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K. Koxacs

PA3BUEHUE ANITEKCKWUX AUAMAHTOB
M KBAJIPATOB HA JOMWUHO

Anrexkckun guaMaHT paHra n — 3TO “KIeTYaThII pOMOUK” CO CTOPO-
mou n. Ha pucynke amxe m3006pakeHbl allTEKCKNE TUAMAHTEHL padra 1, 2

u 3.

H BHd B

Mz mpuBeneM 31eCh HECKOIBKO HOBBIX KOMOMHATOPHBIX [OKAa3aTEIHCTB
U3BECTHBIX (DAKTOB O KOJUIECTBE PA3OUEHNN HA TOMUHO AITEKCKUX [UA-
MaHTOB U KBaIPATOB.

1. TEOPEMEI OB AIITEKCKOM JMAMAHTE

B sTom pasgene Mb1 popMyIMpyeM TEOpeMBI 00 AIITEKCKOM TUAMAHTE
13 3aMevaTeNbHON CTaThu JIKuca, Japcena, Kynep6epra u Iponma [5],
D€ OHU MTOKA3aHBI HECKOJILKUMU CITocobamMu. B caeqyrommx pasmgenax MBIl
IAaeM eIlle HECKOJbKO KOMOMHATOPHBIX NOKA3ATEILCTB DTUX TEOPEM, He-
KOTOPBIE U3 HUX, BEPOITHO, ABIAIOTCA HOBBIMU. [IpU 5TOM MBI He MOIb-
3yeMcs TeXHUKou, passuron B padorax Jx. [Iponna [12] u M. Hyxy [14].

KomuvecTro pazbuenun kakon-m6o purypsl F' Ha gomuno 6ymem 060-
3Ha4YaTh #F win u300paxaTh TUKTOMPAMMON STOU (PUIYPHI ¢ CUMBOIOM
“#” mepen men. Hanpumep, #EE‘ = 2. [IpousBogaiume GpyHKIUA IJIT TU-
cra pasbueHnu Ha JOMUHO GUTYPHl F' 1O OTHOIMIEHUIO K PA3HBIM IOTMOJ-
HUTEIBLHLIM CTATUCTUKAM OyaeM 0603HaYaTh, TOMUCHBaI OykBy A mepen
HazBanueM Gurypsl, Hanpumep, AF(z, q).

O6osuaaum 1epes T, KOIUIECTBO Pa30OUEHUN AITEKCKOTO IUAMAHTA,
paHra n Ha JOMUHO.

3aMeTuM, 9TO KaXKAasd COPU3OHTAIBHAA OPAMAsd, UAYIIAS 10 JUHUA
CeTKM, PACCEKAET ATEKCKUU TUAMAHT HA [IBE MOJOBUHKU Y€THOU ILIO-
maau. CreqoBaTelbHO, KAk Iad Takad mpaMas MepecekaeT IeTHOe UUCIO

Pa6ora Beimonnena mpu nogaepxke rpauTa HIIT-2460.2008.1 .
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BEPTUKAILHLIX noMuHOIIeK. Hy a mOCKOIBKY KaXIas BEPTUKAJIBLHAA IO-
MMHOIIKA “HAHU3aHA~ POBHO HA OQHY MOPU3OHTAILHYIO IPAMYIO, CyMMap-
HOE JUCJI0 BEPTUKAIBHEIX JOMUHOIIEK B JIIOOOM pasbuennn 1’ aliTeKCKOTro
AMAMAHTa TOKHO OBITH YeTHBIM, 0003HauuM ero 2u(T).

Onpepgenenne 1. Ilycte gano paszbuenue T anmrexkckoro guavanTta. Ile-
PEKJII0YeHuEeM Ha30BeM IpeoOpa3oBaHue pa3OueHus, MPU KOTOPOM MBI
BLIOMpAEM KBaApaT 2 X 2, HEJIHKOM JEXKAIIHH B ATUAMAHTE H IIOKPBITHIA
B TOYHOCTH AByMsA goMuHOmKamMu u3 1, mw moBopadmBaem ero Ha 90°.
Taxum 06pa3oM, ecad BHaJAJIe STOT KBaAPAT ObLT MOKPBHIT ABYMA T'OPH-
30HTAJIBHBIMU JOMHUHO, TO MOCTE IEePEK.IIOYICHUA OH CTAHET MMOKPBIT ABYMA
BEPTUKAJIBHBIMUA JOMHUHO (M HA000POT).

Hh - Beh

[ [
[ [

[l1a HEKOTOPHIX Pa30MEHUN CYIIECTBYET CPa3y HECKOILKO CIOCOGOB
BBIOOpPA TAKOI'O KBAJApPATa 2 X 2 M TeM CAMBIM ONpPEIEeJeHO HECKOJIBKO
PA3IUYHLIX TepekTrveHnn. MeHee 09eBUIHO, YTO I KAk IOr0 pa3bue-
HISI OIPEAEJNEHO XOTs OBl OLHO IEPeKIodeHue (3TO CJAeAyeT, HalpuMep,
u3 Teopemsl 4.1 HuKe).

Onpepgenenne 2. /lag xaxgoro pasémenus T amTeKCKOro JUAMAHTA
onpexemnm BernauHy r(T'), KoTOpYyIO, caexya [5], Ml GygeM Ha3BIBATH
paneom pazbuenus. Panr paszébumenms T — 3T0 MHHHMAIbHOE IHCIO IIe-
PEKII0Y9eHHH, KOTOPOe TPebyerTca caeaaThk, 9TOOI IOIyIuTh pa3bueHue,
cocrosiee TOIBKO U3 MOPU30HTAIBHBIX JOMHUHO. Ilomoxmm

AD(n,z,q) Zx () gr(T , AD(n,q) Zq , AD(n,x) Zx

rae CyMMHPOBAHHE BEIETCA IO BCEM Pa30HMEHUAM aLTEKCKOI'O JHAMAHTA
paHran.

Teopema 1.1.
T, = 2"(n+1)/2, (1)

Teopema 1.2. /14 anrexkckoro guaMaHTa PAHTA N BBITOJIHEHO COOTHO-
reHue

AD(n,z) = (1 + )"HD/2, (2)
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Teopema 1.3. /14 anrexkckoro guaMaHTa PAHTA N BBIIOJIHEHO COOTHO-

IITeHue
n—1

AD(n,q) = [ (1 +¢*+1)" " (3)
k=0

Teopema 1.4. /14 anTexkckoro guaMaHTa PAHTA N BBITOJTHEHO COOTHO-

IIIeHnue
n—1

AD(n,z,q) = H (1+ a:q%ﬂ)n_k. (4)
k=0

Mbr gaguM HECKOTBKO KOMOMHATOPHBIX NOKA3ATEILCTB DTUX TEOPEM.
YacTe w3 HEX COCTOUT B KOMOMHATOPHOU MIPOBEPKE PEKYPPEHTHLIX COOT-
HOILIEHUY, KOTOPEIM yIOBJAETBOPAOT Qyukimu AD:

Tn+1Tn71 = 2T37
AD(n+1,2)AD(n — 1,z) = (14 2)AD*(n, z), (6)
AD(n+1,2,q)AD(n — 1,2,q) = (1 +2¢”" " )AD*(n,z,q).  (7)

—
ot
~

2. 'PA®UYECKAA KOHJAEHCAIIUA

B sToM pazjene MBI HOIb3yeMCsa TEXHUKON I'papudecKoll KOH IeHCAIIN
Kyo [9] u ¢ ee momompio gaeM HOBHIE NOKa3aTEJIbCTBA TEOPEM 00 ail-
TekckoM guamanTe. [[OCKOMBbKY MBI 3aHUMAEMCA TOMLKO Pa3OUeHUAMET Ha,
TOMUHO, MEI HE OyIeM MOIB30BATHLCA JBOMCTBEHHBIM A3EIKOM IpadoOB U
TapoCOYe TAHUMN.

2.1. O6maa cxema

Omnpenpenenne 3. IlycTs gaHo ABa pa3OUEHUA HA JOMUHO HEKOTOPOU (hu-
rypel. [lomycTuM, 9TO JOMUHOUIKH, HAKPBIBAIOIIAE HEKOTOPYIO KICTKY A
5TOoH Gurypsl, He copnaaoT. Ilenodxon ¢ HadaaoMm B kiretke A1 = A Ha-
30BeM IOCIEA0BATEABLHOCTE gomuHomek Dy = {Ay, A>}, By = {A,, A3},
Dy = {As, As}, BEs = {A4, A5}, ..., rge gomunomku Dy, D, ... npuHaj-
JeXaT MepBOMY pasbmenuto, a gomuHomknu Ei, Fy, ... — BTOpOMY. ITa
IIeMTOYKA €CTECTBEHHBIM 00pa30M MPOJOIKACTCA JO TEX 10D, MOKA B HEH
CHOBa He BeTperuTca kKiaeTka Aj. Mer Taxxke GygeM pacCMATpUBATH Iie-
MIOYKH, TOCTPOEHHBIE MO PA30MEeHUAM HA JOMUHO ABYX MEPECEKAIOIIUXCA
¢uryp. B sToMm caydae menodka Moxer 0O00PBATBCA, KOTA MBI BEIHIEM
3a mpefeabl OAHOH U3 (UTYD, T.e. IepBad U MOCICIHAA KICTKA HETTOIKNI
TIPUHA LICKAT JUIIb OJHOU U3 (PUTYD, & OCTATLHEIC KICTKH JEXKAT B Ie-
pecedeHuu puUryp.



PA3BUEHUE HA TOMMWHO 183

o ompenenernto nemouku gomuuomiku Dy, Do, ... u By, E>, ... Ha-
KDBIBAIOT OJHO U TO XK€ MHOXKECTBO KJAeTOK (KpoMe, OBITH MOXET, ABYX
kpaunnux). Cdeuzom KIETOK B HEMOYKe HAa30BeM mepexoq oT Habopa D; k
"Habopy E;.

IlycTp gaHa Hpou3BOJIbHAA CBA3HAA (XO4OM JIabH) KAETIATaA PUYPa
Fua,b,... — kakue-to ee knerkn. O603ua1uM 114 KpaTtkocta F, 5 =

F\{a,b,...}.

HawuneM ¢ noxaszaTenscTBa OFHOTO cooTHomeHus (Teopema 2.1 u3 [9]),
KOTOPO€ COMEpPKUT B cebe OCHOBHYIO KOHCTPYKIMKO rpadUvecKON KOH-
TEeHCAITHN.

JlemMma 2.1. KoimvecTBo pa3sOueHu Ha JOMUHO OPAMOYTOJLHUKA 21 X

2m u puryp, mOJIYIaIINXCA yIaJleHUEeM W3 Hero JBYX WIN IeTBIPEX
YIVIOB, CBA3aHBI COOTHOIICHUEM

b C
# - # |

HokazaTeabcTBo. Ilycts K — qaHHBIN NPAMOYTOJALHUK, a, b, ¢, d — ero
YIVIOBBIE KJIETKU.

Paccmorpum pazbuenue Ha gomuno ¢uryp K u Ky . 4. llocTpoum ne-
MOYKY C HAYaJOM B KaeTKe a. OHa MOXEeT 3aKOHUYUTHCA TOILKO B KIETKE
b nnmn d. AmamormvyHas LENOvKa, MOCTPOEHHAA U3 C, 3aKOHIUTCA B de-
TBEPTOU YIVIOBOU KJIETKE W He OyIeT MepeceKkaTbCsA C TEePBOU IEMOYKON.
COBUHYB NOMUHOIIKYA B MEPBOU LENOYKe (B KAXKIOM U3 PA3OUEHUI), MbI
IOy YIUM U3 UCXOJHOU TTaphl Pa30UeHny mapy pa3OueHunt 0 HOTO U3 TUIIOB
B [IPABOU JaCTH.

Ananoruvno onpegenserca obpaTHoe oToOpaxkenue. PaccMoTpuM, Ha-
mpuMep, pazbuenue Ha gomuHOo duryp K, u K. 4. lloctpoum nemouky
TOMUHOIIEK, HAYMHAIIYIOCA B KIETKE @} TMYCTh B MIAXMATHOU PACKPACKE
oTa KJIeTKa YepHoro nsera. [JokaxkeMm, ITO HTA HENOYKA MOXKET 3aKOH-
YUTBHCA TOIBKO B KiIeTKe d. [[eNCTBUTENBHO, OHA HE MOXKET 3aKOHUUTBHCA
B ¢, IOCKOJIBKY TOT'[Ja LENOYKa, IOCTPOeHHas u3 b, BooOiie He MOria Ovl
HUT€ 3aKOHUYUTHCSA — IEMOYKN He MOUYT IepeceKkaThCs, a IyTh K d “OT-
pesan” mepBon MenovYKkon. Takike HE MOKET HAIA [ETOYKA, KJIETOK 3aKOH-
anThCa B b. JencTBuTensbHo, ecim 6L 3TO MIPOU3OLLIO, TO Oeas KIeTKa b
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ObL1a OLI BTOPOU KJIETKOU B MOCAeIHEN JOMMHOIIKE Ienodku. Ho B mamen
[IEMOYKEe TOJIBKO Yy TOMHUHOIIEK U3 MEPBOro pasbumeHus “Bropas’ KIETKA
6enas (a y TOMUHOIIEK BTOPOro pa3buenusa “Bropas’ kieTka depHas). Ho
KJIETKA, b He MPUHAIIEKUT TEPBOMY PA3OUEHUIO.

Nrak, mOCTPOEHHAA IETOYKA, KIETOK 3aKAHINBACTCA B d. AHATOTUYHO,
[IEMOYKA KJIETOK, HAYMHAOIIAACA B b, 3akaHunBaeTcs B ¢. [lomeHss B mep-
BOU LENOYKE TOMUHOIIKMY, IPUHA IJIEKAIINE IePBOMY Pa3OUeHuio, 1 JOMU-
HOIIIKY, IIPUHAIJIEXKAIIIE BTOPOMY, IOJAYIUM Pa3OueHne MpAMOy TOIbHIKA,
K n pazbuenne npAMOyrombHUKA 6€3 yrmoB K, p o 4. DTO U eCTh Tpeby-
emoe obparuoe coorBercTBue. ClIeq0BATEIBLHO, TOCTPOEHHOE OTOOPAKe-
HUE SBJIAETCA B3AUMHO OTHO3HATHBIM.

[Iycte T — npousBoabHOE pasbuenue Ha TOMUHO GuUrypsr F'; 0603HaIIM
uepes v(T') KOMMIecTBO BeP TUKAIBHBLIX NOMUHO B pasbuenun T . Tlomoxum

AF(y) =Y y"",

rJie CyMMUPOBAHUE BeIeTCA IO BceM pasbuenusaM ¢urypsl F'. Mbr BBOguM
3IeCh IEPEMEHHYIO Y, YTOOBI B CJAyUae aITEKCKOro IMAMAHTA He IIyTaTh
5Ty NPOU3BOAALLYI0 QYHKIMIO ¢ (yHKImen (2), B ONPEIeIeHn KOTOPOU
v(T') 0603HAYAET N040BUKY TUCI BEPTUKATBLHEIX TOMUHO. Takum o6pa-
30oM, ecn F' — 5To anTekckuit guaManT panra n, To AF(z) = AD(n,z?).

Jlemma 2.2 ([9, reopema 2.3]). Ilycts F' — npousBoabHAA CBA3HAA XO40M
Jabu KAeT9aTad ¢purypa. U mycTs npu 06xoe ee TpaHUIBI BCTPEIal0TCA
(He o6A3aTEIBHO MOAPAL) KICTKHA a, b, ¢, d, mpudeM B mMaXMATHOH pac-
Kpacke KJIeTKH a U ¢ 9epHHIe, a k1eTku b u d 6exsie. Torga

#F : #Fa,b7c7d = #Fa,b : #Fc7d + #Fa7d : #Fb7c- (8)

Moka3zaTeabcTBO. AHAJIOIMYIHO.

