUOHAIBHO
(n +m)log((log*(n)). u

45.5. Pyukiusa AKKepMaHa

Def 45.5.1. Oynruyua Axxepmana.

Ap(t) :N—> N
t+1,npu k=0
A(t) = 4D
v (1), unaue

Ide fO = fo...oftpas, mo ecmo xomnosuyus Pyrrkuun f ¢ coboti t pas.

Lm 45.5.2. Ax(t) > t, Ay MOHOTOHHO BO3pACTaeT.
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Joxazameavemeso. Jloka3aTeabCTBO 110 WHIYKITUA.
Baza k = 0 — TpuBnabHO.
[lepexom k—1 — k. Ag(t) = A}(€t+11)( t). Kaxxoe ouepennoe npumvenenne hpyaknun Ag_; maet Gospiiee

9eM apryMeHT YUCJI0, 3HATHT Pe3yJabTar Oosbiie, 4eM ¢, To ecth Ag(t) = A,(:Jrll)(t) > t.
Tak kak t < Ag_y(t), T0 A,(:Jrll (1) < Ap- 1(Ak,t+11)(t)) = A,gtff)( t). Ho a tak kak Aj_; MOHOTOHHA, TO
Apt) = AV @) < AP (1) = Ap(t+1). u

Lm 45.5.3. f(t) = A;(1) MOHOTOHHO BO3PACTAET.

Hoxazameavemeo. Apyq(1) = A(A(1)) > A1), tak kak Ay(1) > 1, a A; monoronna (remMma
5.2) n

Bblnuiiem nepsble HECKOJIBKO (DYHKIMH SBHO:

1. Ay(t) = AT (1) = 2t + 1. Tlocseanee paBeHCTBO 10KA3HIBAETCS 10 HH YKL,

2. Ay(t) = A1) = 271 (¢ + 1) — 1 > 2¢. TlocueHee paBeHCTBO JOKA3BIBACTCH IO MHLYKIIHH.
Def 45.5.4. O6pamman dynrkyus Axkepmana. o(t) = min{k | Agx(1) >t}

[TocunTaeMm HECKONBKO NEPBBIX 3HAUYEHHIT (v

0. Ag(1) =1+1=2.

L A()=2-1+1=

3. As(1) = Ay(Ay(1)) = Ay(7) = 28 -8 — 1 = 2047.

4. Ay(1) = As(A3(1)) = A5(2047) = AT (2047) = AT (A,(2047)) > APV 22007y > L s

22047
22 , Tie KostmdaecTBO 2 paBHO 2048. [locsieqHsas cepus HepaBeHCT caeayeT U3 MOHOTOHHOCTH

Ay (memma 5.2). Tlomyuusimasicst onenka cunsy Ha Ay(1) HEBEpOSTHO GOJBINOE YHCIIO, TPEBBI-
Hraomiee 9ncao aToMoB B Habmogaemoit yactu Beesennoii.

[locsreinee BRICKA3BIBAHUE O3HAYALT, UTO JJIsI YHCEJ, KOTOPBIE BCTPEUYAIOTCS Ha MpakTuke a(t) <

4.
45.6. CHM u AkkepmaH

Def 45.6.1. Ilopadox snemenma. Jlaa xancdozo ssemenma €, KOmopoili HE ABAAECMCA Npedcmasu-
meaem ceoezo muostcecmsa, onpedeaum eeaununy level(e) = max{k | rp, > Ag(re)}-

Def 45.6.2. Xapaxmepucmuka nopadka. /Tas kascdozo aremenma e, Komopuil He ﬂe/memaﬂ npeo-
CMABUMENEM CB0E20 MHONCECMEA, onpedeaum sesununy iter(e) = max{k | rp. > Alevel ) (re)}-

Lm 45.6.3. /ljs 006010 sj1eMenTa e, He siBJSIIONIEroCs IPeICTaBUTEe/IEM CBOEI'0 MHOYXKECTBA, BEPHO,
aro 0 < level(e) < a(n).
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Hoxazamenvemeo. level(e) > 0, tak kak Ay(r.) =r. + 1 < r,, 1o semme 1.3.

Ilycrs level(e) > a(n). k = level(e). Ilo onpenenenuto r,, > Aj(r.) > Ag(1l), Tak kak A MOHOTOHHA
(1emma 5.2).

Ho panr siio6oro sjiemMeHTa He IPEBOCXOAUT 1 — 1, TaK KaK PAHD OJHOIO HJEMEHTA YBEJUIHBACTCSI
He OoJibllle YeM Ha 1 3a OJHY ONEpaIUIo join, HO BCEro ONeparuil join, KOTOpble JeHCTBUTEILHO
COeJIMHSAIOT JIBA MHOYKECTBA, MOXKeT ObITh He GOJIbIe 4eM n — 1, Tak Kak 3a OIHY OHepaIu join
KOJTMYIECTBO MHOZKECTB YMEHbIIAeTCs Ha 1.

[lomygaem, uro n > rp, > Ap(1). Ho mo mpeanonoxennio k > a(n) = Ap(1) > Aymy(1) > n, nepsoe
HepaBeHcTBO 10 JlemMe 5.3. [lomyaman nporusopeune. 3uaqut level(e) < a(n). [

Lm 45.6.4. [l 106010 371eMeHTa e, He sIBISIONIerocs IpeICTaBUTeIeM CBOero MHOXKECTBA, BEPHO,
qro 1 <iter(e) < re.

Joxazamenvcmeo. Tak Kak 1, > Ajeveie)(Te), TO iter(e) > 1.

Tpe < Aevei(e)+1(Te) = Al(;;(li) (re) = iter(e) < r.+ 1= iter(e) < re. [

Bynem nmokaseiBaTh BpeMsda paborst CHM meTomoM aMOpTH3AIMOHHOIO aHAJII3A.

Def 45.6.5. [Tomenyuan ssemernma. Onpedesum daa 4100020 anemenma e eesununy @(e).

(e) a(n) - re, ecau e npedecmasument c60e20 MHONCECTNEA
e) =
4 (a(n) — level(e)) - re — iter(e), unaue

Def 45.6.6. Ilomenvuan. Jra amopmusayuonH020 GHAAU3A BO3bMEM NOMEHUUAA OAA 1-0T ONEPAYUL

Yi = ; ple).

L_m 45.6.7. Yo = O, Vi Z 0.

Jloxazamenvemeo. Tak Kak B HAYAJIBHBI MOMEHT BPEMEHH BCE JIEMEHTbI SBJIAIOTCH 11DE/ICTABHTE-
JISIMHE CBOMX OJIHORJIEMEHTHBIX MHOXKecTB, TO Ve : p(e) = a(n) 1. = a(n)-0=0= @y = >_ p(e) =
e

570 =0.

Tak Kak paHr W o BeJIMYUHBI HeoTpuiarebubie, 10 a(n) - r. > 0. Tak kak level(e) < a(n) (aemma
6.3), To (a(n)—level(e))-r. > 1., a Tak Kax iter(e) < r, (aemma 6.4), To (a(n)—level(e))-r.—iter(e) >
re — iter(e) > 0. Moxyunam, aro Ve : @(e) > 0. Suaqaur ¢; = > @(e) > 0. |

Teopema 45.6.8. /s /110001t i-0ii onepanuy, UMeIoIieit TUIl Join, aMOPTU3UPOBAHHOE BpeMs paboThI

a; =t; + Ap = O(a(n))

Jlokasameavemso. Tak kak ; 3aBuCHT 0T (€), KOTOPBIii 3aBUCHT OT T, level(e) u iter(e), KoTOpbIe
3aBHCAT OT T, TO MOTEHIINA U3MEHUTCA TOJIBKO Y TeX 9JeMEHTOB, ¥ KOTOPBIX U3MEHUICH PAHT HJIH
PaHr OpeIKa, a TaKyKe Y TeX 3JeMEHTOB, KOTOPble MePecTaJd ObITh IPEJICTABATENSIME CBOETO MHO-
KecrBa. Tak Kak onepanus join(ey, €a) MOXKeT IIOMEHITH PDAHI OJHOTO 3JEMEHTA, 1yCTh €1 (TO eCcTh
OH CTaJ TpeacTaBuTeseM O0bLeMHEHNsT MHOKECTB), a 9JIEMeHT ey Mepectas ObITh MpeCTaBHTe eM
CBOEr0 MHOYKECTBA, TO ¢(€) MOT IOMEHSIThCS Y €1, €2 W TeX JTeMEHTOB, Y KOTOPHIX P, = €1 (0603HaInM
MHOZKECTBO TaKUX JIEMEHTOB 3a S).

