
T (n) = max
x=0...n−1

(T (x) + T (n− x− 1) + min(k, x) ·min(k, n− x− 1))

T (n) ≤ max
x=0...n

(T (x) + T (n− x) + min(k, x) ·min(k, n− x))

Áåðåì áèíàðíîå äåðåâî (x = n
2 ), íà íåì âðåìÿ ðàáîòû àëãîðèòìà =

O(nk). Òàêèì îáðàçîì ìû óãàäàëè îòâåò. Ìû óæå çíàåì, ÷òî T (n) ≤ n2.
Äëÿ n ≤ k ýòî íàñ óñòðàèâàåò.

Äîêàçûâàåì ïî èíäóêöèè, ÷òî äëÿ a ≥ 1, a ∈ R, n = a · k

T (n) ≤ (2a− 1) · k2 = O(nk)

Ïóñòü x ≤ n− x. Ðàññìîòðèì òðè ñëó÷àÿ. Âåçäå íèæå x = y · k, n = a · k

1. x ≥ k, n− x ≥ k

min(k, x) = k, min(k, n− x) = k,

T (a·k) ≤ (2y−1)·k2+(2(a−y)−1)·k2+k2 = (2a−2)·k2+k2 = (2a−1)·k2
�

2. x ≤ k, n− x ≥ k

min(k, x) = x, min(k, n− x) = k,

T (n) ≤ x2 + (2(a− y)− 1) · k2 + xk = (2a− 1) · k2 + x2 + xk − 2y · k2 =
(2a− 1) · k2 + x2 + xk − 2xk ≤ (2a− 1) · k2 �

3. x ≤ k, n− x ≤ k (à çíà÷èò k ≤ n ≤ 2k è 1 ≤ a ≤ 2)

min(k, x) = x, min(k, n− x) = n− x

T (n) ≤ x2 + (n− x)2 + x(n− x)

Ìàêñèìóì äîñòèãàåòñÿ èëè â òî÷êå x = 0 (íà êðàþ), èëè â òî÷êå, ãäå
ïðîèçâîäíàÿ ðàâíà íóëþ. Äèôôåðåíöèðóåì ïî x.

f(x) = x2 + (n− x)2 + x(n− x) = n2 − x(n− x)

f
′
(x) = (n2 − x(n− x))

′

x = −n+ 2x = 0⇒ x = n
2

f(n2 ) =
3
4n

2

f(0) = n2

Çíà÷èò, ìàêñèìóì äîñòèãàåòñÿ â íóëå. Â èíòåðåñóþùåé íàñ îáëàñòè
x ≤ n− x ≤ k ìàêñèìóì äîñòèãàåòñÿ â òî÷êå x0 = n− k ≤ k.

f(x0) = n2 − k(n− k) = (a · k)2 − k(a · k − k) = k2(a2 − a+ 1)

Äîêàæåì, ÷òî a2−a+1 ≤ 2a−1 ïðè a ∈ [1 . . . 2]: a2−3a+2 ≤ 0, êîðíè
1 è 2, ïàðàáîëà âåòâÿìè ââåðõ. �

P.S. Èç âûøå ïðèâåäåííîãî êîñâåííî ñëåäóåò õóäøèé òåñò äëÿ íàøåé
äèíàìèêè:

1. Åñëè n ≥ k + 1, äåëèì n íà ïîääåðåâüÿ ðàçìåðà k è n− k − 1

2. Åñëè n ≤ k, äåëèì n íà ïîääåðåâüÿ ðàçìåðà 1 è n− 2
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