3ameqganue. B memme 2.2 He CymecTBEHHO, YTO GUTYPHI HAXOMATCI HA
KJI€TYATON TIOCKOCTY U PA30UTHI HA KBAAPATHHEE KIETKU. BakHO JUIIh,
4TO QUrypa LOILyCKAeT MIAXMATHYIO PACKPACKY (KJIETKU C OOIIEN CTOPO-
HOU — Pa3HOI'O LIBETA) U TEM CAMBIM KaX[asd NOMUHOIIKA ‘cOoxepxkut’
OIHY YepHyI u OomHy Oerxywo kiaeTky. Kuerku a, b, ¢, d He o0s3aTeabsHO
MOMXKHBI OBITH TPAHUYIHBEIMY; TPEOYEeTCS UMb, ITOOBI CYIIIEeCTBOBAHUE I1e-
TOYKU NOMUHOIIEK, BEAYIIEN U3 @ B ¢, MPEMATCTBOBAIO CYIIECTBOBAHWIO
LIEMOYKY, Benyinen u3 b B d.
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JlemMma 2.3. B 00603HaY€HHAX OPEALIIYIIEH JEMMEL

AF(y) - AFupcaly) = AFap(y) - AFealy) + AFaa(y) - AFyo(y). (9)

MokazaTeJabCTBO. 3aluilieM IO ONPEIeJeHU0 (DYHKIUU, BXOLAIIAE B
pasencTBo (9), u packpoem ckoOku. [JOCTATOYHO NPEIBABUTEL B3AUMHO
OMHO3HAYHOE COOTBETCTBUE MEXKIY OTHOWICHAMU B JEBOU U TIPABOU Ha-
cru. PaccmoTpum kakue-1u60 pa3buenus Ha goMuHO duryp F u Fyp ¢ 4
UM COOTBETCTBYET HEKOTOpBIM oxHO4uwieH B Jeson dactu (9). Kak u B
MOKA3ATEIbCTBE JeMMBL 2.1, MOCTPOUM HENOYKY KJIETOK, HAIUHAOILYFOCT
¢ xierku a. OHa 3akaHduBaeTcsa B kieTke b win d (LycTb A ompene-
aeHHOCTH B b). DTa memouka pasbusaer ¢purypsl F' u Fgp . q Ha dacTH,
ckaxem, F', F> w F), . F2, ., npudem gorosopmmcd, ato d € F?,
F?\d = F}, . 4 " OyIeMm cumraTh, 9TO CaMa IEMOYKA TOXKe MPUHA]-
nexuT BrOpeIM dacTaMm. ([Ipum Takom cormamenunm wactu F' u Fa17b7c7d
MOT'YT OKazaThCA mycTeiMu.) Torma obbeguaernsa qacten F! U Fa27b7c7d u
F?UF}, .4 BaoT HaM pasbuenns Ha goMuHO Guryp Fop u F 4, B KO-
TOPBIX CyMMAapHOE KOJIMIECTBO BEPTUKAIBHBIX TOMUHO TAKOE XK€, KAK 1
B UCXOAHBLIX pa3bueHusx. [IocTpOEHHBIM PAa30UEHUAM COOTBETCTBYET OJI-
HOWIEH B mpaBou 4actu (9), 1 5TO COOTBETCTBUE MEXKIY ONHOUICHAMEA B
JIEBOU U TPABOU YACTAX PABEHCTBA (9) B3AUMHO OTHO3HATHO.

2.2. Ilpnioxenune K guaMaHTaM

MokazaTensbcTBO Teopemsbl 1.1. DTO MOKA3aTEIHLCTBO MTPUHAIIEKUT
. Borzauosy. IIpoBepum OpueHTUPOBAHHYIO BEPCHUIO PEKYPPEHTHOT'O CO-
oTHomenusa (5), a UMEHHO PABEHCTBO

Ilycts purypa F usz meMMmer 2.2 — 3TO alTEKCKUN TUAMAHT paHra n+ 1.
Ormerum B HeM BOMU3U “Bepmius” KICTKHA a, b, ¢, d (cM. puc. 1). Taxoe
Ha3HaYeHue KJIeTOK a, b, ¢, d DOmycTUMO B CUIy 3aMedaHus K jemme 2.2,
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OCT&JIOCB 3aMETUTh, ITO yOaJCHUE [IOMEYICHHBIX K/JIE€TOK IIPUBOIAUT K IIO-
SIBJIEHUIO OOJBIION0 YUCIA TOMUHOIIEK, PACIOJIOXKEHNE KOTOPBIX OIpere-
JIAETCA OTHO3HAYHO, CM. pUC. 2.

Puc. 1. Puc. 2.
Ananormuano, #Fqpcq = Tph—1. CregoBaremsno, coornomenune (10),
KOTOpOe MBI JOKa3bIBaeM, eCTh B JAHHOM CIydae B TOYHOCTH COOTHOIIe-
Hue (8) u3 teMmer 2.2.

Hdoka3zaTenncTBo Teopemsbr 1.2. TIpoBepum pekyppeHTHOE COOTHOIIIE-
uue (2). Kax u B npeapiayuem 1okasareibCrse, mycTh gurypa F — sto
AllTEeKCKUU OuaMaHT panra n + 1 u a, b, ¢, d — OTMEeYeHHLIE KJIeTKH,
cm. puc. 1. ITo semme 2.3 MBI MeeM COOTHOIIEHTE

AF(y) - AF, pca(y) = AFa3(y) - AF. a(y) + AF,q(y) - AFy . (y).

BameTum, uto AF, ;(y) = y"AD(n,y?), Tax Kaxk BAOTH CTOPOHLL ab pac-
HOJIOXKEHO N BEPTUKAIBLHEIX TOMUHO, CM. puc. 2. Ananoruuno, AF, 4(y) =
y"AD(n,y?), AF,4(y) = y"™tAD(n,y?), AF,.(y) = y""tAD(n,y?) u
AF,p.c.a(y) = y?*"AD(n — 1,y?). ogcTapain, HOTyIaeM PABEHCTBO

y*"AD(n + 1,y*)AD(n — 1,z) = y*"(1 + y*)AD?(n,y?),

KOTOpoe Toce 3aMenkl © = y? mpespamaetca B (6).

Ha »ToM myTu MOXKHO TaKkKe MOTYUIUTh JOKA3ATEILCTBO TeopeMul 1.4.
OHO COBEPIIEHHO AHAJOTUYIHO AOKA3ATENLCTBY TeopeMbl 1.4, nmpuBemeH-
HoMy B maparpadge 4.
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2.3. IIpniaoxenune K KpemocTsaMm Aura

Kpemocteio flura massiBaeTcs caenyiomasa dpurypa. PaccMmorpum Tpe-
YTOMBHYIO PEIETKY, KOTOPaA TIOIYIACTCA, €CAU B OOBLIMHON KBAIPATHOU
pellleTKe IPOBECTH [UATOHAIN BCEX KIeTOYeK. PaccMOTpuM KBaIPAT 10X 17
HA DTOU PelIeTKe, BO3bMEM €ro MaXMATHYI0 PACKPACKY U KO BCEM Yep-
HBIM KJIETKaM, IPIIEXKAIIAM K CPDAHUIE, T00aBUM HAPYKY TPEYTOJbHUK
pasMepoM B YeTBEPTH KBaApaTHOU kiaeTKu. [loaydenuas urypa Hasbl-
BaeTCca kpenocmbio Anea mopaska n. B 3aBucmMocTy oT BBEIOOpA IIaX-
MATHOW PACKPACKU MOIYYAIOTCA KPEMOCTU OBYX BUAOB. IIpu deTHOM n
OHU U30MOPQHEL (OIy9aTCa APYr U3 apyra nosoporoMm Ha 90°), a mpu
HEYETHOM Pa3JIUYIHHIL.

M= 6y zem o603Ha4aTh Kpernoctu Aura F,, a I11 HEI€THOTO 7. BTOPOU
BapUaHT KpernocTu o6o3HadnM F .

Puc. 3. Kpemoctu F! u Fs.

PacemorpuMm 3agaqy o pasbuenun kpernocren flura na gomuuo. B gan-
HOM CJIydae “mOMHMHO” — 3TO (pUrypa, COCTOAIIAA U3 IBYX COCETHUX TPe-
YTOJBHBIX KJIETOYEK, T.e. PUrypa BUIA

o ¢ oA MV X

Kpome uncna #F, pa3bueHudl KpemocTu Ha “IOMUHO” PacCMOTPUM
TakXKe npousBogAmuy Muorowied AF, () njas ducia TpeyroabHBIX “Io-
MUHOIIEK B pa3OueHun:

AF,(z) = Z 2T
T
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rje CyMMUPOBAaHUE BEIETCA MO BceM pasbuenmsaMm kpernoctu F, HA “mo-
mun0”, a BeauauHa t(T') 0603HAIAET KOIXIECTBO TPEYTOIBHBIX “IOMUHO-
mek” B pasbuenun 7.

Teopema 2.1 (fur [17]). KomugecrBo pazbuernn kpenocren F,, Ha “1o-
MuHO” 3amaerca popmy.amu

#Es, = 5n2, #Fyp1 = 52n(2n+1), #Fy 1 =2- 52n(2n—1),

#Fjppy =25 g, =520,

Teopema 2.2. IIpousBogAmIME MHOIOWIEH 4HUC/I4 TPEYTOJLHUKOB IJIA
kpenoctu F,, 3anaerca popmymsamu

2
AF, = 22" . (4z* + 1),

AFypt1 = pAn(2n+1) (4334 + 1)2n(2n+1),

AFyp 1 = 21‘4n(2n_1)+2 . (41,4 + 1)2n(2n71),
AFZ 41 = 2m4n(2n+1)+2 . (45[74 + 1)2n(2n+1)
" )

2n(2n—1)

AFj, , =2*Cn7D (4t 4 1)

Cruenyrolee M0Ka3aTeIbLCTBO TEOPEMBI 2.2 MOMYYEHO COBMECTHO C

C. Jln.

MokazaTeabcTBo. B iemme 2.3 oT npousBosaiien GpyHKIUYA B 1eUCTBU-
TEILHOCTU TPEOyeTCs JUIIb TO, YTO CTATUCTUKA, KOTOPYIO OHA IO ICYIU-
THIBAET, 3ABUCUT OT I'€OMETPUIECKOT0 PACIIOTIOKEHNUA TOMUHOIIKH, a HE,
CKaXeM, OT KAKUX-TO CBOUCTB COCEIHUX TOMUHO UIU KOH(PUTYDAIUA B IIe-
qaom. Tosromy paccmarpuBaemeie dyuknuu AF,, yIOBIETBOPAIOT yTBEP-
Xk neruio geMMel 2.3. Paccmorpum kinetku a, b, ¢, d, nomedeHHBIe HA PU-
cyake. OHE OTMEYEHBI MO CJAELYIOMEMY IPUHIAILY: O0XOIsS TPAHUILY KPe-
MIOCTU MO YACOBOU CTPEIKE, MBI HA KAXKIOU CTOPOHE KBAAPATA HAXOIAM
TIEPBLIN BLICTYTAIOMNN “OaCTUOH” U OTMEYAEM MEPBYIO KIETKY, KOTOPYIO
IEPECeKaeT MUArOHAIbL 3TOrO OACTUOHA MPU HTPOJOJKEHUN BHYTPb Kpe-
TIOCTH.
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3aMeTuM, YTO MOJOXKEHUEe TOMUHOIIEK, COMAEPKAIINX BLICTYIAIOIINE
JacTu GACTUOHOB, OMPEIENCHO OMHO3HAYHO. MBI MOXEM yIaluTh U3 Kpe-
MOCTH BCE JOMUHOIIKE, COAepikamme 6acTuoHbl (cM. puc. Fy., rae stu
IOMUHOIIKY 3aKPAIIEHEL 6eIbiM [BeTOM). Torna BUIHO, 9TO KICTKHA @, b,
¢, d TIPUIEraloT K TPAHUIE OCTABIIEUCA (PUTYpHI. Y IateHune KIeTOK a, b,
¢, d U3 KPEermoCTH NPUBOLUT K IOSIBICHUIO OONBIIOrO YUCIA OJHO3HATHO
OIIPENeJeHHBIX JOMUHOMIEK BAOJIb CPDAHULLL KPEIOCTH (3TU TOMUHOLIKA
3aKPAIIEeHB TeMHO-cepbiM). Kak BUIHO M3 pucyHKa, OCTaBIIAACA IaCTh
n30MOp(HA KPEMOCTU MEHBIIEr0 PAHTA.

Kaxk meTpynuo BugeThb, eciu F' — KpemocTsb paHra k, TO B TEMHO-CEPOn
qactu uryp Fup, Fie, Frq, Fuq HaxOmquTes no 2k — 3 TPeyrombHBIX LO-
MUHOIIEK, & B TEMHO-Cepou dactu Gurypsl Fup.q pacnomoxkeno 4k — 8
TPEyroibHbIX goMuHOmEeK. CleqoBaTenbHo, Ipu YeTHHIX k

AF,(z) = AF.q(x) = 2** 3 AF] |,
AFy.(z) = AF,q(z) = 2** 3 AF},_4,
AFpeq(z) = 2*F 3 AF;,_,,
a [Ipyu HEYEeTHHIX k
AF,(z) = Ach(a:) = AFy.(x) = AF,4(x) = 2** 3 AF, 4,
AF!,(x) = AF!;(z) = AF].(z) = AF. (z) = 2®* 3 AF, 4,
AFabcd(ﬂf) = 2" B AF, ,,
(x) = 2" AR,

T

abcd T
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IMoacraBasas 5TU BbIPAXKEHUA B PABEHCTBO (8) U3 aeMMbl 2.3, IPUXOIUM K
PEKYyPPEHTHBIM COOTHOUIEHUIM

AF5, AFyy 5 = 22 (AFy, 1) + 22 (AF), )%, (11)
AFy 1 AFy, | = 22°(AF,,)?, (12)
AF},  AF;, | =22 (AF,)°. (13)

Ucxoas ua Toro, uto AF; = 22%, AF| = 1 u AF, = 2%(42* + 1), no
VHIYKIUT TIOTyIaeM UCKOMBIE TPOU3BO/IAIIAE MHOTOICHET.

2.4. TlpnaoxeHne K alTEeKCKAM MOA3€MeTbAM

Anrekckoe mogsemense P, — »T0 ¢Qurypa Ha pemerke G, n3obpa-
xkeunas Ha puc. 10 caeBa cBepxy. Coraacuo rumorese IIpomma, uwmciao
pasbueHui »>Toi Gurypel Ha goMuHO mMmeeT Bua 13F mmm 2 - 13%. Dra
runoTesa OblTa gokazaHa ‘Iyky (cu. [14]) BMecTe ¢ yTOUHEHMEM O TPO-
m3BOAAINX PYHKIUAX. MBI MOKakeM, KAaK MOXKHO TOIYYIAThH PE3YJIbTAT
Yyky TeXHUKOU TpapuIecKON KOHICHCAINN.

PaccMoTpuM mpousBOAAIIIN MHOTOWIEH

AP, (1,) _ Z ‘,L,ot(T)yetu(T)Zetd(t) ,
T

rie CyMMUPOBaHUE BEIETCA IO BCeM pa3bueHusM Ha goMmuHo, ot(T') — sto
YUCI0 AOMUHOLIEK B pas3buenun 7', MMeMOMINX BUI TYNOYTOJBHOIO Tpe-
yroapuuka, etu(T) — »ro ducao gomuHOmeK B pa3buenun T', mMerommx
(OpMy DPABHOCTOPOHHETO TPEYTOJbHUKA C BepImHOU BBEpXY, etd(T) —
5TO YMCJIO JOMUHOIIEK B pazbuenun T', uMmeromux (HopMy PABHOCTOPOH-
HErO TPEYTrOILHUKA C BEPIIMHON BHUIY.

Teopema 2.3 (Uyky [14]). Iycrs

H = 25 4+ 3zyz + 3229222 + %2 + 223 + 2zy2 + 1.

Torga APy = 1, AP, = 2% + yz, AP, = z%yzH, AP; = 2°(y2)3H?,
APy = 21%y2)" (2% +y2)H?, APs = 2'%(y2)'2 H® w npw n > 5 Bemoareno
PEKYPPEHTHOe COOTHOUICHHe

Apn+1 — xsn_le(yz)sn_10H4n_8APn_5.