O6oznaunm 3a ¢'(e), level’(e) u iter’(e) moreHIHa, HOPIOK U XaPAKTEPHCTUKY TTOPS/IKA dT€MEHTA
e moce omepalun join coorBercTBenno. Torma Ap(es) = ¢'(ea) — p(ea) = (a(n) — level(es)) - re, —
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iter(es) — (a(n) - re,) = —level(ey) - 1e, — iter(es), Tak Kak level HEOTPUIATENBHBIN, & iter MOI0XKH-
teabHbli (emMet 6.3 1 6.4), To Ap(ey) < 0.

Ecnu panr e; ocrajncs npexuanm, 1o Ve € S : Ap(e) = 0, Tak Kak 7, level(e) u iter(e) ocranuch
LPEZKHUMU.

Ecnun panr e; momensuics, TO ecjau s HEKOTOpPOro saementa e € S level(e) ocranics mperx-
HUM, TO iler(e) He YMEHBINHJCHA, TAK KaK WHadYe Obl 3TO O3HAYAIO, YTO Tp, YMEHBIIHJICS, 9TO
IPOTUBOPEYUT TOMY, UTO OH yBeawdmwics. Ecam iter(e) me m3menmscs, T0 @(e) OCTAlICd MpexkK-
HUM, TaK KAK BEJUYHHBI OT KOTODPBIX OH 3aBHCHT He W3MEHWIHCh. Ecium iter(e) ymembmmics, To
Ap(e) = ¢'(e) — ple) = (a(n) — level'(e)) - re — iter'(e) — ((a(n) — level(e)) - r. — iter(e)) =
(a(n) — level(e)) - r. — iter'(e) — (a(n) — level(e)) - re + iter(e) = iter(e) — iter’(e) < 0.

Ecnu panr e; noMensuicst, To eCau JIs HEKOTOPOro siaementa e € S level(e) Toxe HOMEHSICS, TO
Ap(e) = ¢'(e) — p(e) = (a(n) — level'(e)) - e — iter'(e) — ((a(n) — level(e)) - r. —iter(e)) = (a(n) —
level'(e)) -r. —iter'(e) — (a(n) — level(e)) - . +iter(e) = re- (level(e) —level'(e)) + iter(e) — iter’(e)
—re + iter(e) — iter’(e), Taxk Kak iter(e) < r. (memma 6.4), 10 Ap(e) = —r, + iter(e) — iter’(e)
—iter’(e) < 0, rak kak iter’(e) > 1 (semma 6.4).

[Tostyanin, 4T0 U3MEHeHHe OTEeHIUAIA Y BCeX 5JeMEeHTOB, KPOMe €1 HElOJIOXKHTEbHOe.

Ecan r., ne uamenniics, to Ap(ey) = 0, nuraue Ap(er) = ¢'(e1)—p(e1) = a(n)-(re, +1)—a(n)-(re,)
a(n).

[omyummm, ato Ap = > Ap(e) < Ap(e;) < a(n). Ho tak kak t; = O(1), 0 a; = t; + Ap =

O(a(n)). ) m

<
<

Teopema 45.6.9. /g 110060ii i-0it oneparuu, UMEIOEl THI get, aMOPTU3UPOBAHHOE BpeMs padOThI
a; =t; + Ap = O(a(n))

oxasamenvcmseo. AHAJTOTHIHO PacCyKIEHHAM U3 TeOpeMbl 6.8, MOTeHIIHAT MEHIeTC s TOJIBKO y JJIe-
MEHTOB Ha IIYTH OIlepAlluH get, IpUIeM HOTEHIIHAI He YBEJIUIUBACTCS. i-as onepamus get padoraer
IIPOIMOPIHOHAIBLHO wW; + x; + 1:

1. w; o3HAUaeT MEMEHTHI e Ha MyTH omepaiiun get, y Koropeix Ap(e) < 0.

2. ; O3HAYAET JIEMEHTHI € Ha [y TH Omepaluu get (KpoMe MpeICTABUTE ST MHOYKECTBA), ¥ KOTOPBIX

Ap(e) =

3. 1. HexoTopoe KOHCTAHTHOE KOJNYeCcTBO JeiicTBuii. Cioma BKIIOYEHO MOCEIIeHIe TPeICTaABATES
MHO>KECTBA.

Ecan mopsmok HeKOTOPOTO 3JeMeHTa e WJIN XapaKTepHCTUKA TMOPSIKA H3MEHIINCh, TO OHU yBe-
JIAYHIACH, TAK KaK BEJHYHHA 7, YBEIUIHIACH, HO TOLAA AHAJIOIHYHO PACCYZKACHUSAM H3 TEOPEMBI
6.8 Bemunma Ap(e) < 0.

IIycts x; > a(n). Torma Tak Kak KOJHYECTBO PAa3IMIHBIX MOpsaakoB a(n) (memma 6.3), To Jey, eq
Ha MyTH omepanuu get, Takue, uto level(e;) = level(ey). Ilycth ey HaxomuTess GJnzKe K IpecTa-
BUTETI0 MHOKecTBa. OOO3HAYHM TpeIcTaBUTeIs MHOXKeCTBa 3a R, a ¢'(e), level’(e) u iter'(e) ama-
sormano teopeme 6.8. Torpa rgp > 1, > Alevel(es)(Tes) = Atevei(er)(Tey) > Alevel(el)(rpe ) 3HAYUT

ecmu level'(e;) = level(ey), To iter'(e;) > iter(er), Tak Kax B 3ToM ciydae 7, > A zter(el))(rel) =

level(e1)
iter(e iter(e iter(ey)+1
Al(evelg(ell)g (Tel) = TR 2 Alevel(e1)<rpel) Alevel’ 61)(7})51) > Alevel’ (e1) (Al(evel'(ell)(ra)) = Al(euelgeig )(r(il)‘

[Tonyuaem mporuBopevne, Tak Kak y s1eMeHTa e; Bennanaa Ag(ep) < 0. 3uaunt z; < a(n).
[osyaaem, 910 BemvauHa a; npounopuuoHaibia w; + x; + 1 + Ap, HO cyMMa KazKI0ro 3/71eMeHTa e,
YUTEHHOTO B w;, co cBouM Ayp(e) HemomoxkuTeaba, a r; < a(n), sHaant a; = O(a(n)). |
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Teopema 45.6.10. Cymmaproe Bpemst paborsl Beex onepanuii ¢ CHM nponoprmonanbao (m + q) -
a(n).

Jokazamenrvemeo. Zti = Zai — Om+q + po. Ho mo memme 6.7 Besmuanna ¢y = 0, a @y > 0, a

(2 (2
BHAYAT 1 = D Qi — Pmiq < Y a4, HO CYyMMa » | @; TIponopnunonaabua (m + q) - a(n). |

1 (3
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Asropurmbl, ocenb 2015/16 Munumasbhoe octoproe fepeso (MST)

Jlekuug mo ajaroputMam #46

MunumaJsibHOe octoBHOe JjiepeBo (MST)
7 nexabpsi

46.1. OmpeneseHue

JaH cBsI3HBIT HEOpHEHTHPOBAHHBIIT B3BemeHubiil rpad. OcToBHOE AepeBo (spanning tree) - anuk-
JIMYIeCcKuil CBA3HbBIN moarpad mannoro rpada, cojeprkalinii Bce ero Bepiunbl. MuHnMa/ibHOEe OCTOB-
HOe JiepeBo (minimum spanning tree, MST) - ocroBHOE JlepeBO MHHHMATBHOIO BeCa.

46.2. AaropuTMbl IIONCKAa

46.2.1. Agroputm Kpackaja

OrcopTupyem Bce péOpa B Opsiake Bo3pacTanns BecoB. 3aBeaém st sepinna CHM. M3ravaibpHo
KaxkJas BepIINHA HAXOAUTCS B cBoeil kommoHenTe. |lepebupaem pébpa: ecau oba KoHIIa pedpa HAXO-
nsres B ogaol kKommorneaTe CHM, To mpournopupyem pebpo, nHade 00beIUHAM STH KOMIIOHEHTHI 1
sobasum pedpo B MST.

dsu s(n);
vector <Edge> mst;
sort (edge.begin(), edge.end(), [](Edge x, Edge y){return x.weight < y.weight;});
for (auto e: edge) {
if (s.get_parent(e.u) != s.get_parent(e.v)) {
s.join(e.u, e.v);
mst.push_back (e);
}
}

Bpemsa pa6orbi: O(FElog E) - copruposka, O(FElogV) nm O(Ea(V)) - onepamuun ¢ CHM.
Orciona T = O(Elog E) = O(Flog V) (r. k. B rpacdax 6e3 kpatubix pébep F < V?).