Ha6pocok gokasaTeiabcTBa. PaccMoTpuM cHadanaa BOMPOC O HUCIE
pasbuenun Ha noMuHO. HaM mMOHAIOOATCA HECKOIBKO OIM3KUX 110 (hopMe
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duryp — Qn, Ry, S, u U, (puc. 11-14). Ceerio-cepsIM LBETOM 3aKpa-
[IEHBI YIaCTKY, 3AMOIIEHNE KOTOPHIX OIPEIeJeHO OTHO3HAYHO KPAEBBIMU
addexramu. [Ipumenum yTBepxkaeHue JseMMbl 2.2. YeTwIpe ypansgeMbre
KJIETKU 3aKPAIIEHBl TEMHBIM [IBETOM. Y JAJEHUE MPUBOIUT K TOSIBICHUIO
HOBBIX 30H, 3aMOIIEHIE KOTOPHIX OJHO3HAYHO ONPENeJeHO, TOMUHOIIKY B
HUX IPOPUCOBAHLI XUPHBIMU JuHusaMU. Kak BUIHO M3 PUCYHKOB, OCTAaB-
[IMeCsT He3aMOIIEHHBIMY JacTh (pUryp obpasyoT (purypy OLHOTO U3 pac-
CMATPUBAEMBIX TUIIOB. B pe3ynbTaTe MBI [OMyYaeM CJIEAVIOLINe PEKyp-
PEHTHBIE COOTHOUIEHWs, M3 KOTOPHIX MOXHO BBIBECTH [OKA3ATEIhCTBA
runoressl [Iponmna (puc. 10-14):

#Pu#Po s = #P5  + #Q0_y,
#Qu#Qn—o = #Q5_ + #Po 1 #R 1,
#Ro#Py 1 = #Qu#Qn 1 + #5541,
#Sn#Po1 = #Pn#Sn—1 + #Qn#Un—1,
#UnH#Un—2 = #S5 1 +#U, ;.

YrBepxkaeHue TeopeMel 2.3 moxydaeTcs 060OIIEHNeM MPOIEeTAHHBIX Ha-
OIIONEHUN, eCIM AKKYDATHO MOACIATATH, CKOIBKO MMEHHO AOMUHOIIEK
KaKIOrO TUNA COLEPKAT NPUTDAHWUYIHLIE 30HBI DU yIAJCHUN KIETOK,
nOoZOGHO TOMY, KAK DTO CIEIAHO B IPEIBIAYIIEM DA3Aele IPKU BBIBOIE CO-
ornommrenun (11)—(13).

3. IIEPEKJIA ILIBAHUA

3.1. OgHOMEpHBIN BapHAHT IIepeKJa LIBaHuu
Pacemorpum wucaoson rpeyromsauk [Iponma [11]

a c e g

bk (14)

00pa30BAHHLIN MO CJAEAYIOUIEMY MPABUIY: I JIOOBIX YETHIPEX YUCE,
obpasyomux “poMOUK”, BEIIOJHEHO COOTHOIICHNE

¢y wz =zy + L. (15)
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Hanpuwmep, mycTs mepBas cCTpOKa 3TOr0 TPEYrOJAbHAKA COCTOUT U3 eIU-
HUI, a BTOpas — U3 IBOEK. Torma nmpu BCex n Yucjaa B N-U CTPOKE OJUHA-
KOBBI, 0003HAYNM UX f2,,_2, ¥ BBIIOJIHEHO COOTHOIIECHUE

fons2fon—2 = f3, + 1. (16)

Ozcoma fo =1, fo =2, fs =5, f6 =13, ... Yauaere? d1o uncia Pubo-
Havan. Mbl taguM KOMOMHATOPHOE TOKA3ATEIHLCTBO DTOrO COOTHOIIECHN,
KOTOPOE MO3BOJAET OOBACHUTEL U APYrue pe3yabTarsl IIpomma.

Jlemma 3.1. Yucaa Pubonaddn ynopiaeTsopaioT cooTHomenuro (16).

MokazaTeabcTBo. PaccMOTpUM BCEBO3MOXKHEE (YMOPALOUYECHHBIE) T1a-
PBI pa30UeHUI TMPAMOYTOJIbHUKA 2 X 27 Ha JOMUHO, & TaKkKe Maphl, CO-
cToAMe U3 Pa30UeHnA MPAMOYTOAbHUKS 2 X (2n + 2) u pasbuenus nps-
MoyroabHuKa 2 X (2n — 2). [IpuMep Takux map u yAoOHBIN cioco0 B3au-
MOPACHONOKEHHAA 2IeMEHTOB aphl TOKA3AHEl Ha, PUCYHKE.

=i "=
HH ]

[us gokaszarenbcTsa ToxaecTBa (16) onuimeM B3aUMHO OZHO3HATHOE
COOTBETCTBME MEX Iy 3TUMU MHOXKECTBAMU 1ap (IIPU 3TOM HAM HOTpely-
ercsa 0oOGABUTH B IEPBOE MHOXKECTBO OAWH JuinHui siemenT). CoorserT-
CTBUE yCTPOEHO TaK. FCau B HUXHEM MPAMOYTOJBHUKE TIEPBOU MAPHT €CTh
“moB”, OTpe3aUMI TPaBLI 60K 2 X 2 (T.e. ecau 3>TOT GIOK 3aMOIIEH
OBYMS UEJIBIMY JOMUHOMIKAME), MBI IIEPEABUHEM 3TOT OJOK BBEPX, “IIpu-
k1euB” K BEPXHEMY MPAMOYTOJIBHUKY. DTOT CAyIall U300PaXKeH BBIIIE.

Ecnu xe mBa HET, T.e. MPOLOTKEHUE BHI3 TIPABON CTOPOHBI BEPXHETO
TIPAMOYTOMLHUKA, PA3PE3AET B HEM KAKYI0-TO JOMUHOIIKY, MBI Oy €M TTPO-
CMATPUBATL BCE BEPTUKAILHLIE JUHUU CIIPABA, HAJMEBO B BEPXHEM MPIMO-
YTOJIBHUKE [0 TEX MOpP, MOKA HE HAUIEM TAKOU OB, MPONOIKEHIE KOTO-
POro BHM3 006pa3yeT OB U B HUKHEM IpaMoyroabauke. Herpynao mpose-
PUTb, YTO TAKOU IIOB HanAeTCa (B KPAMHEM CJIy<Iae OH MOXKET IIPOXOAUThH
IO JIEBOU CTOPOHE HUKHErO IPAMOYTOMBHUKA). Halis moB, MBI 0Tpe3aeM
0 HEMY YaCTU MPAMOYTOJBHUKOB, PACIOIOKEHHEIE TIPABEe, U MEHAECM WX
MECTaMU.
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IMocTpoenHoe COOTBETCTBUE ABAACTCA OUEKIINEN, TOCKOJIbKY OUEBUIHO,
KaK yCTPOEHO 06PATHOE COOTBETCTBUE: MBI IPOCMATPUBAEM HUKHUY TIPs-
MOYTOMBHUK 2 X (2n — 2), HauuHAA C TPABOU CTOPOHBL U JBUTAACH BJIEBO,
B TIOMCKAX MEPBOTO JKe IIBA, KOTOPHIM pa3pe3aeT 06a MpAMOYTOJbLHUKA,
TIOCTAe Yero MeHseM MeCTaMU OTPe3aHHbIe YacTu. Takoro IBa He CyIie-
CTBYET JIUIIb B €IUHCTBEHHOM CJIy4ae, MOKA3aHHOM HA PUCYHKE.

(=]
=

[na aToro caydas moTpebyeTca NOOABUTH B TIEPBOE MHOKECTBO JIUIII-
HUU DJIEMEHT.

3.2. 3PpdeKT JOPAaHOBOCTHU IJS COOTHOIIeHUs “pombGuka’

Bor samevarensHoe yTBepxaenne us [11]. CHoBa paccMoTpuMm Tpe-
yrombuuk IIpomma (14). BygeMm cauTaTh, 9TO BJIEMEHTHI MEPBHIX IBYX
CTPOK — DTO HE3ABUCUMBIE MEPEMEHHBIE, a DIEMEHTHI BCEX OCTAJbHBIX
CTPOK — DTO pPalMOHATIHHBIE (QPYHKIUU OT HUX, 3aJaHHBIE [IPYU [TOMOIIA
coornomenus (15). HeTpyaHo moacIuTaTh, HAIPUMED, ITO daeMeHT { B
Tpeyroasuuke (14) umeer Bug

hk+1 bdrl. 4L g
a d
=bctde tf+c et f+etd e e te a7

(= (17)

Tenepsb BHIMUIIIEM BCE Pa3bUEHUA TPAMOYTOIbHUKA 2 X 4 HA JOMUHO 1
IPOJENAEM CJAEIYIOIINe TeUCTBUA:

1) mobaBuM K KaxXIOU KOPOTKOU CTOPOHE MPAMOYTOJLHUKA TOPU30H-
TAJILHBIA OTPE30K;

2) i Kaxkgoro yaJa KIeTYATOU OyMaru, HAXOMAIIErOCA Ha CpenHen
JUHUZA TPAMOYTOJBHUKA, HANUIIEM €r0 PeIyIUPOBAHHYIO BAaJEHTHOCTD:
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KOJIUYECTBO €UHUYHLIX OTPE3KOB pa3OUeHus, CXOMAIUXCA B DTOM y3JIe,
MUHYC 3;

3) BO3BMEM MOJYUEHHLIE YIIOPALOICHHBIE HAOOPEL U3 5 YUCea B Kade-
CTBe IMOKa3aTelell CTeleHel y mepeMeHHLIX b, ¢, d, e, f B npouspeneHun

b*c*d*e* f*.

5 {15 10 A1 5

1-11-11 0-10-11 0—1-110 1-10-10 00-100

be—lde1f cle lf cld—le1 bele—1 d-1!
CpaBHUTE TO, 9TO MOJLYIWIOCH, C IPABOM YacThio paBeHCTBA (17).

Jlemma 3.2. Hab6urogeHus, npogeIaHHBIE BBIIIIE, ABIAIOTCA OOIuM (pak-
TOM, & UMEHHO:

1) Panmonansubie ¢pyHKkmun u3 Tpeyroasuuka (14) cyTb cyMMer 0qHO-
YICHOB, KAXKJBIH U3 KOTOPHIX — 5TO MIPOU3BEICHAE UCXOJHEIX TTePEMEHHBIX
B crernerny +1 mim 0. Bce xos¢pdpuiimenTer B cymme paBHBI 1.

2) OgHOWIEHBI, cocTapaAILMe GyHKOUIO u3 (n + 2)-H CTPOKH, HaXO-
AATCA BO B3aUMHO OJHO3HAYHOM COOTBETCTBHUM C DA3OUCHUAME TIPAMO-
YTOTBHUKA 2 X 2N HA JOMHUHOIIKA MO OMUCAHHOMY BBIIIE AMTODHTMY.

MokazaTenbcTBo. PaccMoTpuM (HyHKIMOHATLHEIN TPEYTOJBHUK

A b d f
h k ¢

r

COCTOAIINYN U3 PAIMOHATLHEIX (DYHKIMK OT MEpEeMeHHLIX a, b, ¢, d, e, f,
g, ..., 3aJaHHBIX HE OPU IOMOIIK cooTHOUeHusa (15), a ¢ moMouBIo onu-
CAHHOTO BBIIE KOMOMHATOPHOTO AJIropuTMa. Mbl orpanuyauMcsa paccmo-
TPeHUeM YaCTHOTO caydad 1 = 4. Tlonb3yAch B3AUMHO OTHO3ZHATHBIM CO-
OTBETCTBUEM U3 NOKA3ATEILCTBA JEMMEI 3.1, IOKaXKeM, UTO BBLITIOJIHEHO
coorHomenue “pombuka” kr = pg + 1. Kaxgas GyHKIus B 5TOM COOT-
HOIIEHUN — CyMMa OJHOWIEHOB, COOTBETCTBYIOIINX PA3OUEHUAM ONpeIe-
JIEHHBIX MPAMOYTOJBHUKOB HA NOMUHO. ITOOLI MOIYYUTH MPOU3BENEHUE
kr, MBI MOXeM mepebpaTh BCe Maphbl Pa30MEeHUN HA TOMUHO IPAMOYTOMb-
HUKOB 2 X 4, I KaXXIJOW TaKOW Maphl MEPEMHOXKUTL COOTBETCTBEHHBIC
OJHOWIEHHI, & TIOTOM CJIOXKUTH BCE, UTO MOJYIUIOCH. AHATOTMYHO MOXKHO
MOJYYUTh mpousBegenre pg. OTMeTUM, YTO OPU TAKOM BBIYUCICHUN MBI
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IOJIKHBL OPATH EPEMEHHBIE, COCTABJIAIIINE O THOWIEHBL, B COOTBETCTBUN
C TIOJIOKEHUEM TIEPEMHOXKAEMBIX (PYHKIMKM B TpeyroiabHuke. Ha pucynke
BHU3Y MPUBEICHLI TPUMEPHI Tap pa3OUeHWN, a CHU3Y TOAMUCAHBI TIepe-
MEHHBIE, “OTBEYaIoe”’ 33 KaX Y0 BEPTUKAID.

—= HlF
e

abcdefyg abcdefg

3aMeTUM Tenepb, YTO B3AUMHO OJHO3HAYHOE COOTBETCTBUE U3 JIEM-
Mbl 3.1 comocraBaser Apyr APYry Hapbl pa3OUeHuu, MOPOK JAIOIIAE PAB-
HBbIE OJHOYIEHBI. JTO OYEBUIHO: IPU COOTBETCTBUU MBI BCErO JIUIIL Me-
HseM MecTamu 10 Beprukain (1) Kycku pa3sOueHu; Ipu STOM CyMMBL Pe-
IYIUPOBAHHBIX BAJIEHTHOCTEN KOHTPOIUPYEMBIX Y3JI0B HA OMHOUW BEpTHU-
KA/l He MEHAIOTCA (B TOM YHUCTIE, HA IIBE), 8 TOILKO STUM U ONPEIETAIOTCA
CTEIeHN [TEPEMEHHBIX B OTHOYWICHE.

[TorHOE mOKa3aTENILCTBO MPOBOAUTCA IO MHAYKIUU. [IpuBeneHHOE pac-
CyX)geHne 060CHOBEIBACT WHIYKIIMOHHBIA TIEPEXOI.

3.3. [[ByMepHBLIA BapuaHT IepekK/a bIBaHun

31echb MBI K ujgee rpadudeckon KOHIEHCAIINNA TOOABIAEM MIEeDEeKIa Thbi-
BaHUe YacTen (PUryp, 9TO MO3BOAAET HAM MOJYUUTDH €IIe OJHO NOKA3A-
TeJBCTBO TeOpeM 00 alTeKCKOM JIUaMaHTe.

Omnpenpenenune 4. PaccMoTpuM anTekckuu guaMaHT padra n + 1. Yia-
JIAA JBA JUATOHAJIBHBIX PALA KJAETOK, HAVIOUX BAOJIB €r0 MPABOU BEPXHEH
¥ JIEBOH BEpXHEH CTOPOH, MBI MOXKEM IOJIY9IUTHL U3 HEero alTeKCKUH JUa-
MaHT paHra n. HazoBeM 5TOT qumaMaHT paHra n HUNCHUM. AHAJTOTHIHO
MOXKHO TIOAVIUTE 6epruutl, aesviti U npasvili guamManThl. Ilepecedernem
STHUX AUAMAHTOB ABIACTCA YEHMPaAbHbIT JuaManT panra n — 1 (puc. 4).

Pacemorpum MHOXECTBO A, cocTosmmee u3 map HE3aBUCUMBIX pa3bue-
HUU HA JOMWHO AITEKCKOrO AMAMAHTA PAHTA N U er0 HeHTPAIBLHOTO MO~
auaMaHTa panra n — 2. PaccMorpum MHOXKECTBO B, KOTOPOE COIEPKUT
TapHI, COCTOAIINE U3 HE3aBUCUMEBIX PA3OUEHUN BEPXHETO U HUKHErO MO I-
TUAMAHTOB alTEKCKOT'O AMAMAaHTa PAHTa 71, & TaKXKe Mapbl, COCTOSIIINE
U3 HE3ABUCUMBIX PA3OUEHUN JEeBOTO U MPABOIO MO [AAMAHTOB.
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Puc. 4. AuTexCKu#l OUaMaHT ¥ ero IpaBHii, JEBHN, HAXHUNE, BepXHUM ¥ IeH-
TpaNBHHHE IOLAWAMAHTH.

Teopewma 3.1. CymecTByeT B3auMHO OJHO3HATHOE COOTBETCTBHUE MEXK Iy
MHOXKecTBamu A u B.

HMokazaTeascTBo. IlocTpoum oTobpaxeHue u3 MHOXKECTBa A B MHO-
xkecTBOo B. BosbMeM niaeMeHT MHOXKeCTBA A, T.e. pa3bueHue anTeKCKOr'o
OUAMAHTA PaHTa n U pa3bueHre ero IeHTPATLHOI'O HOLANAMAHTa PAHTA
n — 2. PaccMoTpuM cHadMama CIydad, KOTAa K HUXKHEN “BepiuinHe” MeHb-
mrero AMaMaHTa OpuiaeraeT OM0K pa30ueHUsA BUIA D] B sTom cryuae
BCE TOMUHOIIKYU, TPUIETAIONINe K HIDKHEMY KPaio OOMLIIOrO AMAMAHTA,
PAaCHONIOKEeHBI BEPTUKAJIBHO. 1Orga mocTpouM CIeAyoLULyio napy pastu-
€HUU BEPXHEro W HUXHEro mogaunamManToB. OTOIBUHEM B CTODPOHY BCe
JOMUHOIIKY, IPUJIEraloye K HIDKHEMY KPalo, & CaMylo JEeBYIO U CaMyIo
IIpaBYIO W3 HUX BOOOINE ygaamM. Y HAC OCTAHETCA pa3OueHue BEPXHEro
oA IMaMaHTa paura n— 1. A oToABUHY THI (pparMeHT OOBEIUHUM C IEH-
TPaJIbHBIM MOLANAMAHTOM DAHra N — 2, HOJYIUTCA Pa3OueHne HIKHErO
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mogIuaMaHTa panra n — 1.

[E;]_j;?]+ﬁ:j S I

AnanoruvHo onpegeauM 0TOOpaXKeHUe B CIydae, KOTQa K JEBOU BEPIINHE
OUaMaHTa IpuIeraeT OJI0K EI

[lonycTuMm Tenepsb, ITO paszbueHre GOILIIOTO TMAMAaHTa, He OTHOCUTCS
K yXKe Pa3soOpaHHOMY THUITY, T.€. BIOMHL JEBOU HUKHEN CTOPOHBI BCTPE-
YAIOTCA U MOPU3OHTAIBHBLIE, U BEPTUKAJIBHBIE JOMUHOMIKU. B 3TOM Cay-
Jae Ha JEeBOU HUXKHEH CTOPOHE IUAMAHTA MOXKHO YKA3aTh Pa30easiouyio
KJIEeTKY, TaKyl, 9TO MO OJHY CTOPOHY OT Hee JOMUHOIIKA OPUEHTUPO-
BAHBLI TOPU3OHTAIBLHO, & TIO APYTYIO CTOPOHY — BEPTUKAIBLHO. AHATOT Y-
Had KIeTKa €CTh II0 KPalHe!d Mepe Ha ellle OJHOU CTOpOHe nuaMaHTa. Ha
PUCYHKE MPUBEIEH MPUMEDP C UYE€THIPHMSA PA3IEIAIOIIMMYA KISTKAMY, OHU
rmoMedeHsl OyKBamu a, b, ¢, d.

-

ot
i,

IlycTs a1 = a — pa3mensioman KIeTKa Ha, JeBOU HUXKHeN cTopoHe. Kak
u B JeMMe 2.1, TOCTPOUM HMEMOYKY JOMUHOIIEK, HAYHHAOIILYIOCA C KICTKA
@1. DTa IernovKa HEe MOXKET 3aKOHIUTLCSA B KIETKE ¢, 9TO JEIKO BULETH U3
COOOpaXKEHUN IIIAXMATHOU PACKPACKN. SHAYUT, OHA 3AKOHIUTCA B KJIETKE
b wm d, nycts gua onpexenenuoctu B d (Ha pucynke ajp = d). Torga
OYEBUTHO, YTO BEPXHAA CPAHAIA KJIETOK IEMTOYKH €CTh JOMAHAA, KOTOPA
HE pacCeKaeT HU OJHOM JOMUHOMIIKKA B OOOMX Pa3OMEHUAX U IIPU DTOM
IeJUT MBI TUAMAHT Ha OBE YacTu. HazoBeM 5Ty JOMAHYH pa3pe3oMm
MAJIOrO TUAMAHTA.
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[ [ ]

|: a7 a8 arlas :|

a2|asl|aslag a2 aslaglag
al|a4|aspiql] .a1|a4 as@1ot

19 *112.

T

Teneps onpeneaum paspes GOIBIIOrO ITUAMAHTA. Y0epeM u3 GOJBIIOro
OUAMAHTA CAMYIO JEBYIO U CAMYIO IPABYI0 JOMUHOIIKA U JOIOJIHUM DPa3-
pe3 Majoro nuaMaHTa (MyHKTUDPHAA JIUHWUA) OTPE3KAMU TDAHUIILI HAK-
HUX CTOPOH MAaJOrO TUAMAHTA (KUPHAA JUHUA), 9TOOBI TOSYIWICA PA3-
pe3 GOJIBLIOro AUAMAHTA CJIEeBA HAIPaBo (IOTpebyeTcs 106aBUTH eIe Ba
OTPE3Ka, MOKA3AHHBIX KUPHLIM ILyHKTUPOM).

[ ]

T

Temepb MBI MOXEM pa3pe3aTh 06a TMaMaHTa U TOMEHATH OTPE3aHHBIE
HIKHAE JacTU. MBI mOnyyunM pa3OueHus BEepXHEro UM HIDKHErO TUAMAaH-
TOB.
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0
I

B cnyuae, ecan memodka, MOCTPOEHHAA U3 KIETKU (1, 3AKOHYUIACH ObI
B b, MBI TIOTyYWIN ObI QHAJIOTUIHO MApPy Pa30OUEHUU JEBOTO W MPABOTO
10T TMAMAHTOB.

Nraxk, MBI onucaau OTOOpaKeHNe U3 MHOXKECTBa A B MHOXeCTBO B.
OueBuIHO, 9TO HTO OTOOPAKEHHUE COMOCTABAAET PA3HBIM DJIEMEHTAM MHO-
xkecTBa A pasuble daeMeHTH MHOXKecTBa B. OHO ABIAETCA B3AUMHO OJI-
HO3HAYHBIM, TTOCKOJIBKY HETPYAHO COOOPa3UTh, KAK YCTPOEHO oOpaTHOe
oToOpaxkeHue.

Omno ycrpoeno Tak. [y IpOU3BOIBLHON APl PA3OUEHUN, CKAXKEM, JIe-
BOI'O W TPABOTO TOAUAMAHTOB PACCMOTPUM MAJILIM TUAMAHT, SBJLAIO-
HUUACA UX TepecedenuneM. ECIn K HUKHEN BEpIIVMHE HUXKHErO MO IUAA-
MaHTa mpuieraet 60K D], MBI IMEEM [EJIO CO CAyIaeM, OOPATHBIM K CJIy-
vaio (19). Ecau xe Takoro 6i0ka HET, HAYHEM CTPOUTH LEMOYKY KIeTOK,
AHAJIOTUYHYIO IenoYKe a;. [lepBriM pasbuenuem OyaeM HA3BIBATH pasOue-
HI€ HUXKHErO TUAMAHTA, BTOPBIM — BepXHEro. PacCMOTpUM pa3 IeIsiomme
KJIETKW, TPWIETAIONINE K HUKHAM CTOPOHAM HUKHErO IMaMaHTa (ecau
BCe IOMUHOIIKY, IPUAIErAONINe K HIDKHEMY KPal0, ODUEHTUPOBAHBI TOPU-
30HTAJIBHO, PA3AEIAIONIEN HA3HAYUM BEPXHIOK U3 IBYX KJIETOK B CAMOM
JEBOM U B CaMOM IIPABOM DSAY); HMYCTb (1 — Pa3[eaiolas KIeTKa Ha
JIEBOU HUKHEU CTOpOHE, W MyCTh OHA OyAeT YepHOro usera (mpu max-
MaTHOU packpacke). Ilenouxa KIeTOK ¢ HAYAIOM (i 3AKOHYATCA, KOTIAA
Ha OYepPeIHOM Iare MBI OKAXKEMCs BHE [I€PECEeYeHUsl IePBOr0 U BTOPOro
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OUAMAHTOB, IPUYEM IIOCIeIHAA KJIETKA B DTOU LEMOYKe Oyaer “BTopon”
KJIeTKOU MOCAEHEN JOMUHOMIKY. FCiau 5Ta TOMUHOIIKA U3 BTOPOrO pa3-
OmeHust, TO € BTOPAS KJIETKA IEPHAA U, 3HAYMUT, MBI OKA3ATUCH HA, TTPOTH-
BOTOJIOXKHOU CTOPOHE O0BEINHEHUA AUAMAHTOB. JTOTO HE MOXKET OLITh,
MTOCKOJIBKY 00JACTH CHIU3Y OT MOCTPOEHHOU IETOYKY CONEPKUT HEICTHOE
YUCJI0 KJIETOK, XOTS IIPYU 3TOM Pa3buTa Ha JOMUAHOIIKY IEPBLIM CIIOCOO0M.
CaenoBaTenbHO, DTa TOMUHOIIKA — U3 IEPBOr0 PA30UEHNUs, U IPUBEJIA OHA
HAC HA PA3JeIAILY0 KIETKY TPABON HUKHEN CTOPOHBL, 9TO, COOCTBEHHO,
u TpebyeTcsa. Janbine pexxeM, mepecTaBiseM — 1 TOoToBO. Teopema moxa-
3aHa.

W3 mokazaHHOU TEOPEMBI CPa3y MOMYIALTCS EIIe OMHO JOKA3ATEIbCTBO
PeKyppeHTHOro cooTHomenus (5).

C momornpo Teopemsl 3.1 HETPYIHO NOKA3ATH d(PQPEKT JOPAHOBOCTHU
IJISI MUPaMU LI 13 QYHKINM, 33JaHHON COOTHOIIEHNEM OKTasapa, cM. [11,
15].

MokazaTeascTBo Teopemsr 1.2. IIposepsem coornomenwe (6). [Iycts
Ti u Ts — nBa pa3dueHUsa alTEKCKOrO TuaMaHTa paHra n. Ilycrs Ouekiimsa
u3 Teopemsr 3.1 craBut B coorBercTBue mape (T1,T>) € B, noHnMaeMon
KaK pa3bueHue BEPXHEr0 U HIXKHEro noaauaManTos, napy (U, Us) € A,
u nycts sTou ke nape (T7,T>) € B, noHnMaeMon Kak pa3OueHue JeBOro
U TPABOrO MO IMAMAHTOB, CTABATCA B cooTBeTcTBEe mapa (Us, Uy) € A.
3amerum, uTo pasbuenus Us u Uy comepxaT BMECTe CTOIBKO XKe Bep-
TUKAJBHBIX TOMUHOIIEK, CKOIBKO 1 paszduenus 1) u To, a pasbuenus Ui
u Uy comepkaT BMECTE Ha IBEe BEPTUKATLHLIX JOMUHOIIKA OOJBINE, IeM
Ty u Ty. DTO creAyeT U3 TOro, YTO OUEKINS COCTOUT B MEPEKJIA ILIBAHUN
JacTel UaMaHTa U eJUHCTBEHHOU Olepalel, U3MEHAIOMEN KOJIMIeCTBO
BEPTUKAIBHBEIX TOMUHO, OBLIO “OTpe3aHue” IBYX YIVIOBBIX JTOMUHOIIEK,
KOP[a MBI BHITOJIHAIN KOHCTPYKIIUIO [/ BEPXHETO W HUXKHETO TOI U~
MAHTOB.

Taxum 06pa3oM MBI HAXOIUM HUTO IBYM OJTHOUJICHAM V(U gv(U2) 4
z?(Us)zv(Us) p3 jrepoit wacTn paBeHCTBA (2) ¢ moMompio Hallel GueKIun
MOXKHO conoctasuth asa ogaowrena zV(T) z?(T2) 4 . gv(T1) gv(T2) yy pa-
BOU YACTU 3TOTO paBeHCTBA. OYEBUIHO, DTO COOTHOIICHUE B3AUMHO OJI-
HO3HAYHO, 9TO U 3aBEPIIAET JOKA3ATEILCTBO COOTHOIEHUS (6).

4. PAHT PA3BBUEHUA

HamomuuM, TO paHrom pa3OueHusa alTeKCKOrO UaMaHTa Ha, JOMWIHO
Mbl HA3BAJIM MUHUMAJILHOE YHUCJIO IEPEKITIOYEHUN, KOTOPOe Tpedyercs
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clenarb, YTOOBI MOLYYATh Pa3bueHue, COCTOSINEe TOJBKO U3 COPU3OH-
TATBHBIX JOMUHO. 3aMeYaTeIbHO, YTO €CTh MPAMOU CIOCOO BBIMUCICHUS
paHra, He TPeOYIOUIA pa3dupPaTeIbCTBA, ITO U B KAKOM MOPAIKE CACTYET
TIEPEeKTI0IAT.

Bynem naseiBaTh pe6pom BEpTUKAIBHBIN WIM TOPU3OHTAIBHBIL OTPE-
30K, COENUHSIONIMN COCETHME Y3JBI KAeTIaTOu miockocTu. Kaxmgoe mo-
MWHO COMEPXKUT BHYTPU POBHO OMHO pebpo. Kaxk nomy pebpy, mexaremy
BHYTPM IMAMAHTA, COMOCTABUM II€JO€ UUCIO — “Bec”, a KaXKIOMY pPas-
OMEeHMIO Ha JOMUHOLIKA COIOCTAaBAM CyMMapHBIM Bec pebep, comepKa-
[IUXCsI BHYTPYU JOMUWHOIIEK 3TOr0 pa3bueHus, npuieM mog0epeM Beca Ta-
KuM 006pa3oM, 9TOOBI JTI00ad Onepanusa MepekIioYeHnsa N3MeHATa BeC Mo-
KPHITUA HA GUKCAPOBAHHYIO BearduHy (y HAC DTO IUCIO 2).

OTMeTrM, 9TO MPUBOIMMASA CXEMA BECOB HE 3ABUCUT OT pa3OUEHUs, B
OTJIMYME OT BECOBOU CXEMHI B [5], NIe 1/ KaXKIOro Pa3GUeHus CTPOUTCS
CBOE HA3HAYEHUE BECOB.

? ! ’ ? ! ?
) 32 22 2 2 22 22 22
10410 410 410 g 10410 220 820 1o [10 130010 J 20 110 4 10 410
18 18 18 3 18 d 18 18 18
B o888 Y8 848 4,3,8 Byalagsgs
14 14 d 14 14 1 1 1

18 18 4 18 o 1& 18 1
10 010410 010 210 L 10 2104 10 0 10 L 10 310 L 10 210 ) 14 0 10 | 10

2 p:
° ¢ . ° . °

Puc. 5. MoncueT paHroB pas6ueHUH C IOMOUBH BecoB pebep.