46.2.2. Agroputm Ilpuma

Nzragaarao MST cocront u3 omHol BepimmHbl. I KaxKa0# BEPIIHHBL U MOLIEPKABAEM Pedpo
MHHHMAJBHOTO Beca u3 mocrpoennoit yactu MST B v. d[v] u parv] - coorBercrBenno Bec pebpa u
HOMED JIPYTOT'O KOHIIA.

1. Hobasyisiem MUHUMAJIBHOE PeOPO, BBIXOAIIee U3 mocTpoennoit yactu MST.

2. ObpaboraeM HOBYIO BEpIIMHY U, J00aBaeHHYIO TOJbKO 910 B MST: s Beex emé we 100aB-
JIEHHBIX BEPIIHH U, CMEXKHBIX ¢ U, npopeaakcupyem d[v] u par[v] pebpom (u,v).

3. Bosspamaemcs B myHKT 1, 1 Tak J0 TeX MOP, MOKA He JOOABUM BCE BEPITUHBDI.

AnropurMm llpuma odenb moxoxk Ha ajgroput™ efKCTpbl, eIMHCTBEHHOE OTJINYHE - PETaAKCAIHA.

//Dijkstra

if (d[ul] + weight(u, v) < dl[v]) {d[v] = d[ul] + weight(u, v); parlv] = u;}
//Prim

if (weight(u, v) < d[v]) {d[v] = weight(u, v); par[v] = u;}

Bpemsa paboTsr:
Bazosas peanuzamus: O(V? + E) (onTumMaabHO jijist TOJTHBIX U HOYTH TOJIHBIX IpadoB).
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s paspesxkeHHbIX TpadOB BBHIMIPHINT MO BPEMEHH MAET HMCIOJb30BaHWE Kydh Jisi OBICTPOrO
HAXOK/IeHHsT MUHAMAJIbHOrO pebpa. Kak u B amroputme [eitkerpsl, norpebyerca O(V) onepanmii
ExtractMin u O(F) onepanuit DecreaseKey.

Hponunas kyda: O((V+E)log V') (ner cMbicsia HCHONIB30BATh, T. K. ajgropurm Kpackasa nuiercst
OpicTpee 1 paboTaeT He XyiKe).

Dubonauumenas kysa: O(V logV + E).

Radix Heap ucnonb3oBarh Heb3d, T. K. B OTJAYHE OT aaroputma JledKcTpbl, U3BJIeKaeMble U3
Ky4M 3HAUEHUsd He 00A3aTe/TbHO BO3PACTAIOT.

46.2.3. AaroputMm BopyBKn

1. Jlns kaxkjoif BepImWHBI HaliIEM MUHUMAJIbHOE HHIIMIEHTHOe eii pebOpo. /lobaBum Bce Takue
péopa B MST.

2. CxkuMaeM KOMIIOHEHTBI CBS3HOCTH H00aBJIECHHBIX PEOED B OJHY BEPIINHY, U3DABISEMCS B C2Ka-
ToM rpade oT meresh U KPaTHBIX pébep (Mbl 310 ymeem genath 3a O(V + E)).

3. Bosspamaemcst B yHKT 1 ¥ IIPOJEIBIBAEM TO K€ caMoe Ha CxKaToM rpade, u Tak J10 Tex 1op,
moka B rpade 00JibIle O/THONH BEPITUHBI.

MuauM#u3upoOBaTh B IyHKTE 1 HYXKHO Tlapy < Bec pedpa, id pedbpa >, 4ToOb HWKaKHe JaBa pedpa
He ObLIM paBHBIMH. VHade MOryT BO3BHHKHYTH MpOOJEeMBI, K IIPHMEPY, Ha IOJHOM Tpade u3 Tpéx
BEPIIUH ¢ OJNHAKOBBIMU BeCaMH Bcex pébep.

Bpemsa paboTsr:

1. T=0(V+E)logV)

Ha kazk/0ii uTepanuy 9ucao BePITHH YMEHBITAeTCs XOTd Obl B JBa Pasa.

2.T=0(V?

[Iycts E = V2. Torga (1. k. Mbl m36aBisemcst 0T KpaTusix pébep) T = V2 + (4)% + (
oV?).

3.7T=0(V+E)log %)

Hauunaga ¢ mexoroporo k, (2%)2 < E. PaccMOTpHUM IIarn aJropuTMa:

Vol o nol

Ho k-ro mara 6yner pommoarero O((V + E) log sz) neificTBuit (00 yTBepKAeHUIO 1).

Hawmnasg ¢ k-ro mara, 6yaer soimosneno O(FE) meiictBuii (Mo yTBEPKICHHIO 2).

Otciona T'= O((V + E) log %2)

P4 =

(<

46.2.4. /Ioka3aTeJIbCTBO KOPPEKTHOCTU

JlemMma o paspese:

[IycTh y HAC ecTh HEKOTOPBIN pa3pe3 rpadpa: pasbuenne Bepiul Ha MHOXKecTBa S U V' ~\..S. Pebpo
IPOXOIUT Yepe3 Pa3pes, ecJii ero KOHIBI JeKaT B PAa3HBIX MHOXKeCTBaX. lIpemmomo:kumM, 9To v Hac
€CTh HEKOTOPOe MHOXKeCTBO F' pébep, He HMPOXOJAIIuX Yepe3 pas3pes3, U u3BeCcTHO, 410 F' aBisiercs
moaMHOXKecTBOM pébep Herkoroporo MST. Ilycrs e - MmunnMaIbHOe pebpo, MPOXOIINee depes paspes.
Torpa MuOKecTBO F'U {€} ToXKe sABJIAETCS MOAMHOKECTBOM pEGep Hekoroporo MST.

loka3zaTeabCTBO:

[Ipeamosioxkum, aro ectb MST, He comepxKailiee e u cogepzKaiiee F'. 3HauuT, yepes paspes mpoxo-
auT Hekoropoe pebpo €. Jobasum Kk MST pebpo e, monydaem rpad ¢ MUKIOM, TPOXOIAIINM Yepes €
u €. Yaanum €. [Toayunres BHOBB jiepeBo, npuuém (1. K. weight(e) < weight(e')) Bec moaydeHHOr0
nepesa He Gogibiie Beca MST. Orciona cymecrsyer MST, conepxkamee F'U {e}. Jlemma nokazana.

[naBa #46 143/155 Astop koucnekra: Baamucnias Koueprun



Asropurmbl, ocenb 2015/16 Munumasbhoe octoproe fepeso (MST)

ITpumeneHue jieMMBbI O pa3pes3e K JI0Ka3aTeJIbCTBY aJrOPUTMOB:

Aaropurm Kpackama: MHOKecTBO S - KomnonenTa CHM, B KoTopoit HaxoauTcest OJIuH U3 KOHIIOB
n06aBIIeMOro pedopa.

Anroptum ITpuma: muoxkectso S - Bepuunbl noctpoernoit yactu MST.

A nroputMm BopyBku: 35ech yKe CI0KHee, T. K. Mbl OJJTHOBPEMEHHO J00aBJIIeM HECKOJIBKO PEbep.
[IycTh y HaC yx)e 100aBaeHb HEKOTOPBIE pEOpa. XoTuM J1006aBUTh MUHUMAJILHOE PeOPO, MHITUAEHTHOE
HEKOTOpOil BepiuHe v (HA30BEM €ro e), ecju OHO ellé He J100aBjeHo. B KavyecTBe MHOMKeCTBA S
PACCMOTPUM MHOYKECTBO BEPIIHH, U3 KOTOPBIX IO JI0OABJICHHBIM pEOpaM JIOCTHKUMA BEPIIUHA 0.