Ha6op Becos, yqoBIETBOPAIOIIUN 3TOMY TPeOOBAHUIO, IPUBENEH HA
puC. 5: TOPU3OHTATLHBIE PeOPa, JeXKAIIue Ha, OCU CUMMETPUN, UMEIOT BEC
1; ropusonTanbHBIE pebpa, JeKAIINEe Ha, PACCTOSHUU Kk OT TOPU3OHTATb-
HOU OCH CUMMETPUHN, UMEIOT BecC 2k; BepTUKaIbHBe pedpa B BEPXHENU IMO-
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JYIIOCKOCTY, BEPXHUU KOHEI[ KOTOPLIX UMEET KOOPAUHATHI PA3HOU YeT-
HOCTHU (HAYAJI0 KOOPAVHAT — B LIEHTPE IUAMAHTA), 01y qaioT Bec 0, OHM Ha
PUCYHKe M300PaKeHbI CILIONIHON JUHUEH G€3 TTIOMETOK; OCTATLHBIE PeGpa
umeroT Bec 4k — 2, rae k — y-koOpIuHATA BEPXHEr0 KOHIA pedpa. B umx-
HEU MOMYTIOCKOCTY HA3HAYMEHNE BECOB CUMMETPUIHO BepxHen. Q4UeBuIHO,
4T0 rje ObI HU PAcCHoJarajics KBaapaT 2 X 2, B KOTOPOM MPOUCXOIUT IIe-
PEeKJIIOYeHNe, N3MEHEHNE BeCca MOKPBITUA PABHO 2.

3aMeTUM, YTO PA3METKA HA, PUC. J IEPEXOIUT B CeOs MPU MOPU3OHTANB-
HOM caBure Ha 2. MBI cauTaeM cmandapmubim TAKOE PACIOIOKEHUE [UA-
MaHTa, IPX KOTOPOM JABAa €r'0 CAMBIX JIEBBIX BEPTUKAIBHBEIX Pebpa UMET
Bec 2.

Teopema 4.1 ([1]). IIpu craBgapTHOM pACIOIOKEHUH JUAMAHTA HA
IMIOCKOCTH € Pa3METKOH, H300Pa’KeHHOW HAa DHUC. D, PaHr JHOOr0 ero
pa36ueHus paBeH IOJLYCYyMME BECOB pebep, JeKAIIUX BHY TPHU JOMUHOIICK
pa36meHuA.

MokazaTeabcTBo. [lokaxeMm, 9TO €CIM TOKPBITAE AITEKCKOT'O [Ua-
MAHTA PAHra N COAEPKUT MOPU3OHTAILHYIO JOMUHOIIKY, TO 33 OTHO Ie-
PEKIIOUEHNE er0 MOXKHO MPUBECTH K TOKPLITUIO OOJIBIIErO BECA.

Nunykuuma mo n — panry guamanTa. basza n = 1, 2 nposepsercsa Hemo-
CPEACTBEHHO.

[Tar wagyknuu. PaccMoTpuM IOMWHO, HIPWIETAOMAE K KPAK TUA-
MauTa. Ecau Bce OHE OZHOTO HAIPABICHWSI, TO OHE OOPa3yoT “paMky’,
BHYTPHU KOTOPOU CTAHIAPTHO PACIOIONKEH MAJLIU AUAMAHT PAHTa 1 — 2
(MOXHO CYATATD, ITO HTA PAMKA COCTABIEHA U3 BEPTUKAIBHBIX JOMUHO,
TaK KaK A COPU3OHTAILHBIX MBI CPa3y “MepPeKgYuM’ IBE KPAWHUE
JIEBBIE TOMUHOIIKA — OT 3TOr0 UX BeC yBeawdauTca Ha 2). [lo npexnomoxe-
HUO UHIYKIINA BHYTPYU MaJIOT0 TUAMAHTA MOXKHO CIEJATH TEPEKIIYCHNE,
MOBBIIIAIONIEE OOIIUN BeC.

Ecau e Bce moMmuO, mpuierarome K Kpamo, IMEIOT OJHO U TO XKe Ha-
IpaB/lIeHue, TO DAe-TO Ha CPAHUIE JUAMAHTA MLl MOXKEM HAUTH “CTHIK’
BpPOJE TOTO, UTO M300paXkKEeH Ha PUCYHKE OKOmo Touku A. PaccmoTpum
gomuao Dy, y koTroporo A — BepxHsasa JgeBas BepmmHa. Ecau oHO pacro-



PA3BUEHUE HA TOMMWHO 203

JIOXKEHO TOPU30HTAJIBLHO, TO, MEepeKIYas IBa I'OPU30HTAJIBHBIX TOMUHO
cupaBa 0T A, MBI, KAK HETPYAHO BUAETH, YBEIUIUM OOLIUN BEC.

[MonycTtuMm Temepb, YTO JOMUHO )i paCIONOXKEHO BepTUKAILHO. Ero
MIpaByIo BEPXHIOH BepmnHy HazoBeM B. Eciau nomuno Ds, y koToporo B —
JIeBAs BEPXHSS BEPIINHA, PACIONOKEHO BEPTUKATILHO, TO, MEPEKII0IAA 1B,
MOMUHO CHU3Y OT B, MBI OATEL CMOXEM YBEIUIUTHL O0ImE Bec. IlosTomy
[JOILYCTUM TeIePhb, YTO TOMUHO Dy PaCIOI0XKEHO ropu30HTAILHO. Ero mre-
BYIO HUXKHIOIO BepiHy Ha3oBeM C' U pacCMOTPUM OdepeaHoe foMuHO Dy,
JeBas BepxHssa Bepimaa KoToporo — C'. [Ipogomkas 5T paccy X IeHus, MbI
OyeM HAXOAWTh BCE HOBBIE TOMUHO, MPEMSTCTBYIOIINE YBEIUICHUIO 00-
mero Beca (P >TOM HAIIM PACCY XK JEHUA HE U3MEHATCA [IPU TOCTUKEHIN
COPU3OHTAIBLHOU ocu cumMeTpun auamanTal). Korga mmaronanbuHas me-
MOYKA TAKUX JOMUHO JOUAET J0 MPOTUBOMOIOKHOU CTOPOHEBI JUAMAHTA,
MBI IOy 9MM, 9TO KAKOe-TO OYePeIHOe JOMUHO BBEIXOIUT 33 IIPEIeIbl [ua-
MaHTa, Yer0 HE MOXKET OBITh.

Urax, eciu B MOKPHITUM AUAMAHTA UMEETCSI MOPU3OHTAIBHOE TOMUIHO,
TO TPHU MOMOIIYU OJHOrO MEPEKTIYEHUS BEC DTOrO MOKPBITUA MOXKET
OBITH YBEJAUYEH Ha, 2. AHATIOTUIHO, €CIU B TUAMAHTE €CTh BEPTUKATLHOE
OOMWHO, TO OJHUM IMEPEKIIOYEHNEM MOXKHO YMEHBIINTH BEC TOKPBITUI
ua 2. [Tockoabky BooOIIE JMI000E MMEPEKTI0YeHNe MEHAeT BEC Ha, 2, MBI 3a-
KII0YaeM, YTO MUHUMAILHBIN BEC UMEET TOKPBITHE, COCTOAIIEE TOTLKO U3
TOPU3OHTATLHLIX JOMUHO, MAKCUMATBHLIL BEC UMEET TOKPBITUAE, COCTO-
SIIee TOJBKO U3 BEPTUKAIBHBIX JOMUHO, 8 PAHT PABEH MOJIYCYMME BECOB
MTOMUHOIIIEK Pa3OueHns.

CaegcrBue. MakcuMaabHBIM DAHT UMEET Pa3OUeHue, COCTOAIICE TOMBKO

U3 BEPTHKAIBHBIX JOMHEHO, H 5TOT paHr pase $n(n + 1)(2n + 1).

Nmeercs mpocras CBI3b MexkAy BO3pacTaHueM/yOBIBAHHMEM DAaHITa U
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TeOMEeTPUIECKUM PACIONOKEHUEeM KBaapaTa 2 X 2, B KOTOPOM IIPOUCXO-
nut nepekmtodenre. Ha puc. 5 ya3iel ceTku moMedeHsl YePHBIMU U OeabIMU
KPYXKOYKAMU “B IMAXMATHOM MOPSAIKE”: BEPIIUHBI, ¥ KOTOPBIX KOOPIU-
HATHI OMHOW YE€THOCTH, TIOMEYEHEI OEIBIM KPYKOUKOM, & T€, Y KOTOPBIX
KOOPAVHATHI PA3HOU Y€THOCTH, — ICPHEBIM.

Teopema 4.2. Ecim meHTp KBagpata 2 X 2, B KOTOPOM MBI IIPOBOJUM
TepeKToIeH e, PACTIONOXKeH B Geon BeprmHe, TO mpu nepexmoermn | | |

— E| paHT pa30UEHUA YMEHBINACTCA, & €CJAU B YCPHON — YBEIUIUBACTCA.

ITO OYEeBUIHO.
Ham momamobuTcs caegymolmiee CBOMCTBO BBEICHHON CUCTEMEI BECOB.

Jlemma 4.1. 3apukcupyem kapTHHKY BECOB pebep U PACCMOTPHUM CTAaH-
AapTHOE MOJOXKEeHWe NUaMaHTa paHra n ¢ pasowmenwmem 1. Torma mpwm
CABHUTe fUAMaHTAa Ha 1 BIPaBO BHU3 CyMMa BECOB pebep, HAKPBITBIX JO-
MuHOImMKaMu u3 T, yBeInIuBaeTCA Ha 2n.

MokazaTenbcTBO. PaccMOTpUM CABUHYTHIM UAMAHT 1 Kak IO IUA-
MaHT B CTaHZApTHOM guamanTe paura n + 1. IIpu cramgapraom pacmo-
JIOXKEHUU AMAMAHT 1 MOXeT OBITH JIEBLIM KJIUM [IPABLIM IOLAMMAMAHTOM.
Mgl ke pacCMOTPUM €ro KaK HUXKHUU MOIUAMAHT; B 3TOM CIy9Iae OH
OyIeT CIBUHYT IIO OTHOIIEHUIO K CBOEMY CTAHIAPTHOMY IOIOXKEHUIO KaK
pa3 Ha HYXHBI BEKTOP. 3AMOCTHUM OCTABIIYIOCA YaCTh OOJBIIOTO [UAA-
MAaHTa, BEPTUKATLHBIMU JOMUIHO.

O6o3uaduM Yepes 2w CyMMAapHBIU BEC UCXOTHOTO pasbuenus T, a de-
pe3 2u — CYMMy BECOB B COBUHYTOM AMAMAHTE; KPOME TOT'O, MOJOKUM
A1 KpAaTKOCTH ty, = tn(n + 1)(2n + 1). BameTuy, 9T0 HAM TOTPEGYeTCS
t,, —W HEePEeKITI0YeHN, YTOOLI BCe JOMUHO B (CABUHYTOM) JUAMAHTE CTAJIN
BEPTUKAILHLIMUA. 1OTra MBI HOIYIUM pasOueHue GOJBIIOrO IUAMAHTA,
COCTOSINEE TOJIBKO U3 BEPTUKAJIBHLIX JOMUHO, ero Bec paBeH 2t, 1. O
CKJIATBIBAETCS U3 BECA BEPTUKATLHON KAUMBI OOIBIIOTO TMAMAHTA, KOTO-
poiit paser 2(n? +n+1), u Beca 2u CIBUHYTOTO IMAMAHTA, YBEIMTECHHOTO
Ha 2(t, — w). Uroro,

21 =2 +n+ 1)+ 2u+2(t, —w),



PA3BUEHUE HA TOMMWHO 205

orkyaa 2(u — w) = 2n.

MokazaTenbcTBo Teopembl 1.4. [IpoBepuM BHIMOIHEHUE PEKYPPEHT-
soro coornomernus (7). Kak u B moxasarenbcTee Teopemsr 1.2 B KOHIE
npegeIoyLIIero pasjgena, paccmorpum pasbuenus 11, Ts, Uy, Us, Us, Uy.
Kak Mb1 oT™Mevanu, kapTUHKA, 3aJai0as Beca pebep, He MEHAETCA TpU
rOpU3OHTATLHOM casure Ha 2. CiaenoBarenbHo, Hama Ouexiusa (“mepe-
KIaaeiBaHue” ), COMOCTABAAIIAA padbuenuam T u Th, MOHUMAECMBIM KaK
pa3bueHMs JEBOI'O UM MPABOTO MOAAMAMAHTA, mapy pasbuenun Up, Us,
HE TOJBKO COXPAHAET KOIUIECTBO BEPTUKAIBHLIX U MOPU3OHTAIBHBIX [0-
MUHO, HO U COXPAHAET BECA BCEX NOMUHO. TakuM 06pa3oM, B DTOM CIydae

r(T2)

xv(Ul)qT(Ul) . pv(U2) q )

qT(U2) — xv(Tl)qT(Tl) L pv(T2)
Bropoe coorBeTcTBUE — Mex oy mapou paszbuenun T u Th BEpXHEro u
HUKHErO MOIUAMAHTOB U mapou pasbuenuun Us, Uy — ycTpoeHO 4UyTh
caoxuee. Kak npeobpaszoBanme — 3TO MO-TPEKHEMY MEPEKIATLIBAHNAE Ta-
CTel MUAMAHTOB, KOTOPOE HE MEHsAET Takke u Beca goMuuomek. Ho mo-
JYYaIoUInecs MpY MEePeKIaIBBAHUYA BePXHUA U HUKHAU MO IAAMAHTHL T
u Ty cMmeleHsr Ha 1 O BEPTUKAIA OTHOCUTEIBLHO TOPU3OHTAMILHOU OCH
cumMerpun auamMaaToB Us, Uy u Ha 1 MO MOPU3OHTAIM TO OTHOIIEHUIO
K CTAHJAPTHOMY MOJOXKEHWIO auaMaHTa. 1o msemme 4.1 cyMMapHBI Bec
TOMUHOIIEK, KOTOPBIM MbI HAOMIONAEM MOCJE NePEeKJIATBIBAHUA, I Ka-
JKIOTO U3 MUAMAHTOB YBEIUYUTCS HA, 270.

Urak, mepexnagsiBanue, conocrapisomiee nape 11, Ts mapy Us, Uy,
YBEIMYUBAET CyMMapPHBIA BEC JOMUHOIIEK Ha 2n. YITeM TaKXKe, 9TO pa3-
6uenue Us HA camMoM fese ecTh pa3dueHue HOJIBIIOrO AMAMAHTA, B KOTO-
POM yIATEHBI CAMAs JeBas U CaMas MPaBas BEPTUKAILHBIE JOMUHOIIKA
(ux BKJIAI B pAaHT paBeH 1). ITO JaeT HAM PABEHCTBO

2V WUs) or(Us) | v(Ua) ,r(Us) _ 2041 | 0(Th) ,r(Th) .xv(T2)qT(T2)_

q q q q

BmecTe ¢ mpegbIAYIINM PABEHCTBOM OJHOYIEHOB >TO IaeT HAM DEKyp-
penTHOE cooTHomeHue (7).

5. XPOMBIE KOPO.JIA

3IeCh MBI IPUBENEM TOKA3ATEILCTBA TEOPEM O TMAMAHTE, OCHOBAHHEIE
Ha 0CTPOYMHOU nepedopMyaupoBke 3a1a4u. Ee nzo6per @. Hlrpens [16],
KOTODHI TIPUMEHAT €€ (BMecTe ¢ TeopeMon 5.1) K IpAMOYTOJbHBIM IOC-
kam. Iloxa mpensiaymas craTbsa aBTopa [2], B KOTOPOR 3TUM CIOCOG0M
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ObLIa moKasaHa TeopeMa 1.1, TOTOBUIACH K TEYATH, B UHTEPHETE MOABU-
JIOCh MOXOXKee J0Ka3aTelbCTBO Teopemsl 1.1, cu. [14].

OTMeTuM cepeIuHBI BEpTUKATHHEIX pebep alTeKCKOro JUaMaHTa TakK,
KaK [I0KA3aHO HA PUCYHKE, U COEINHNM OTPE3KAMU BCE IMaphl OTMEUYEHHBIX
TOYEK, KOTOPHIE JeXKAT HA TPAHUIE OJHOU U TOU XKe goMuHOmKu. [locte
DTOr0 NTOBEPHEM KAPTUHKY Ha 45°.

S [
N

N

e

-
!

OveBMIHO, UYTO B KAXKAOW BEPTUKAILHON JOMUHOIIKE MBI TIPOBEIN
POBHO OUH (HAKIOHHBIN) OTPE30K. B rOpU3OHTAIBHEIX Xe JOMUHO JU60
MMeeTCs JJAHHLIA TOPU3OHTAJBHLIM OTPE30K, JUOO OTPE3Ka BOOOIIE
HET — B TOM CJIyd4ae, KOrJa HeHTD AOMUHO — OTMEYeHHAs TOYKA. Takum
06pa3oM, MO0 HAPUCOBAHHOU KAPTHUHKE PA3OUEHMe NUAMAHTA HA TOMUHO
BOCCTAHABIUBAETCA OJHO3HAMHO.

C Opyrou CTOPOHBI, HA HIKHEU I'PAHUIE TUAMAHTA BCE CEPEIUHBI BEP-

TUKATbHBEIX pebep — oTMedeHHble. Ecin MBI HAWHEM PUCOBATH JOMAaHBIE,
HAYUHAA C JEBOU HUXKHEN CTOPOHBI MUAMAHTA, TO OYEBUIHO, YTO KAXK I
JoMaHas OygerT MpOLOMKATHCA BIPABO N0 TEX MOpP, MOKA HE BHIXIET HA
MPaBYIO0 HUXKHIOKD TPAHUIYy AraMaHTa. [Ipum 5TOM HUKaKue IBE JOMAHBIE
He OyayT mepecekarbcs. [losToMmy mocmte mOBOpOTA KAPTUHKKA MBI 3a-
KI09aeM, 9To Teopema 1.1 0 KoaMUecTBEe PaszOUEHUN AITEKCKOTO [Ua-
MAaHTA Ha JOMUHO 3KBUBATEHTHA CAEAYIOUIEMY YTBEpK ICHUIO.
Teopewma 5.1. I3 maxmaraon gocku (n+ 1) X (n+ 1) Belpesana kieTka
al. Ha Bcex ocTalbHBIX KIeTKaxX BepTukaau “a” croar “xpombie” max-
MaTHBIE KOPOJIH. 38 OUH XOJ XPOMOH KOPO.JIb MOXKET CABUHY ThCA BIPABO,
BHE3 MM BIPaBO-BHE3 Ha 0fHY K1eTky. Torga cymecrsyer 2™("t1)/2 ge
1epeceKarnXcsa HabOpOB MapIIPYTOB, JBUCA’ACH IO KOTOPBIM BCE . KO-
DPOJIEH MOT'YT HE€PEHTH Ha KJAETKHU HUXXHEH IOPDU30HTAJIH (IOPALOK XOA0B
HECYIIECTBEH, BaXK€H TOJABKO BHJ TPACKTODHH).

5.1 TEOPEMA JIMHICTPOMA

[I151 HE3ABUCUMOT'O TOKA3aTEILCTBA, TEOPEMHEI 5.1 MBI TOACUUTAEM KO-
JUYIECTBO HAOOPOB MaPIIIPYTOB, BOCIIOMBL30BABIIUCH CJIEIYIOIEN TEOPEeMOn
Jluagcrpoma [6].
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Bynmem paccMarpuBaTh KOHEYHBIE OPUEHTUPOBAHHEBIE T'Padbl, y KOTO-
PBIX MMEETCS N MPOHYMEPOBAHHLIX BEPIIMH — “BXONOB” U €IIe N IMpPO-
HYMEPOBAHHBIX BEPIIVH — “BBIXOJOB”, TaKWX, UTO, HAYAB [IBUKEHUE IO
CTPEeIKaM OT J000r0 U3 BXOAOB, MBI OOS3aTEILHO MPULEM K OTHOMY W3
BLIXONOB. By1em Taxue rpadbl HA3BIBATL GUUKAUUECKUMY (OHU 3aBEIOMO
HE COJAEepPXKAT OPUEHTUPOBAHHBIX LUKJIOB). PaccmMorpum HAGOp U3 N He-
MEPECEKAIONINXCA MAPUIPYTOB, BEAYIIMX OT BXOAOB K BeIxOgaM. ['pad Ha-
BBIBAETCA HENEPECMAHOB0UHBLM, ECIH B TI0OOM TAKOM HAGOPE MapPUIPY TOB
KaXK IBIA BXOJ COCIUHEH C BBEIXOIOM, UMEIOIIAM TOT YK€ CAMBIT HOMEP.

[Iycts kaxgomy pebpy TPUNUCAHO HEKOTOPOE BEIIECTBEHHOE YUCIO —
Bec”. Bec mytu B Takom rpade ompemnesuM Kak MPOU3BEIEHUE BECOB
COCTABIIONINX ero pedep, a Bec HAbOpa My Ten — KaK IPOU3BEIEHIE BECOB
DTUX MyTen.

13

Teopema (JIuagctpom, cM. [6]). IlycTs gaH HEmepecTaHOBOYHBIN AIH-
KJINYEeCKHH OPUEHTUPOBAHHBIH I'Dag), HMEIOIUH N BXOJOB U 1. BBEIXOJOB.
O60o3Ha9UM 9EPE3 Wiy, CYMMAPHBIM BEC IyTEH, BEAYIIUX OT k-ro Bxoga
K m-My BeIXOLy. Torma cyMMapHBIH BeC BCEX HAOOPOB U3 N, HEIIEPECeKa-
FOIUXCA MAPUIPYTOB, BEAYIIUX OT BXOJOB K BEIXOHaM, paBeH det(wym, )-

B ugactHOCTH, ecnu Bce Beca paBHEBI 1, TeopeMa JaeT PEUENT HOACIeTa
KOMUYECTBA HAOOPOB HEMEPECEKAIOMIXCA MAPIIPYTOB OT BXOJA0B K BBIXO-
TaM.

Mer paccMOTpUM ABE NOCKH, MO KOTOPLIM OyIyT MEPEMEMATHLCA XPO-
MBIE KOPOJIZ.

MepBas nocka — OyjeM Ha3LBaThL ee HOocka A, — >TO OObLIYHAA IIaX-
maTHaA gocka (n+ 1) x (n+1). Bxogsl — 5T0 KiIeTKK nepBou BepTUKAIH,
IPOHYMEPOBAHHLIE CHA3Y BBEPX, & BBEIXOALI — KJIETKHU MEPBOU TOPU30H-
Tau, TPOHYMEPOBAHHLIE CJIEBA HAMPABO. I pad BO3MOXKHBLIX MEpEMeIe-
HUU KOpOJen n300pakeH Hmke. MOXHO CINTATL, 9TO HA YIVIOBOU KIETKE
al Tak¥ke CTOUT KOPOJIb, KOTOPOMY MPOCTO HE HYKHO IBATATHLCA.

Boraucaum MaTpuily, OMUCHIBAIOIIYIO ABUXKEHHE KOpoaen. O60o3Ha MMM
9epe3 Gpr KOMMIECTBO BCEX CIOCOOOB, KOTOPHIMU XPOMOHM KOPOIB MO-
ket npourtu ¢ kierku (1,p) na kierky (r,1). Torga saemenTsr MaTpuist
A = (a,,) (mamomumm, wTo »>T0 Marpuma (n 4+ 1) x (n + 1)) MoxHO
BLIUUCJIATDH [MOCIEI0BATEIBHO IO MPABUILY, HATIOMAHAKIIEMY TPABUIO BEI-
YUCIEHUA OUHOMUAIBHBIX KOd(MPUIMEHTOB B Tpeyronbuuke Ilackans:

Qpr =Qp—1r + Apr—1 + Ap—1r—1-
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CemencTBo 4uces, 3aJaHHLIX STUM IPABUIOM, Ha3bBaeTca duciamu [le-
narHosa (Delannoy). Tak, gna gocku 5 X 5 (t.e. npu n = 4) nmeeMm

4\\\¢\\\4\\\4\\\4

11 1 1 1
4\\\¢\\\4\\\#\\\4 13 5 7 9
4\\\¢\\\4\\‘#\\.4 AO=|1 5 13 25 41
4\\\¢\\\4\\\4\\\4 1 7 25 63 129

1 9 41 129 321

2 3 4 5

Bropas nocka — o6osuadum ee B,, — »T0 maxMaTHas gocka (n + 1) X
(n + 1), y koTOpOU BBIpE3aHa yIVIOBasA KJIETKa al, 3AIPEIIeH0 IBUKEHUe
KOpOJIE BHU3 MO MEPBOUM BEPTUKAIA W BIPABO MO TEPBOU TOPU3OHTAN.
BX0IBI — 5TO KIETKM MEPBON BEp TUKAIN, TPOHYMEPOBAHHLIC CHU3Y BBEPX,
a BBIXOABI — KJETKW MTEePBOU TOPU3OHTAIN, TPOHYMEPOBAHHEIE CIEBA HA-
npaBo (# TO, u Apyroe — 6e3 yduera KiaeTku al). 3aMerum, 9TO Koauue-
CMBO UHMEPECYIOUYUT HAC HENEPECERANUUTCA HAOHOPOS MAPWPYMOB 30€Ch
mo oce camoe, umo u na docke A,. O603HAIMM 1Uepes by, KOIMIECTBO
cr1oco60B, KOTOPEIMU XPOMOU KOPOJIb MOXKeT mpouTu ¢ kaetku (1,p+ 1)
Ha kaeTky (r + 1,1), He 3axona MO MyTH HA KJICTKU MEPBOU BEPTUKAIA
(T.e. ma xkmerku (1,1), (1,2), ..., (1,p)) u HA KIETKKM HEPBOU T'OPU3OH-
Tamu, u paccMoTpuM (n X n)-marpuny B = (bpr), OIMCHIBAIOIIYIO JBU-
JKEHWE KOpPOJIen B »Tou curyanuu. [Ina n = 4 uMeeM Takylo KApTUHKY:

\\\4\\\4\\\4\\\4
\\‘4\\‘4\\\4\\\4

2 2 2 2
\\4\\&\\4\\4 o |2 6 10 14
\\\4\\\4\\‘4\\\4 |2 10 26 50
2 14 50 126

1 2 3 4
Kak Buanm, B® = 243),
Jlemma 5.1.

bpr = 2ay,.

HokazarenncTrBo. Paccmorpum “pr-mapripyTer” KOpous Ha gocke B u
[TOKasKeM, KaK UM MOXKHO COIIOCTABUTL “pr-mMapipyTol’ Ha nocke A.



PA3BUEHUE HA TOMMWHO 209

1) Eciu mepBbII X0 KOPOJS — DOPU3OHTAIBHEIN, TO KOPOIb MOXKET
apr cHOCOOAME TOGPATHCA K KJIETKE Ha T IPABBHIM HIDKHUM YIVIOM U TaJee
CIeIaTh XOI BHU3.

2) Ecau xe mepBbI X0 — NUArOHATLHBEIL, TO U MOCIE DTOTO KOPOJb
HMeeT a,, BAPUAHTOB IBIDKEHUS K IIPABOMY HukHeMmy yriy. Hekoropere
U3 HUX, IPABIA, IPUBOJAT €0 HA MEPBYI0 FOPU3OHTAIL (A Y DTUX MAaPII-
DPYTOB MOCAEIHAN XOX POPU3OHTANBHBIN) — TAK U3MEHUM DTU MaPIIPYThL,
MEPEIBUHYB BCIO WX CPENHIOI YaCThb HA ONHY KJIETKY BBEPX U 3aMEHUB
CaMbIll TIEPBLIN (IMArOHANLHEIN) X0 HA TOPU3OHTAIBHEIN, & CAMBIU T10-
caenHul (FOPU3OHTAJIBHEIN) X0 — HA, JUATOHAJBHBIN.

HeTpynuo BumeTs, 9TO 5TO OGuexnms.

[MoxkaszareabcTBo Teopemsr 5.1. Yucna ayy, byy — 5TO MATPUIHBIE DIIe-
merTsl Marpun A, B s nemmer caegyer, aro B(™ = 24(n—1),
A Tak xax no teopeme JImagcrpoma semwanss: det B u det A pr-
PAXKamT OMHO U TO e KOJIMIECTBO HAOOPOB MAPIIPYTOB, MBI IOJy9aeM
PEKYPPEHTHOE COOTHOIIEHNE

det A™ =27 . det A1)
7“3 KOTOPOr'O Cpa3y CIeLyeT yTBepKIeHUe TeopeMl 5.1.

5.2. BepTukaibHble JOMHHO U I'OPU30HTAJILHBIE HIaru
[1a KaxK [Oro MapIipyTa ¢ XpoMoro Kopoas 0603HaduM depes v(t) Ko-
JIMIEeCTBO MOPU3OHTANBHLIX IIIATOB B TOM MapipyTe. Ilomoxum

a/pr (a’;) = Z a’;v(t),

rie CyMMHUPOBAHUE BEIETCA II0 BCEM MAPHIPYTaM XPOMOTO KOPOJA Ha
pocke A us kaerxu (1,p) B krerky (r,1). Anasoruvno onpexeauM by, (z)
IJA [OCKU B, mpudeM cyMMupOBaHUE OyAeM BECTHU MO BCEM MapIIPyTaM
XpOMOT0 KOpous Ha, ngocke B u3 kmetku (1,p+ 1) B xerxy (r + 1,1).

s npousBoasHOro Habopa P = (t1,ts,...,t,) HENEPECEKAIOIIUXCA
MapIIPyTOB KOPOJIEN IOJOKIM

v(P) =v(t1) +v(t2) + ... + v(tn).
IIycts
AA(n,z) = Zx”(P),
P

rae CyMMMPOBAHUE BEIETCS MO BCeM HABGOPaM HEMepeCeKAIOMMXC A MapII-
PYTOB Ha mOCKe Aj.
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JIlemMma 5.2.
bpr(z) = (1 + z)ap-(z).

[okazaTeabcTBO. 3anuieMm 00e JacTh JOKA3EIBAEMOT'O PABEHCTBA, KAK
CyMMY OJHOYWJIEHOB ¥ TOCTPOMM B3aUMHO OTHO3HAYHOE COOTBETCTBUE
MEXIy CJaraeMbIMM B PA3HBIX YaCTAX paBeHCTBa. Paccmorpum 6Hogee
BHUMATEILHO OWEKIWIO M3 MOKa3aTeIbCTBAa JeMMBI 5.1, mBa HyHKTa B
STOM MOKA3aTEIbCTBE JAIOT IBA PA3HBLIX CIIOCOOA OTOXK IECTBICHUI MAPIII-
pyToB. B mepBoM IyHKTe MBI IOMOTHAEM MApIIPYT “U3 CEMEUCTBA Qpy”
OJHUM BEPTUKAJLHLIM U OJHUM TOPU3OHTAILHBIM 3BeHOM. [Ipu mepexone
OT MapUIPYTOB K OJHOYIEHAM MBI TOJKHEI COOTBETCTBYIOUIUN OTHOWIEH
JOMHOXKWTB HA X, MOCKOJBLKY KOJIUYECTBO IOPU3OHTAJBLHBIX XOIOB yBE-
aramiock Ha 1. Bo Bropom myHkTe MBI 1006aBIAEeM K MapIIpyTy “¢m3 ce-
MEICTBA Apy” OLUH JUATOHATBHEIN IIAT U IPU STOM, BO3MOXKHO, MEHAEM
MOPALOK IIAT0OB, BLIIOIHAA TOPU3OHTANLHLIN IIIAI B HAYAJE, 8 HE B KOHIIE
MapupyTa. Ha ypoBHE OIHOWIEHOB MBI Oy €M MPU 3TOM UMETh OJUHAKO-
BBIE BHIPAXKEHUA.

HokazaTeabcTBo TeopeMbl 1.2. Ilo Teopeme JlungcTtpoma mas ciy-
Jasg, KOrga KaxKJoe MOPU3OHTAJIbHOE peOpO MMeeT BeC T, a OCTAJIbHHIE
pebpa — Bec 1,

AA(n, z) = det(ap-(x)).

Bumecte ¢ yrBepxkgeHueM JeMMBI 5.2 5TO cpa3y HAaeT HaM PEKypPPEeHTHOe
COOTHOIIIEHNE

AA(n,z) =1+ x)"AA(n — 1, 2),

13 KOTOPOT'O MTHOBEHHO TOMYYAETCsA YTBEPXK IeHNe TeopeMul 1.2.

5.3. Paur

C nenarras nepedopMyIMPOBKa BOIPOCA, O 3AMOMICHUY AIITEKCKUX IAa-
MAHTOB JACT O4YeHb IPO3PATHOC MCTOJKOBAHNE OMCPALINU MIEPEKII0ICHII
u paHra pasouenns. [JelCcTBUTEIBLHO, IEPEKIIOICHIE — DTO IPOCTO 3aMEHA,
B OJHOM U3 MapIIPyTOB HAPHI XOA0B “BEP TUKAILHBIN ILTIOC TOPU3OHTAb-
HBIX” HA OJUH AMATCOHAIBHBLIN XOX (a160 HA0OOPOT).