Hy:xHo 10Ka3aTh, 9TO € YIOBOJIETBOPSIET JJEMME O pa3pese: T. €. SIBJISeTCS MUHUMAILHBIM PeOpPoM,
IPOXOAAIINM depe3 paspe3. PaccMoTpuM npon3BOILHYIO BEPIIUHY U 7 ¥ MHOZXKECTBA S U MIPOU3BOJIb-
HOE pebpo fy, MHIIIEHTHOE U U MPOXOsinee depe3 paspe3. OdeBuano, 9to fy OOJbBIIE B3ATOrO U3
BepiiuHbl u pebpa (oboznauum f1). OUeBHIHO, KazKI0e Claeayolee pedpo Ha MyTH OT U K ¥ MO JIO-
GaBeHHBIM PEGpaM (fo, f3,...) ByaeT MeHbIe Opeapayero (o 3Toii ¥Ke TPUYUHE B aJITOPUTME He
MOKET TOJYUUThCA TUKI). [10 TpaHsuTuBHOCTH ToaydaeM fo < f1 < fo < ... < e, T. e. MUHUMAJTBHOE
pebpo, mpoxo/isiinee depe3 paspes - pedpo e, u 1o JieMMe O Pa3pe3e Mbl MOXKEM er0 B3STh.
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Jlekuga mo ajgaroputMam #47

Xaddman 1 kaTHOCTH
11 nexabpst

47.1. Bamaga o maxmarHom kKoHe (IIpaBusio Bapucaopda)

47.1.1. IlocranoBka 3aja4n

Haiitu ramesbToHOB IIyTb Ha HIaXMaTHOM IIOJIE 11 Ha I1 XOJ0M KOH.

47.1.2. IIpaBuno Bapuacaopda

Jlasaiire crpouTh 1myTh kaaH0. Ha kaxka0#t nrepanun ciejayer 1006aBasaTh BEPIIMHY HauMeHbImei
OCTATOYHOI cTeneHu (U3 eIé He MOCEIEHHBIX U TOCTYIHBIX U3 MOCJeHeH KJIeTKN Iy TH). Y TBepK1a-
€TCsl, UYTO C DOJIBIIONH BEPOATHOCTHIO MBI HafIEM raMe/IbTOHOB IIYTh.

47.1.3. Kynga uaru, eciv BEPHINH HAUMEHbBIIEl CTENeHU HECKOJIBKO?

1) “Kyna-uubyup” - mioxo. Bodmoxkna curyanus, KOrja TaKOH aJropuTM He HAfgeT myTh.

2) Random - xopormio. C 601b1110i BEPOSITHOCTBIO Ty Th OyaeT HafijeH (a ecm HeT, MOKHO MOIIPO-
GoBaTh €mE pa3 T.K. AJITOPUTM HeJeTePMHUHUPOBAHHbII ).

3) YTBepzKIaercs, 9T0 XOpoIno paboTaer cTpaTerus “IPUKUMATHCA K Kpaw' T.e. MPH PABEHCTBE
OCTATOYHBIX CTeleHell BBIOUpaTh BEPIINHY, PACCTOSHUE OT KOTOPOH 10 OJIMKAUIIero Kpas MeHBIIE.
[Ipm paBeHCTBe pacCcTOAHUI - CAYIARHYIO.

47.1.4. OTKyga HAYMTHATD?

1) MoxkHO npobOBaTh CTAPTOBATD CO CJIyYalHBIX KJIETOK.
2) MozKHO Trepeji STHM MoNpoOoBaTh HAYATH ¢ “0CObeHHBIX” KJIeTOK (YIJIOBOH, KpaiiHeil, eHTpaIb-
HOIA ).

47.1.5. O60061eHMEe AJisi MPOU3BOJILHOTO Tpacda (Bcé emié »KaHOCTh)

Bepém Bepiimuy MUHUMAILHON CTENEHU, CPEJIU TaKuX - caydaiinyio. Haunnaem co ciydaitnoi.

47.1.6. YaydineHue

1) OcraTok J0JKeH GBITH CBA3EH W BCE BEPIIUHBI JOJZKHBI OBITH JIOCTHKUMbI U3 TEKYIIell Bep-
muabl (dfs). lHade ramMesbTOHOB MyTh ¢ TAKUM IPeGUKCOM HE MOy YUTCSI.

2) CymecrByer He GoJiee OiHOIT BepiuHbl cTenenu 1. VHade raMebTOHOB Iy Th ¢ TakKuM mpeduk-
COM He IOJTyIUTCH.

3) IIpo6GoBaTh XOAUTH B HepBble kK BepIIMH B MOPS/IKe YBeJIUUeHUs creneHu. Yem Menbire k Tem
0O0JIbIIIe BEPOSITHOCTH He HAUTHU MYTh, YeM OOJIbINEe K TeM HOJIbIIe aaropuT™ padoTaer.

47.2. Xadpdman n cokaTme JaHHBIX
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47.2.1. UneaabHBIl apXuBaTOP

He cymecrByer ajaropurMa, KOTOpPbIH cxkuMaeT J06yi0 GUTOBYIO CTPOKY JtHHbl 1 (6e3 norepu
uHGOpMAIIHT ).

eficTBUTE/ILHO, CTPOK JJIMHBI N POBHO 2", & CTPOK CTPOTO MEHbINed JJIuHBl poBHO 2" — 1, 4TO,
OYeBU/IHO, MEHBIIIE.

47.2.2. KoaupoBanue
> - andasur, | Y| =n.

He n1060ii Habop KOJIOB MOJAXOAUT JIjid KOAMpoBaHusd. Hampumep, ecjm Mbl BIOpaIU KO JIId
cuMBOJIOB Tak: a -> 0, b -> 1, ¢ -> 01, To 3anuck 01 Hesb3st OygeT AEKOAWPOBATH OIHO3ZHATHO
(momoitnéT u “ab”, u “c”).

Habop cioB nassiBaeTcs 6ecipedUKCHBIM, €CJIH HIKAKOEe CJI0BO He ABJsIeTCs TPpepUKCOM JIPYTOro.

Bamernm, 9To eciu KOJAbl 00J1aJa0T 3TUM CBOHCTBOM (6ecnpeduKCHOCTHIO), TO JI00YI0 KOPPEKT-
HYIO 3aIllUCh MOYKHO OJIHO3HAYHO JIeKOAupoBarh. JInga adpdekTuBHoil pacimmdpoBK MOXKHO HCIO/Ib-
30BaTh CTPYKTYPY JAHHBIX BOp, B KOTOPOil OYIyT XPaHUTHCS KOJIBI.

Mpbr GyieM KOAMPOBATH TEKCT CJIAYIONIHM 00pa3oM: mepBbie k GUT (3apaHee M3BECTHOE YHCIIO) -
JTHHA 3aKOTUPOBAHHOIO TEKCTA, IIOTOM KAKOe-TO KOJIUIECTBO OUT OTBEIEHO MO, KOTUPOBAHHUE JIepeBa
KO/IOB, IIOTOM IIOCJIe/IOBATE/IbHAS 3AIMCH KOJIOB CHMBOJIOB.

47.2.3. Angropurm XaddbmaHa

Anropurm Xaddmana mogbupaer Takoii OecrnpedHKCHBIH HaOOp KOIOB K aadaBHTy, UTO II0-
ciaenoBaTe/bHAs 3alUCh KOIOB CHMBOJIOB TE€KCTA, UMeeT MHUHUMAIbHYIO BO3MOXKHYIO JIHHY. VIHBIME
CJI0BaMH, €CJIU cnt; - KOJIUIEeCTBO BXOKIEHUH i-0ro CUMBOJIA, a len; - IIHHa KO, COOTBETCTBYIOIIEr0
i-omy cumBoaty, T0 Y (ent; - len;) — min.

47.2.4. Habaonenus

1) U3 AByX pasJudHBIX KOJOB 60jiee KOPOTKUil CJIeyeT OTIATh CUMBOIY, KOTOPBIH HCIOIB3YeTC s
varre. (JeifcTBUTEbHO, TIOMPOGYEM ClIeJIaTh HAOBOPOT, U 3aMEeTUM, 9TO CYMMAapPHAs JIJTHHA HEYyMEeHb-
IIUTCS ).

2) 3ameTuM, YTO KOJIbl MOTYT 3aKaHUMBATHCSI TOJIBKO B JIHCTAX Oopa. JleficTBuTebHO, HHAYE
Takoil Ko Gy/ieT mpeduKcoM apyroro Kojaa (BepiinHa uMesa Jgereii => CIyCTHBIINCH BHU3 110 60PY
MBI [TOJIYIHUM el KAKOH-TO KOJI).

3) Pacemorpum 6op U3 KOJIOB. 3aMeTHM, 4TO JI00asi BEPIIHHA TOJIKHA ObITh JUOO0 JIHCTOM, JTHOO
nMeTh aBa pebénka. lelcTBUTEIbHO, YCTh KAaKasA-TO BEPIINHA MMEeT OJHOro pebEHKa. YaaauM eé,
a eé pebEHKa T0/[BeCHM K TIpeJIKy. BecrpedKCHOCTh He CI0MaNach, 8 KAaKOH-TO Koj (KaK MHHAMYM
OJIMH, K KOTOPOMY BeJjia BeTKa) CTaJ KOpode.

47.2.5. Anroputm

[lombrTaemest BBIOPATH ONTHMAJIBHOE TIEPEBO KOJMOB.

[IpejicraBum, 410 Mbl y2Ke HanLm orBer. Paccmorpu camyio miybokyio Berky. [Ipemnociiepusis
BepINHA B 9TOH BeTKe 0Os3aHa MMeTh nBa peGEHKa (a T.K. paccMaTpuBaeMasi BeTKa Obliaa camasi
riy6okasi, To BTOPOii peGEHOK Tozxke 00si3aH ObITH JicToM). 13 nabmogenus Nel cieayer, 9To KOJbl,
COOTBETCTBYIOITUE STUM JUCTSIM, JTOJTKHBI UCIOJb30BAThCS JIJIsT KOJUPOBAHUS CAMBIX DEJKUX CUMBO-
708 (Ecu Takux HECKOJIBKO - BeIGepeM Jito0bie Ba). IIycTh 9TH CUMBOJIBI ¢ U Co. YaaauMm oba JucTa
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n3 JepeBa, a UX MpeJaKy IMOCTaBUM B COOTBETCTBUE MHUMBIH CUMBOJI, KOJINYECTBO BXO}K,[LGHI/Iﬁ KOTOPO-
ro O6yjeT paBHO CyMMe YacTOT BXOXKJIEHUH ¢ U ¢o. [IycTh MBI Tenepb Haii €M onTUMaIbHOE pellleHue
JTsl HOBOH 3a/1a4u. 3aMeTHM, UTO €CJIH MbI Tellepb BEPHEM JIUCTHL ¢ ¢l u ¢2 B JepeBo (IpoBeIéM u3
MHUMO}T Bepiuabl pé6pa 0 u 1 B ¢ u ¢y coorBercrBeHno), 10 Besmuuua |y (ent; - len;)| uamennres
Ha KOHCTAHTy (Ha CyMMapHOe KOJMYeCTBO BXOXKIEHHI ¢ U Cg). TOxKe camoe MPOMCXOMUIO W HPU
VIQJEHUN 3THX BePIIMH (yKa3aHHAs BeJNYNHA TOXKE MEHsIach Ha KOHCTaHTY). Takum obGpasom, u3
OIITUMAJIBHOTO JiepeBa Jis HOBOM 3aJadl JOJIKHO HOJIYYAThCS ONTHMAJIbHOE pelleHue i CTapoit
3a1aun. Torjga Mbl MOKeM peliarh 3aJady HTEePATHBHO, YMEHbBINAd Ha KaxKJIOM Talle KOJHIECTBO
cuMBOJIOB B andpapute Ha 1. [Tocaennee nadmogeHue - andaBuTy U3 OIHONO CUMBOJIA JOJKHO COOT-
BETCTBOBATH JIEPEBO U3 O/HOIT BepiuHbl (/leficTBUTEIbHO, PACCMOTPUM KOPeHb JepeBa. JIByx mereil
y HEero ObITh HE MOXKET T.K. JIEPEBO JOJIZKHO COJIEPZKATh TOJBKO OJUH KOJI; OJHOTO pebEéHKa ObITH He
MozkeT 1o HabuoeHno N3, a 3HAYUT, KOPEHDb He UMeeT jeTeil).

47.2.6. CoxpaHeHUe aepeBa KOJIOB

K coxajienuto, Jijist JIeKOMPOBAHUsI TEKCTa HAM HYXKHO OIISAITh IOCTPOUTH JepeBo KoaoB. Cyiie-
CTBYET HECKOJIBKO CIIOCODOB IepeIatn Iepena:

1) MoxkHO mepenaBaTh BCIO TAOJIHUILy KOJIWYECTBA BXOXKACHWH. D10 3aiiMér n - k + 32 6ura, 1e
k - MEHUMATIBHOE KOJUYECTBO GUT, HEOOXOAMMOe JJIsi KOJMPOBAHUs KOJUYeCTBa BXOKIeHuii (k =
logo MAX CNT c okpyriaenuem BBepxX, rjie MAX CNT - KoJu4ecTBO BXOXKIEHUH CAMOTr0 9acTOro
cuMBoJIa). 32 6ura (HanpuMmep) yilaéT Ha KOAMPOBaHKe JOH0JHUTEbHON nHbOopMarun (K uiu Jymubl
Beeil Tabuip).

2) MozkHO 3aK0MpOBAThH cpa3y camo jaepero. Hampuwvep, Tak:

BakoaupyeM mojaepeBo Bepinuabl A. Eciim A mmeer gereii, To s3amumem “0(Ko JIeBOro mojie-
pesa) (ko mpasoro mojepesa)”’; unave (A - smcr) “1(Koj CHMBOJIA, KOTOPOMY COOTBETCTBYET 9TOT
auct)”.
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Jlekuug mo ajgroputMaMm #48

2KaaHocTh man moJiydaeM 3a9€Thl ONTUMAJIbHBIM 00pa3om
11 nexabpst

48.1. MeToapl pellleHnd HEKOTOPHIX 3a/Ja9 T€OPUN PACIIMCAHUII

Permum HeckobKo 3a/1ad, B KOTOPBIX HYXKHO COCTABUTH PACIUCAHHUE BBITIOJHEHHS HEKOTOPBIX
abCTPAKTHBIX PAbOT, KOTOPOE Y/IOBJIETBODSIET HEKOTOPBIM YCJIOBHUSIM /WM ONTHMU3UPYET HEKYIO
BeJIMYNHY.

e {; — BpeMs BBINOJIHEHUA i-ii pabOThI, BHINMOJHUTh MAaKCIMaJbHOE KOJIMYECTBO PaboT,
9TOOBI CyMMapHO€e BpeMs BBINMOJHEHUS HE IpeBbImajo 1’

Permenne: orcoprupyem padoTsl o t; u Oyjgem HabUpaTh, HAUYUHAS C MEHBIIHUX, MOKA BO3MOYKHO.
O(Sort).

Habpocoxk jjokazare/ibcTBa: MOXKHO 3aMEHUTH PaboTy ¢ OOJIBIIUM t; HA MEHbIIee.

Samevanue: MOKHO 38 O(n) MOIUMUIHPOBAHHBIM AJITOPUTMOM MOUCKA TOPSITKOBOW CTATHCTHKH.

e t;, d; — nennaita (MakCUMaIbHBIE MOMEHT BPEMEHH, O KOTOPOTr'0 HY>KHO 3aKOHYNTH
BBINOJIHEHUE PABOTHI), MOXKHO JiM BBIIOJHUTH BCE PAGOTHI

Perenue: myKHO pob0BaTh BHIIOJIHATH BCe PAOOTHI B LOPJIKe YBEJIUYCHHS Jie I IaiiHa.

JloKa3aTeNbeTBO: MYCTh €CTh KAKOW-TO KOPPEKTHBIH MOPSIIOK BHITIOJHEHHsI (€CJIM OH €CThb), TO-
I8 B HEM MOXKHO MEePEeMeCTUTh padOTy ¢ MUHUMAJIBLHBIM JIeITalfHOM B HAYaJIO CIIHCKA, BHITOJTHEHUSI.
HeiicTBuTesibHO, WylIue mepes Heil paboThl Ternepb OYy/yT 3aKaHYMBATLCH HE MO3Ke, 9eM 3aKaH-
YHUBaJIACh OHA, HO €€ JeJIaiiH — MUHUMAJIbHBI, TO3TOMY BCe pabOThl BCe eIlé MOXKHO BLITOJHUTD.
Hanplre nenaeM aHAJOTHYHO.

e t;,, d; — menyaiiH, HO He KOHIIA, a HAaYaJla BPEMEHU BBLITIOJITHEHUS

Perienue: orcoprupoBars B Hopsijike yeauuenus (t; + d;).