3aMeTuM, ITO pa3OUEHUIO HA BEPTUKAJIBLHBIE TOMUHO COOTBETCTBYET Ha-
JIOMAHBIX TeTHI”, KOTa KAXK JOMAaHas UIEeT BIOJb KATETOB
60p JOMa; “KareTns!”, KOrjaa KaxkIas JOMAHAs UIe o. aTero

(20)
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/N
/N
/N
/|

KareTn TumoTerny3n

PaBHOGEAPEHHOrO NPAMOYTOJIBHOTO TPEYTOJIBHUKA; 8 PAa3OUeHnIO Ha [O-
PU30HTANBHEIE TOMUHO COOTBETCTBYET HAG0D MOPU30OHTANBHBIX JOMAHBIX
“Tmmorenysbl” (TeX e CaMBIX TPEYTOIbHUKOB).

[Tpu BEIDONHEHUN NEepeKToueHnn (HOPMA TOMAHON MEHAETCS, IIPU STOM
“mromans, noarpadguka’ 3TOU JOMAHOU, T.€. ILIOMALL, OrPaHWYEHHAs
3aMKHYTOU JUHUEH “IOMaHas + MIpaMas, COeIMHAIONAA ee KOHILI , Me-
usercsa Ha 1, cM. (20) (cropoma gommuomxku pasHa 1). Takum oGpasowm,
PAHT pa30UeHus PABeH CyMMe ILIOMAAed TOATPADUKOB BCEX JOMAHBIX.

[okaxkeM, HATIpUMED, €llle pa3 caeqcTBue u3 TeopeMbl 4.1 0 TOM, UTO
MAKCHMAIBHEII DAHT pasCuenns pased $1(n +1)(2n+ 1). MusnvaieHee
TIOMIA Y TOATPA(PUKOB uMeeT Habop JoMaHbIX “I'umoTenysnr” — mioma qu
BCeX MOArpadUKOB JOMAHBIX B DTOM HAOOPE PABHBI HYJIHO. MakcuMaib-
HBIE IO TOATPAdGUKOB nMeeT HAOOP JoManbx “Karersr” — mwromaau
HOATPA(UKOB €ro JTOMAHEIX PAaBHH 1, 4, ... , n?. Takum 06pa3oM, MAKCH-

MaJbHBIH paHr paseH 12 + 22 4+ ... 4+ n?, uTo u Tpebyercs.

Tenepb MBI onuiieM, KaK PAHT pa3OueHus MOXKeT ObBIThH 3a1aH B Tep-
MUHAaX BecoB pebep rpada nepememenun. Ilycrs, Kak 0OBIMHO, BEC Iy TH
B rpade paBeH IPOU3BEIESHNIO BECOB ero pedep; a Bec Habopa U3 HeCKOIb-
KIUX IIyTell paBeH IPOU3BEeIeHNIO BECOB dTUX IyTer. PaccmMoTpuM cienyro-
IIlee HA3HAYEHUE BECOB. 3IeCh KAXKI0€ BEPTUKAILHOE peOpo umeeT Bec 1.
Kask 10e 13 0CTaJIbHBIX pebep uMeeT Bec ¢°, rae S — IIOma, b Bep TUKATb-
HOI'O CTOJOMKA, Y KOTOPOI'Oo 3TO pebpo ABIAETCA BEPXHEN CTOPOHOMU.
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IIycts f(q) ecTs cymma BeCOB Beex HAGOPOB HEMEPECEKAIOMINXCS MaPIII-
PYTOB KOpOJIe Ha qOCKe A, mIia IpuBeIeHHOrO BLIIIE HAOOpPa BECOB.

Jlemma 5.3.
flg) = " TIEN/EAD(n, g).

MokazaTeabcTBo. Kak MBI oTMedamn, I8 KaxKJIOr'o Habopa Hemepe-
CEeKaIOIIUXCA MapPIIPYTOB KOPOJel paHT COOTBETCTBYIONIEro pasbueHus
Ha JOMHMHO PaBeH CyMMe ILTOIAJel o6IacTel, KaxkJad U3 KOTOPBIX 3a-
KIIOYEHA, MEXIY JOMAHOU, MO KOTOPOU IBUTAJNCA KOPOJb, U TMPAMOU, CO-
eIMHAIOIIEH ero HavalbHOe 1 KOHedHoe mojoxenue. [Ipeqraraemoe HazHa-
JeHUe BeCOB [O3BOJAET BLIMUCIATE 3TH ILIOMA I Kak Beca myTei. Hampu-
Mep, Ha KAPTUHKE MOKA3aHbLI ABa MyTH 3 Touku (1;5) — amaroHaibHbIN,
ero Bec paseH ¢'®, u BTopoit, ero Bec pasen ¢ -¢7-¢%-1-1-¢ = ¢*2. Jacr-
HOe BecoB — ¢° — mMeeT MoOKazaTeNb, KAK Pa3 PABHEIM ILIOMAIMA OOJACTIH
MEX Iy TTyTAMA.

Hamomunm, uto A, — sro gocka (n + 1) x (n + 1). Bec ma6opa, co-
CTOSIIEr0 TOMBKO M3 JUArOHAIBHLIX myTeil, pasen ¢(nt1D(En+1)/6 Ty
KM 06pasoM, Bec JI60ro Habopa, nereHHbI Ha ¢ () (En+1)/6  copma-
IaeT C COOTBETCTBYIOMIMM CIAraeMbIM B paHroBoM MHorouwtere AD(n, q),
a CyMMa BCeX TaKHUX BLIPAJKEHUH U eCTh B TOYHOCTH PAHT'OBBIN MHOI'O-
wien!

O603HaMUM

apr(q) = ZT(P)a

P
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re CyMMHUPOBAaHHIE BEIETCA MO BCEM MapmpyTaM P XpOMOro KopoJsa u3
knetku (1,p+ 1) B xrerky (¢ + 1,1), a guepes r(P) obo3Haden Bec Mapi-
pyTa P (xoropwiit umeeT Bug ¢°). Ilo mpexkHeMy, B 3aJadax O IHaMaHTe
paHra n MaTpuLa apr(g) uMmeeT pasMepsr (n + 1) x (n + 1).

o Teopeme Jluugcrpoma MHOrOWIEH f(g) paBeH OMPENeIUTEI0 Ma-
TpHuLEL 4y (q). K coxanenuro, temMma 5.1 HenocpegcTBEHHO He 06006IIACTCS
Ha PaHrM, HO3TOMY IJIA MOACYETa OMpEeNeqUTENs MBI IPUMEHUM IPYToe
paccyXaeHue.

Teopema 5.2.
n—1
det apr(q) — qn(n+1)(2n+1)/6 H(l + q2k+1)n—k-
k=0

[MoxkaszarenbcTBo. IlocmenoBaTeqbHO OpogeraeM ¢ MaTPULEH apr(Q)
CJeqyIoIne TeNCTBUA, He MEHAOIINE OIPeeIuTels.

1. llpocMaTpuBas MATPUIly CHU3Y BBEPX IO BTOPOU CTPOKU BKIIOUHU-
TEIBLHO, BEIUTEM U3 KAXKIOU CTPOUKU TPENbIIYIIYIO:

o) (@) = apr(@) — ap-1,(q) wpu p>1.

2. llpocMaTpuBasg MaTPUILy CHU3Y BBEPX IO TPETHEU CTPOKU BKJIHOUM-
TeIBHO, BEUTEM U3 KaxKIOH CTPOUKHU TIPeIbIIYVIIYIOo, YMHOKEHHYIO Ha ¢!

a®(q) = D (q) — ¢®al?y (¢) mpm p>2.

3. [IpocMaTpuBas MATPHUILY CHU3Y BBEPX IO I€TBEPTOU CTPOKM BKIIO-
YUTEIBLHO, BEIYTEM U3 KAaXKIOU CTPOYKHA IPEeILIIYIIYI0, YMHOXKEHHYIO Ha,
4
q :
3 2 4 (2
a¥(q) = al?(q) — ¢'al’, .(q) wpu p>3.

U Tax namee (Ha m-M IIare MCHOB3YETCS MHOXKUTETL ¢2™ 7).

Mul yTBepXKAaeM, 9TO B PE3yAbTATE MOIYIUTCA BEPXHETPEYTOIbHAA
MaTpuna, y Koropou B (m + 1)-I cTpOKe Ha AMArOHAJIM CTOUT JIEMEHT

m—1

m 2
) (@) = ™ [ @+, (21)
k=0

YTBepxK IeHNE TeOPEMbI HEMEIJIEHHO TOMyIaeTCsa u3 3Toro daxkTa. a1 go-
Ka3aTeJIbCTBA MPEIBIBIM KOMOWHATOPHBEIE UCTOJKOBAHUS MHOT'OWICHOB
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a,(JZL) (¢). Yrobwsr He gyMaTh O KpaeBhix dddexrax, OyneM MOKa CIUTATh,
9TO0 YUCIa p U ¢ OoabIE m.

Hamomunm, 9T0 a,,(g) — 5TO CyMMa BECOB IIyTEN XPOMOI'O KOPOJII M3
kaetku (1, p+1) B xkierky (¢+1,1). Beraucass a,(ﬁ) (q), MBI paccmaTpuBaeMm
CO 3HAKOM ILTIOC BECA TyTeu, BeAymux u3 Touku A B Touky B, m co
3HAKOM MUHYC — Beca myTer u3 Touku A’ B TouKy B (CM. BB PUCYHOK).
3aMeTuM, 9T0 KaxAb nyTh A’B MOXeT ObITh JOCTpOeH a0 myTu AB,
ecan TOGABUTEH K HEMY BEPTUKAJBLHEIL OTPe3oK AA’; Bec myTu npu 3ToM
He n3MeHnTCA. Takum 06pasom, aﬁ) (q) —»TO cymMMa BECOB Iy Te: XPOMOI'0
kopoms u3 kiaerku (1,p + 1) B xrerky (¢ + 1,1), koTophIe HE comepxKaT
orpesok AA’. Dtu nmyTu BEXOZAT M3 TOUYKM A u6GO mo orpesky AAj,

aubo 1o oTpesky AAs.

Ay

r+1

(2)

Teneps mornMeM, YTO IPEACTABIAET COOOU Gpy (q). Buramcisas aﬁ) (q),
MEL 6epeM CO 3HAKOM ILTIOC Beca myTen suga AAy B, AAsB u co 3HaKOM
vuayc Beca myTein A'AsB, A'’A3B (novmOXeHHEIE Ha g2, CM. CpeIHUH
PUCYHOK). 3aduKcupyeM Ha CeKyHIy kakue-nu6o mytu AsB u AsB u
3aMETHM, 9TO

T(AA2A3B) = qQT(AIA3B), T(AAlAQB) = q2’l"(AIA2B).

CremoBATENBLHO, MBI MOXKEM CIMTATDL, 9TO Bee myTn 3 A’ cokpamarorcs
B HAIIEH PA3HOCTH, U TAKAM OOPa30M MHOTOWIEH aﬁ) (¢) moxcauTHIBAET
Beca myTen AB, unymmx BOmu3un A MO KUPHBIM OTpe3KaM (CM. MPABbIN
PUCYHOK).

[Ipogomkas paccyx 1eHue, MBIl AHAJOTUIHO YCTAHOBUM, 9TO MHOT'OLICH
ag,?) (¢) mopcuurwBaer Beca myren AB, mayuwmx BOuu3u A 0O mepeko-
IIIEHHOMY TpeyroabHuKy Ilackans paHra m; WHBIMU CAOBAMU, DTU IIyTH
HE JOTKHEL COMEPKATH BEP TUKATBLHLIX OTPE3KOB HA JUHUAAX & = 1, & = 2,

., T =m.
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Yder KpaeBLIX YCIOBUU MMOKA3LIBAET, 9TO IpU P > ¢ = m + 1 Tpebye-
MBIX IIyTEH HEe CYIIECTBYET, MO3TOMY MPOLECC, OMUCAHHBIA B HAYAJE 10~
Ka3aTelbCTBA, AT BEPXHETPEyronbHyo MaTpuily. C Ipyroun CTOPOHHI,
npu p = ¢ = m+1 MHOTOWIEH a,(JT) (¢) maeT MHOXKECTBO Iy Tel, UAYLIIUX IO
MIEPEKOIIEHHOMY TPEeyroibHUKY [lackansa 0 Bep TUKANLHOU JUHUU, COIeP-
x)amen Touky B (u no men cnyckaommxcsa Bau3). HeTpyaHo nposeputs,
YTO CyMMAapHBII BEC TAKUX IyTel 3agaercs dpopmyron (21).

A

[doka3zaTenbcTBO TeopeMbl 1.3 cpa3sy cregyer u3 JeMMEL 5.3 U Te€O-
peMur 5.2.

6. PABBMEHNA KBAJPATOB HA TOMUHO

O6osmauum uepes Ko, kBaapar 2n X 2n. Kak n mi1 anTekCKux gua-
MAHTOB, KOTAYIECTBO BEPTUKAILHLIX JOMUHO B MPOU3BOILHOM Pa30ueHun
T xBagpara Ky, derHo, 6ygem o603Ha4aTh ero 2v0(7T). B crure npeasr-
nymux o6o3Hadenun nyctb AK (2n, 1) 0603Ha9aeT TPOU3BOIAILY IO PYHK-
LU0 JJIS 9UCIA BEPTUKAIBHBIX JOMUHO:

AK(2n,z) = Z AR
T

B cratwe JI. Taurepa [10] gokasama crenymomas TeopeMa.

Teopema 6.1. KoamdecTBo pa3OueHny Ha JOMHHO KBaaparTa 2n X 2n —
5TO IUCJIO BHIA
#K, = 2(2m + 1)°.

M=er He OyeM MOBTOPATH 3[0€Ch TOKA3aTEILCTBO dTOUW TeopeMbl. Ho
HaM NOTpPebyeTcs A0Ka3aTeabCTBO 4yTh Oosee caaboro pe3yabTaTa.
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Jlemma 6.1. KouamdecTBo pasbueHnr Ha JOMHHO KBajgpaTa 2n X 2n ge-
Jaurcsa Ha 2™.

HokaszaTenbcTBo. PaccmoTprM OonHY AMAroHaJ L KBAAPATA U PACKPa-
CUM KJIETKM 3TOU IMArOHAJIM IOIEPEMEHHO B YepHBIN 1 Oeanin nseTa. [o-
BOPS HIKE O IUATCOHAIN, MBI Oy I€M UMETH B BULY TOJBKO DTy TUATOHATb.
Ilycts A — ofHA W3 YEPHBIX KIETOK, T — MPOU3BOJILHOE PA30OUEHUE KBa-
npata Ka, Ha gomuHO, T’ — pasbueHue, CuMMeTpUIHOE 1 OTHOCUTEILHO
[IUATOHAJN.

IMocTtponM mo pasbmenmam T u T’ HEMOYKYy KIETOK, CONEPKAIILYIO
krerky A. Herpymuo coo6pasuThb, 9TO 1EMOYKA CUMMETPUYIHA OTHOCH-
TEMTLHO AVATOHANMA U KPOME KIeTKM A mMeeT Ha [UATOHAIN elle POBHO
omuy — Geayro! — kieTKy (B NPOTHUBHOM CJydae LEMOYKa OXBATLIBAET
CUMMETPUYIHYI0 001aCTh, pa3bUTYIO HAa JOMWHOIIKY, HO TIPX DTOM COIEP-
KAILYI0 HEYETHOe 9uca0 KIeTOK). llenouxu, cooTBeTCTByOMUE PA3HBIM
YEPHBIM KJIETKAM TUATOHAJN, MOMAPHO HE MEPECEKAIOTCA. SHAYUT, CYIIe-
CTBYET POBHO 1 HEMEPECEKAIOMNXCA IETOYUEK, COMEPKAIINX KIeTKYN IUa-
rouaau. [JOMUHOIIKYA, HE TPUHAIIEKAIINE HA OJHOU U3 LEMOYeK, OyaeM
HAa3LIBATH CTAOUILHBIMU.