JlokazaTebLCTBO: OYeBUIHOE JOKA3ATEIbCTBO — CBECTH K IPEAbLAyINeil 3amade. Tem He menee,
JIA pACITUpPeHHsl CO3HAHWs, MPUBEIEM JIpYroii crnocob pernreHua 370it 3agaun. Ilycth j-a paboTa
BoInoTHAeTCA mocaenneil. Torma (D t;) —t; < d; = CONST < t; + d;. Torga 3aBen1oMo He XyKe
BBIOPATH B KAUeCTBe MOCJeIHel paGoThl Ty, ¥ KOTOPOil (t; + d;) MaKCAMAIBHO.

e t;, fee; > 0 — mrpad, Mmuanmusuposars y 7T, - fee;, rae T, — MOMEHT OKOHYAHUS BbI-
nmoJHeHud i-ii paboThl
Jee

Perienne: BBITIOHATH PAOOTHI B TOPSJIKE YMEHBITEHUS
i
JlokazaTeibCcTBO: BO3BMEM MPOU3BOJIBHBIN HOPSIOK BBIIOJIHEHAS PabOT, MyCTh €CTh JBE COCE/I-
feea _ feep
<

A tp
PacCMOTPHUM, KaK IIOMeHdeTcd Iejepas (byHKIMS ecId MOMeHsATh 9TU J[Be PabOThl MeCTaMMU:

uue paborel A u B (A upsmo nepen B), Takue 9To = tpfees < tyfeep, TOrAa

ta- feea+ (ta+1tp)- feeg + CONST — tpfeep + (ta +tp)feea + CONST

tafeep — tpfeey

?)Ha‘{I/IT, TaKHUM ,ZLGfICTBHGM MBI TOJIBKO YJIYy4YIIUM OTBET.
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Yr006h! 10KA3ATETHCTBO METOIOM SWap-0B padoTasio, Hy’KHO J0Ka3aTh, 9TO ITPU PABEHCTBE CPaB-

e.
') He BazKHO, B KaKOM Iopske uayT paborsl A u B. B

7

HUBaeMbIX BEJIHNYNH (B HallleM CJIy4ae

JAHHON 3aJladye 3TO O4YeBUIHO.

Muorue 3aja4u, 1mog00HbBIEe PACCMOTPEHHBIM, PEIIalTCs COPTUPOBKON pabdOT B COOTBETCTBUU C
HEKOTOpbIe KoMIapaTopom less(a, b), KoTOpHhIii mpoBepseT, mpapia JIn BITOJHEE MOCTABUTH PabOTy
a nepea paboroii b. bojee Toro, 3ToT KOMIIAPATOP UMEET BHU/I

less(a, b): return F(a, b) < F(b, a)

, riie F(a,b) — kakas-T0 “BeJTMIMHA ONTUMAJIBHOCTH, €CJIH MOCTABATH G Tepe/ b.

Hampumep, pemuM TpeThio 337a4y Mpo Jie/IJIaifH Hadaaa TaKIM CIOCOOOM.

[lycts ecth aBe cocemnue 3amadu A u B, a cymMMapHoe BpeMsl BBIIIOJHEHUS BCEX 3aa4 Tepe]]
Humu pasio 1. Ecin 3amaua A uuér uepen 3auadeii B, TO J0JKHbBI BIIOJHATHCA yejaoBus 1T < dy
ul +ty < dp, 10 ectb T' < min(da,dp — ta). Ananoruuano, eciiu B unér mepex A, 1o T <
min(dg,ds —tg). Bugno, 9ro BbITOiHEE BEIODATH TAKON BAPHAHT, B KOTOPOM OIDAHHYEHHe CBEPXY Ha
T kak MOXKHO Oo0Jiee cCBOOOTHOE, TO €CTh TOT, Y KOTOPOT'O COOTBETCTBYIONTUI MUHUMYM MaKCUMAJIEH.

K coxkanenuto, Ha mape He OBLJIO BPeMeHU, YTOOBI MOKA3aTh, UTO TAKOH MOPSIOK TPAH3UTHUBEH.

48.2. 3aga4da o aByx ctankax uwiau Fb||Chua

Ecth nBa cramka m HECKOJIBKO jAeTasieil, KaKayl W3 KOTOPBIX HYZXKHO 00paboTarh CHadaJa HA
IIEPBOM CTaHKe, a 3aTeM Ha BTOpOM. Bpemst 06paboTku i-if meram Ha IepBOM CTaHKe PaBHA a;, & HA
BrOpoM — b;. HeobxomuMo MUHUMH3UPOBATH MOMEHT 3aBepIleHHusI 00PabOTKHU BcexX JeTaJllei.

YTBepKaeHNe: BHIIOIHITHL paboThl Ha 000MX CTAHKAX HAJI0 B OMHOM U TOM Ke mopsiake. /leficTBu-
TEJIbHO, IIYCTh KAKOHW-TO npedurc pabor Ha 0060MX CTaHKAX COBHAJAET, a 3aT€M Ha BTOPOM CTaHKE
obpabaTbiBaeTCsl 1-51 JieTajb. '10orjga MOXKHO W Ha, MEePBOM CTaHKe i-10 jieTaJib 00pabaThiBaTh Cpas3y
nocsie HaiijenHoro npedukca (Bee gerasn, KOTOphie CIBHHYINCH Ha TIEPBOM CTaHKe BCE pABHO GyayT
o6paboTanbl, TaK KaK OHH 06pabaTeiBatoTCst moce i-if). Tem caMbiM Mbl yBeanauM npedukce. Takuvu
JTEeRCTBUAME JOHIEM 10 TOTO, 9TO HMOPSIOK 00PabOTKH JeTajeil Ha 00OUX CTAHKAX OJIMHAKOB.

Paccmorpum jige coceynue B 9ToM 1opsjke Jeraiun x u y. Ha MunyTky 3abyjem, 4To ecThb Jpy-
rue geranu. PaccMOTpHM BpeMsl BBINOJIHEHHs 3THX paboT, OHO DaBHO a, + max(ay,b,) + b, (de-
pe3 maX(ay,bw) eJINHUI] BDEMEHH CMOZXKeT HadaTh 06pabaThiBaThCsl HA BTOPOM CTaHKe JETajb Y).
az+by,+mazx(ay, by) = a,+b,+min(ay, b,)+maz(ay,, by)—min(a,, b,) = ay+a,+b,+b,—min(ay,b,).
Teneps HAII KOMIAPATOP TPUHAMAET BHI:

less(x,y): return min(a_y,b_x) > min(b_y,a_x)

B obmeMm cirydae, Hy2KHO pacCMOTPeTh HECKOJIBKO CJIYIaeB, YTOOBI MOKA3aTh, 9TO, CJAEIyS TAHHO-
My KOMIAPATOPY, BBITOJHO OOMEHSITh (MM He OOMEHHBATD) JIBE COCEIHUE JeTATH MECTAMH.

OHHTB 7K€, OKOH4YaTeJIbHOE J0Ka3aTe/JIbCTBO KOPPEKTHOCTU TaKOI'O aJITOPpUTMa IIPUBEJICHO HE 6bI—
Jio, OO aBTOP HE MMOMHHUT TaKOIO.

48.3. 3agava 0 BBIMOJTHEHNN MAaKCHUMAJbHOTO KOJMYECTBA PAOOT

PaccmoTpumM emé oany 3a1a4dy: €cTh HECKOJIBKO paboT, v KaykKI0i CBOE BpeMs BBINOJIHEHUS f; 1
JleUIaiiH d;, HO Tenepb HyKHO He IPOBEPUTH, MOXKHO JIA BBIIIOJHUTH UX BCE, & BBIIOJHATH KAK MOKHO
OOJBINE N3 HUX.
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CuepBa oTcopTEpyeM BCe 3aJadu M0 BO3pACTaHWIO d;, KakK ObLI0 B mponuioil 3amade. Tenepb
paccMOTpHM JIBa perrenusd. [lepsoe paboTaeT MemyieHHee U BpsL JTU IIPUTOIUTCS HAM € TPAKTHIECKOM
TOYKHU 3pEHHUsI, HO OHO ITOMOKeT JI0KA3aTh BTOPOE.

e Pemmenne nuHaMmuieckKnM IporpaMMupoBaHueM. PaccMoTpum niepsbie ¢ paboT U BCe CIo-

coObI BHIOpATh POBHO k W3 HUX, 9TO0BI BCe k MOKHO ObLIO BHINOHUTH. Torma nycts 1T'[i, k] — muHu-
MaJIbHOE 110 BCEM TAKUM CIIOCODAM CyMMAapHOe BpeMms BbinoaHeHus tux k pador (T[i, k] = +oo,
ecau Takux crnocobos uer). Temeph pacemorpum (i + 1)-10 paboTy W mpOpeTaKCHpyeM THHAMHE-
Ky. JIuGo Mbl ocTaBisiem 9ty pabory B mokoe (relax(T[i + 1,k],T|i,k])), 1ubo MBI BHITOTHSEM €&
(relax(T[i + 1,k + 1], T[i, k] + ti+1)), HO 910 BO3MOXKHO TOABKO npn yeaosun 1[0, k] 4+t < dipq.
Orger — MakcuMmasbHoe k, Takoe uto dp[n|[k] # +oo.

e 2Kamnoe perenune. Ondarh ke OygeM pacCMaTPUBATL PAOOTHI MO OYePeId U I KazKI0ro

npedukca padboT CTPOUTH ONTHUMAJILHOE pelIeHHe ONpee/leHHBIM oOpa3oM. IlycTh MbI mocTpouan
KaKo#-TO OTBET W paccMaTpuBaeM -0 pabory. EcTb Tpu ciaydas:

1. Ecan mbl MozkeM 7100aBUTH €€ K TeKyIIemMy OTBeTy, TO ecTh S + t; < d;, rae S — cymmapHoe
BpeMs BBHINIOJTHEHUS BBIOPAHHBIX PaboT, TO MPOCTO JIeJIaeM ITO.

2. Nuave upobyeM KadyeCTBEHHO Y/1y4lIUTh TeKynuil orser. Ecjim cyiiecrByer cpejin BbIOpAHHBIX
Takas pabora, YTo €€ BpeMsl BBITOJHEHUA OOJIbIe, YeM t;, TO Mbl MOKeM H30aBHTHCSI OT STOM
paboThl, a B3aMeH Heé TTOCTaBUTD ¢-10. YICHO, YTO HOBBII HADOP PADOT TOXKE MOYKHO BBLITIOJTHUTD.
(Peanusayuonnoe samevanue: 30ect Ha00 UCTIOALIOBATND KYYY )

3. Nuauye auvero ne mMpoOUCXOJIUT.

Ilycts Ha i-M mIare k; — KOIMYeCTBO BBIOPAHHBIX paboT, a a1 < as < ... < aj, — OTCOPTHPOBAH-
HbIe BpEMEHA, BLINOJTHEHUsT BHIOPAHHBIX paboT. Y TBepzKIaeTcs, 9To k; — MaKCUMaJIbHOe k, TaKOe YTO
m
Tli, k] # +oo, u uro T[i,m] = > a;. I3 aroro yreep:kienus, B 9aCTHOCTH, OYEBHIHBIM 0OPa30M
t=1
cJIeyeT KOPPEKHOCTD aJITOPUTMA.
Jlokazkem ero 1o WH/LYKITUH.
Baza: 1=0=k=0.

Ilepexom: @ — i+ 1

1. Ilycte OPTj — onTuManbHBIl OTBeT Ha j-M mare. 3HaeM, 4o OPT; = k;. Hago nokasarn, 4To
OPT; 1 = kix1. Ectu OPT;,1 = OPT;, To Hall aJropuT™M He MOT YIYYIIATH OTBET, MOITOMY
Bcé xopomo. Ecim OPT;.; > OPT;, To, Bo-miepBHIX, (i + 1)-s1 pabora TOYHO TOJKHA OBITH
seinostaena (nnade OPT; = OPT;yq), u HAIl aIrOpUTM €6 CMOZXKeT B3sTh, TaK KakK JJis Heé
OCTAHETCS BPEMEHH He MEHbIIe, 4eM B JI000M ontumagsHoM orsere (n60 1i, k| — MuHIMyM).

2. 3amerum, uro T'[i+1, m] pasuo jm6o T'[i,m—1]+1t;, mbo T[i,m] = T[i,m—1]+a,, (nocaenee
PABEHCTBO 110 HPE/IIOJIOKECHAIO HHIAYKINK). Temeps JIerko 10Ka3aTh, BTOPYIO YaCcTh yTBEPKIe-
nus. B 3aBucnmoctu ot caydas (1)-(3) ;41 Kak-To BecTpamBaercs (MM He BCTPANBACTCS) B
IOCJIETIOBATEJILHOCTD A1, . . . , Gk,;, U BHYTPEHHEH HHIYKIHKEH, B KOTOPOil 6a3a U mepexo/pl MOJIy-
YAIOTCS M3 BBIMICOMMUCANHOTO IEePecuéTa TMHAMUKH, MOKA3BIBACTCS ITO CYMMa 1 MEHUMATBHBIX
paboT U3 HOBLIX BHIOpaHHBIX paBHa 1'[i + 1, m).
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Jlekuuga mo ajgroputMam #49

IIpubamxenubie aJropuTMbI
11 HOs1OPst

c-OPT pemtenvue - perenne, KOTopoe Ha J0O0M Bxoje naét orser < ¢ - OPT (B ciydae 3a7a4n
He MHHHMU3AINIO).

49.1. 2-OPT penierune 3aaaum 0 KOMMUBOSXKEPE

Heobxoaumblie ycjioBHS:

1. Hepasencrso Tpeyroybuuka: Va, b, ¢ w, + wy > w,.

2. I'pad neopueHnTHpOBAHHBIN U TOJMHBI, w; > 0.

Cam ajropuTm:

1. CTpoum MUHHMAJbHOE OCTOBHOE JiepeBo ( y HAC yrKe eCTh MOTMHOMHUAIBHBIH aaropuT™M, KOTO-
phIit ero crpont ).

2. Kaxmoe pebpo aybonaupyem, Haxoamm dityiepos muki. Baxuo, aro MST < OPT, rak kak OPT
> ST (w; > 0). Tosromy To, uro Mbl moayuanan < 20PT.

3. Tloka namn 06X0/| IPOXOJUT 110 KAKON-TO BEpIIUHE JBaK/Ibl, JOIMYCTUM BEPIIUHA U, 3aMEeHsIeM
pebpa (v — u), (v — w) #a (v — w). [lo HEP-BY TpeyroJbHHKA BeC He yBEIMYHJICS, HO 3aTO
YMEHBIIIOCH KOJIHYecTBO pebep. [TosTomy mporece 3aKOHYUTCS 3a JTUHeiiHoe Bpems.

Bameuamnue. Ve > 0 3(2 — €)—recr.

49.2. 1.5-OPT koMMUBOSI>KED

YcesoBus Te Ke, HAYaJI0 Takoe »Ke, OepeM ocToBHOe nepeBo. Ho s3amerum, uTo paau 3iliepoBa
00X0/1a MBI JIeJIa I OY€eHb IJIOXYIO BEb - JIyOJUPOBAIN BCe pedpa, XOTs HYKHO OBLIO JUIIb CJIe1aTh
BC€ BEPpIIUHbI Y€THBIMU. Z[aBaﬁTe IOCTPOUM MHMHHUMAJIbHOE IIapOCOY€TaHue Ha BEepIIMHAX C HCYETHDbI-
MH CTereHsIMd 1 J00aBUM K JepeBy (BO3MOXKHO, TOSIBATCs KpaTHbe pebpa). Jlaabime Mbl 3HAEM, 9TO
JleJiaTh - HIepOBO OOXOANM W 3aMeHsieM ILIOXHe maphl pebep.

Tak mouemy ke 1.5-OPT?

Koe-uto mbr yxke 3aaem: MST < ST < OPT.

PaccmorpuMm nuk/ KOMMUBOSIZKEDPA 110 HEYETHBIM BepIHIMHAM. KEro BeC TOYHO He OOJIbIe IUKJIA
KOMMUBOSKEPaA 10 BCeM BepmuHaMm. B TO ke BpeMs, 3TOT MK/ MOXKHO pa3bUTh Ha J[BA MapOCO-
geTaHnA, KazKJ0e N3 KOTOPbIX HE MEHbINe MUHUMAJIbHOT'O ITapOCOYeTaHudA MO HEYCTHBIM BEPIITUHAM.
Taxum obpasom, (2 min) < = (min) < OPT.

49.3. Inn— OPT pemenne Set Cover

2KaiHo BoibupaeM Ha KazKJ0M IIare MHOXKECTBO, KOTOPOE MOKPBIBAET KAK MOZKHO DOJIBITIEE YUC/I0
HEMOKPBITHIX 3JIEMEHTOB.

Teopema 49.3.1. Inn— OPT.
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Hoxazamenavcmeo. Ilycrs OPT = k. Torma, ecan y Hac Ha O9epeaIHOM TIare OCTaa0Ch 1 3JIeMEHTOB,

TO CyIIecTBYeT MHOKECTBO, HOKpBIBalomee > 7 3 HUX. Tora moc/ie ouepe HOro mara MBI IepPexoIuM
ornk <n- (kL)

n—Eln - (22 o1
— 1
IngLﬂn =Inn/In(1+ =)
Ocranoch 1okasars, aro In(1+ £5) > 1.
Do BepHO st k > 2, nposorapudmMupyem HepaseHcTBO (1 4 %)(n +1) >e.
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Jleknug no ajgropurmam #50

Moandukammnga PndboHaTIEBOI Kydn
18 nexabpst

50.1. CTpyKTypa dubonauuena Kyda paboraer obicTpo. Add u DecreaseKey paGoraror

3a O(1), a ExtractMin paGoraer 3a O(logn). Kazamoch ObI, 9TO JIydIIero u yKeaaTb Heab3sl, HO
Bce-rakn PuboHauIeBY Kydy MOXKHO yCKOpHTH, geras ExtractMin 3a O(logc), rae ¢ — KoamdecTBo
pa3IMIHBIX BECOB B Kyde.

Kak ke 310 cmenars? Bo-mepspix, Bepmunsl Kyun OyayT napamu (w, list,), rme w—3rto Bec, a
list,, — MHOXKecTBO id Beca w, XpaHUMoe B BUJIE CIHCKa (TpEMep: MpH HAMKUCAHUE aJroputMa Jlefikce-
Tphl B Kyue OyayT xpanurcst napsl (dist[v], {v: dist[v] == w})). Bo-Bropsix, 6yaem mojuaepKuBaTh
maccuBbl HeapNode (HeapNode|w| xpanur ykazarens na Beprmny Beca w) u ListNode (ListNodelid|
XpaHUT ykazaresab Ha id B KAKOM-TO list,, ).

50.2. Omnepamun Hanumniem Tenepb HOBbIE Onepanum s Hameil HOBOH Kyum (OHH, B

oTInYIHe 0T OOBIYHBIX onepanun PuGoHATIEBON KyUd, GYIYT OTMEUATCS 3BE3M0YKOI ). st IPOCTOTHI
Oy/IeM CYMTATh, YTO BCE HYZKHbBIE MACCHBBI IIEPECUUTHIBAIOTCS. caMi cO00fi (Ha IPAKTHKE Iepecder He
JIOJIZKEeH BBI3BATh MPOOGJIEM) W HCIIOAB30BATH TOJBKO MACCHB COUNt, KOTOPHIH XpaHUT KOJHIecTBO id
JITAaHHOT'O Beca.

50.2.1. Add*

Add*x(id, w):
if count[w] > O:
count [w] += 1
else:
Add (id, w)

T W N =

50.2.2. DecreaseKey*

DecreaseKey*(id, oldW, newW):
if count[o0ldW] > 1:
--count [01dW]
Add*(id, newW)
else:
if count[newW] == 0: // Do not create or delete any nodes
DecreaseKey (0ldW, newW)
swap (count [01dW], count[newW])
else:
count [oldW] = 0
++count [newW]

— O © 00O Ut kW

50.2.3. ExtractMin*

1 ExtractMinx*() :
while True:
3 w = GetMin ()

[\
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if count[w] > O:
break

ExtractMin(); // Spend 1 coin
if count[w] > O:

--count [w]
else:

ExtractMin(); // Spend 1 coin
// Borrow 2 coins

50.3. /loka3aTejibCTBO JIerko MmOHATH, 9TO HOBBIE OIEPAINU KOPPEKTHBI, OCTAIOCH

OHATH, OYEMY Kyda craja paboraTb OBICTpee, TO €CTh J0Ka3aTb, uro ExtractMin* pabGoraer 3a
O(logc).

Bocnosb3yemest MeToioM GaHKOBCKOrO yuera. OGO3HAUMM KOJMYECTBO MOHET GYKBOIH ¢ (um3HA-
ganbHo ¢ = 0). [Tycrs kaxkgas monera crout loge. Ilpu kaxaom zamycke ExtractMin®™ mbr 6epem
JIBe MOHETBI, a Ha KaxKJblil BbI30B [ixtractMin TpaTum omny monery.

Hy»kHo m0Ka3aTh, 9TO0 MOHET BCErja XBATAET, KOTJIA OHU TPATATCSA, TO ecTh ¢ > 0.

B MOMEHT TosiBIeHHsI B KydYe BepuiuHbl Beca w orMmetuM e = list,[0]. TlorsTHO, 9TO € Gymer
yIaJdeH paHbIle caMOil BepITUHBI. B MOMEHT yJajleHus e BO3bMeM MOHETY, KOTOPYIO MOTPATUM B
MOMEHT Y/IAJICHUsI BEPITUHBL.
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Jlekuuga mo ajgaroputMaMm #51

IIpnmenenne momndunnupoBanHoili kyun PuboHad9In
18 nexabpst

51.1. IIpumenenue B ajropurme /leiiKcTpbl HEIIOCPEACTBEHHO

Asropurm JlefikeTphl, Kak u3BecTHO, paboraer 3a Bpems O(FE -DecreaseKey + V - ExtractMin).
Momndunupopanuas kyda PuboHaTIN MO3BOJISET JesaTh onepauio ExtractMin we 3a O(log V'), a
3a O(log C'), rae C' — KOIHYIECTBO PA3IUIHBIX KJIIOUeH, HAXOASIUXCA B JAHHBI MOMEHT B KydJe.

Ho eciin Beca pébep B rpade — nenpie uncia ot 1 o C', To B anropurme lelikcTphl B Kyde Oyaer
Kak pa3 Taku He 6osee C' + 1 pasauyHBIX KIIOUEH B KAXKIBIH MOMEHT BpeMeHH (IPOCTO HOTOMY UTO
B MOMEHT peJlakCaliiu BoJib pebpa Beca He Oosibiiie C' Mbl He HOJYyYIHM KJH0Ya, TPEBOCXOSIIErO
MUHUMaIBHBIT Gostee, yem Ha C').

Takum o6pazom, mbl go6mwiuck acumnroruku O(E + Vlog C).

51.2. IIpumenenue B Two-Level Radix Heap

Two-Level Radix Heap 6e3 mopudukanuii paboraer 3a Bpems O(n(log, C'+t)), rue log, C 6epéres
13 TIOMCKa HEeIyCcToro DaKera, a t — U3 MOUCKa HEIyCcToro nojdakera. ejm nckarsb HemycToil mojadaker
¢ momorbio Moaudunuposanuoii Kyan Pubonaadn, moxkHo nosryanth Bpemsi O(n(log, C' + logt)).
AcuMnrornueckoro MUHAMYyMa (QYHKIHd gocruraer, korna logt = /logC, mpu 3TOM IOJIydaeM
O(nyIogC).

st roro, arobsr ExtractMin paborasn 3a +/log C', HyKHO yma/sTh BCe BEPIIUHBI HANIEHHOTO
nojbakera paszoM. JLoOuThed 3TOro MOXKHO, ecin B Kyde OuboHaudm Becy BEPIIUHBI OYJIET COOTBET-
CTBOBATH MHIEKC TO0aKeTa, TOT Ia HYKHO IMPOCTO ¢/iejiaTh B Ky4ue ExtractMin (He ExtractMin*). Ho
B 9TOM CJIy4ae HapyIaeTcs MOTEHINnAJ, BBEeIEHHBIN IPU T0KA3aTeTbCTBE BpeMeHH PaboThl MOmubu-
nmupoBaHHOM Kyun Pubdonauqu. Tem He MeHee, yTBep:KIaeTcd, YTO HA ACAMTOTHKY 3TO He MOBJIHIET
(TOKA3aTEMBCTBO OCTAETCSA YUTATENAM B KAUECTBE YIIPAYKHEHU ).

Takum obpazom, nosyaunn Jeiikcrpy 3a O(FE + V4/log C).
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