3aMeTuM Tenepb, 9TO [MPHU CABUre JOMUHOLIEK B JIOOOU U3 EMOYEK MO~
JIyIUTCSI HOBOE pa3bueHue Ha oMuHO. Torza MBI MOXeM Pa3OuTh BCe MHO-
JKeCTBO pa3bueHud Ha JOMMHO Ha OJOKHK HO 2" IITYK: IJd KaxXI0ro pas-
OueHUs BO3bMEM BCE €ro CTAOWIbLHBIE JOMWHOIIKHU, a8 OCTABIIYIOCA JaCTh
pUrypsr 3aMOCTUM, TIONBL3YACH IIA KAXKIOU U3 7, MEMOYEK BEIOOPOM — OT-
PaXAaTh 3TY ILENOYKY OTHOCUTEIHHO AMATOHAIN UIX OCTABUTH KAK €CTh.
Bmecre ¢ kaxabiMm u3 2" BapUMAHTOB 3TOr'O BBEIOOPA MBI IOJYYIUM CBOE
pa3buenue Ha JOMUHO — BCero 2" MITYK.

JlemMa 6.2. Bospmewm sf00yI0 HENOYKY U3 JOKa3aTeIbCTBA jJeMMbI 6.1.
Iycre ona cogepxut V BeprukaabHeix u H ropu3oHTAIBHBIX JOMUHO-
mex. Torga wncio §(V — H) — megeTHOe.

MokazaTeabcTBO. YI00HEE MEPEUTH K TBOUCTBEHHOMY 00BHeKTy. [lycTh
JOMUHOIIKY T300PakKAXTCI OTPE3KAMU, COSINHSAIOMIUMY IEHTPHI COCEeI-
Hux ki1eToK. OTpesku mepBoro pazbuenus OyJeM PUCOBATHL KPACHBIM IIBE-
TOM, OTPE3KU BTOPOrO — CHHUM. TOrga HEemovYka — dTO UUKI, B KOTO-
POM KpacHbIe OTpe3Ku depenyorcsa ¢ cuaumu. O6osuadum depes L mo-
JIOBUHY ILIEMOYKH, T.€. MyTh, HAYMHAIOIIUANCI U KOHIAIOUIUUC HA TUATO-
mamu. [lycTb mepBoe 3BeHO B L KpacHOe; TOTJa TMOCIeTHEE — CUHEe, DTO
ACHO W3 COOOpaykeHWn IaxMaTHou packpacku. Oboszmauumm, depes H,.,
Hy, V., V} xoau<aecTBO rOpU30HTAIBHLIX KPACHBIX, TOPU3OHTAIBLHBIX CH-
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HUX, BEPTUKAIBHBIX KPACHBIX U BePTUKAIBHBIX CHUHUX 3BEHLEB B myTu L
coorBeTcTBeHHO. TOrga B CWIy CUMMETPUU OYEBUIHO, YTO BO BCEHU Iie-
TIOYKe uMeeTcs V. BEpTUKAIBLHBIX KPACHBIX 3BEHLEB, IPUHA ITeKAMNAX L,
u Hj, BepTUKAILHBIX KPACHBIX 3BEHLEB, HE MPUHAITCKAMNIX L, a Takxke
uMmeeTcsa H, TrOpU3OHTAJbHLIX KPACHBIX 3BEHBEB, NMpUHAAICKAIUX L, u
V4 rOpu3OHTAIBHBIX KPACHBIX 3BEHbEB, He npuHamiexamux L. CregoBa-
TEeJbHO,

V-H=V,+H,~V, - H,. (22)

Pazobbem myTh L HA OBY3BEHHBIE (DPACMEHTHI, KaXK BN U3 KOTOPHIX CO-
[IEePKUT KPACHOE U CIeLVIOUIee 33 HUM CuHee 3BeHo. Eciu 06a 3BeHa Bep-
TUKAJIBHEL WX 003 FOPU3OHTAIBHEL, TO CYMMAaPHBIM BKIAJ STUX 3BEHHEB
B npaByio 4acThb (22) myaesou. Ecau xe 3BeHbs “o6pasyior yromok”, To
ux BKIag paBeH +£2. Ham ocramoch mpoBepUTh, UTO KOAUYIECTBO TAKUX
YTOJIKOB HEYETHO.

Kaxk oTMeuanocs B 1oKasaTenbCTBe JeMMbI 6.1, MeX 1y KOHIIAMU Iy TH
L pacnosoxkeHo YeTHOe IUCI0 KIEeTOK JuaroHann. Beegem cucremy xoop-
OWHAT, B KOTOpou Havdano nytu L umeer xoopauuarsr (0,0), a xoHen —
koopaunaTh (2m +1,2m + 1). Bynem nsuratbesa no mytu L oT Havata k
koHiry. CMmelenue no NpaMOINHENHOMY IBY3BEHHOMY (DpArMeHTy He Me-
HfET YeTHOCTHU Z-KOOPAWHATHI, a N0 ‘yromkoBoMy” — mensetT. [losTomy
YHCIO0 PACCMATPUBAEMEBIX YIOJIKOB HEYETHO.

DTo paccyxaenue noackaszan Ham E. AGakyMmos.

Teopema 6.2. CymectsyeT Taxoit muorouter Py, (z) ¢ neasmu koaddu-
muerramu (deg P, = n? — 2), uto

AK(2n,z) = (14 z)"Py(x).

HdokazaTreabcTBo. PaccMoTpuM Bce 1 memoveK u3 IOKA3AaTENILCTBA
aeMmMbl 6.1. IlycTe k- memodka COAEPKUT VUp BEPTUKAIBHBIX U (i [OPU-
30HTAJIBHBIX [OMWHOIIEK, 8 CTAOMIbHAS 9aCTh COAEPKUT V BePTUKAIb-
HBIX JOMUHOIEK. TOrqa CyMMapHBIA BKJAAJL B MPOU3BOMALIYIO (DYHKIIUIO
6s0Ka 13 2" pa3zdbueHnn, TOCTPOCHHOTO B JOKA3ATEILCTBE JeMMEI 6.1, pa-

BEH
(292 4 291/2) (gV2/2 4 292/2) [ (a¥ /% 4 29 /)2V

Io nemme 6.2 aucaa %(Uk — gk ) HEYETHHI, CJIE0BATEIbHO, KAX 1asd CKOOKA
nemurca Ha (1 + x), u Bce nmpoussenenue gemurca Ha (1 + z)". Cymmu-
pPyA BKIAOEL BCEX OJOKOB, MOMYYAEM, UTO BCA MPOU3BOMAIIAA (DYHKIUAA
penurcsa Ha (1 + z)™.
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3amMmedaHue. YTBepxKgeHIE TeOPeMbI 6.2 MOXHO JIErKO BBLIBECTH U3 pe-
syabraroB Kacrerenna [8]. Kpome 3namenuron ¢popmyst

m n .
—_ qgmn 2 JT 2 km
#Komon = 4™ [ [ ] (COS omt1 2n+1)’

j=1k=1

Kacrerenn mokaswiBaer u 6osee TOHKyIO Gopmyay. IlycTs

AKopm on(z,y) Zwv(T h(T),

rjle CyMMIDPOBAHUE BEIETCS MO BCeM pasbueHusM T mpAMOYTOIBHUKA Ha
pomuHo, v(T') — nonoBMHA YuCIa BepTUKAIBHELX, a h(T') — nomoBuna Yucaa
TOPU3OHTAIBHLIX TOMUHOIIEK B paszbuenun 1. Torma

m n .
_ Jm 5 km
AKom on(z,y) = HH(ycos m+1+xcos Qn—-i—l)

IMomaras y = 1, MBI MOXeM 3anucaTb

AK(QTL, .’L') = AK2n,2n(x7 1)

2 _kmw
2n+1

2 _Jm
cos ST

n

<H €08 2n'+ 1>” 1;[ ﬁ

(O8]

Kak Bugum, B mocaequeM NpOU3BENEHUN TPU j = k MONYyIAETCA CKOOKA
(z + 1). Takum obpasom, —1 — xopensb muorowiena AK (2n,z) kpaTHo-
cru n. Hens muorowten AK (2n,z) na (x + 1), noxyvennoe dacTHoe —
eme pa3 Ha (z + 1), morom cHoBa Ha (z + 1) u T.1., yGexgaeMcsa 9To
pesynbrar nenenus AK (2n,x) Ha (z+ 1)" GygeT MHOTOUIEHOM C LEIBIMA
KO3 PpUuiimeHTaMu.

Panr paz6ueHuil IpAMOYT OILHUKOB

IMoxgxom, nprMeHeHHBIN B pa3fenie 5, MO3BOIAET BBECTH MOHATHIE PAHTA
pasbueHusa s pa3bueHun Ha JOMUHO OOJBIIOrO KJIACCA KJIETIATHIX (Qu-
ryp, BKIIOYas IPAMOYTOJIBHUKK (BIPOYIEM, MBI OyZeM OBOPUTH TOJILKO
o kBagparax). OTMETUM CeperHBl BEPTUKAILHEIX pebep uepes3 OfHy U
COETUHUM OTPE3KAMU BCE MAPBI OTMEYEHHBIX TOYEK, KOTOPHIE JeXKAaT Ha,
CpaHulle OJHOU W TOU e NOMUHOMKU. Kak u B ciaydae ¢ AUaMaHTAMU,
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[0 HAPUCOBAHHOU KAPTUHKE pa3OueHre IPAMOYTOJbHUKA HA JOMUHO BOC-
CTAHABIUBAETCA ONHO3HAYHO. ToT ke oueBuaubin >dpdext (20) umeer
OMepaIus NePEKIIOUEHU: TP €€ BLITOTHEHUN OTHA, JOMAHAA JIu00 “Imo -
HUMAaETCS BBepx  , 00 “OmycKaeTcs BHU3” .

Ha puc. 6, 7 moka3aHbl pa3bueHnsa KBAIpaTa, AJI KOTOPBIX JOMAHBIE
HAXOOATCA B CAMOM HUXKHEM U B CAMOM BBICOKOM MOJOXKEHUN. DTHU pa3oue-
HIA PACHATAIOTCA B O0beIuHeHne “PaMOK’ — y MUHUMAJLHOTO Pa3bueHus
POPU3OHTAIBHBIE CTOPOHBI PAMOK IEJUKOM BBLIOKEHBI TOPU3OH TATLHBIMA
JOMUHOIIKAMH, 3 Y MAKCAMAJIBLHOrO PAa3OUEHUs BEPTUKAJIBLHBIE CTOPOHLI
[IEIMKOM BBLIOKEHBI BEP TUKAJIBHBIMUA TOMUHOIIKAMU.

N

-

4dn —4 In—1
In—1 7/\7 dn — 4

% + 0 o ‘ . B — 9

AN
/

Puc. 6. Pa3bueHMe MUHMMAIBbHOT'O paHra. Puc. 7. PasfueHume MaKCHMaIBHOT'O
paHra.

Onpepgenenne 5. Paurom pa3oueHus KBapaTa Ha JOMUHO HA30BEM MU-
HUMAJBHOE KOJIUICCTBO MEPEKIICHUN, KOTOPOe TPeOyeTC A, YTOOBI 10~
Jy4duThb pazbumeHme, m3obpaxkeHHoe Ha puc. 6. Bemem Taxxke coorBer-
CTBYIOILYIO IPOU3BOALLYIO (DYHKIIUIO

AK(n,q) => ¢" ™.
T

JlemMma 6.3. MakcuMma/IbHEIE paHT pa3oueHusd kBagpaTa Ko, Ha 1oMUHO
paser tn(2n — 1)(2n + 1).

MokazaTeabcTBO. [JJOCTATOYHO BBIYUCAATH, KAKOBA MIOMAIL MEXKIY
COOTBETCTBEHHLIMU JOMAHLIMEA B MAKCUMAJTLHOM M MUHUMAJIBLHOM IOJIO-
kermax. g ya1o6CcTBa BLIYUCAEHUH PAIOM C KaXKOU JOMaHOU Ha puc. 6
YKa3aHO, HACKOJBLKO OHA IMPOTHYJIACh BHIU3, T.€. KAKOBA ILIOMAIL MEXKITY
DTOU TOMAHOU U MOPU3OHTAIBIO, COeINHAIIEN ee KOHIbl. Kak Buaum, k-u
CHU3Y JOoMaHol cooTBeTcTRyeT miomas 2(k—1)n—(k—1)2. Amaroruimne
MOMETKHN CAEMAHLI Ha puc. 7. CyMMuUpys, MOLyIaeM, ITO MAKCAMAILHLIN
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paHr paBeH

Zn:(Q(k “n— (k- 1)2) + zn:(%n - k2>
= k

k=1

(n—1)n n(n :1)(2n - 1)) 2 n(2n —1)(2n + 1)

:2(2”' 2 6 3

Kak u B cayuae ¢ allTeKCKUMU IMAMAHTAMU, DAHT PA3OUEHUS MOXKET
OBITH BBEIYUCJIEH C MOMOILIBI0 HA3HAYEHUA BECOB pebep, MOKA3AHHOTO Ha
puc. 5. YTBepxaAeHne TeopeMbl 4.2 HATVIATHO WITIOCTPUPYETCA C TOMO-
b0 HAIMUX JOMaHBIX. Huke Ha pUCYyHKe BOCHPOU3BENEHA UepHO-Oeras
pPa3sMeTKa y37T0B, KaK Ha PUC. 5, & TAKKE HAPUCOBAHEKI JUHUM, TIO KOTOPHIM
MOI'YT MATH HAIIKM BCIOMOraTeJbHbIE JOMaHbie. Eciu meHTp KBajgparTa
2 x 2, B KoTOpPOM mpomncxouT mepexmotenue ||| — [, pacmonoxen
B 6e/I0U BEpIIMHE, TO PAHr Pa30MEHUsA YMEHLIIAETCA, a eCAd B IePHOU —
YBEIMYIUBAETCA. JTO CIACAYET U3 TOTO, YTO COOTBETCTBYIOMIAA JOMAHA
U3MEHUTCA TaK, KaK TOKa3aHo Ha auarpamme (20).

Kak u B caygae ¢ guamanTamu, panr pa3bueHus MOXeT OBITh BEIYACICH
C IIOMOIIBIO CIEINATEHOIO HA3HAYEHN BECOB, CM. puc. 8.

MuoxuTens 2" u3 Teopemsr 6.1 MoxkeT OBITH UCTOJIKOBAH TAKXKE U B
TEePMUHAX PAHMOBLIX MHOT'OWICHOB.

Teopema 6.3. CymecrByer Takon mHOro4wies R, (q) ¢ neasmm kos>pdu-
IUEeHTaMU, ITO

AK(2n,q) = (1+q)"Rn(q)-
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FOTAY AN ATATAS
Y AV ARV AY A Y
TNT NN NN
NININ NN AN
INSNSN NN,

Puc. 8. Beca mma paHroBol cTaTucTukz. Puc. 9. Beca OIA BepTHKaIbHOR
CTATUCTHKHE.

HokazaTeanbcTBo. IlycTh

aij(q) = ZUJ(P),

P

e CyMMUPOBAHUE BEIETCS IO BCEM IIyTAM OT §-I'0 BXO[a K j-MY BBIXOIY,
a caaraemble w(P) — »To Beca myren, 3aganusie Ha puc. 8. IIo Teopeme
Jluagcrpoma

q" AK (2n, ) = det (a;(q) ),

rae M — HOPMUPOBOYHBLIN MOKA3aTE b, PABHLIN BECY MUHUMAIBLHOTO Ha-
6opa myTer. MBI JOKaxkeM, ITO BCe MATPUIHBIE DIEMEHTHI @;;(q) LeraTcs
a (1 + ¢). YrBepxgeHre TeOpeMbl CIeLyeT OTCIONa HeMeIIeHHO.

BosbMeM NpousBONLHBLIN “MaJeHbKUN TPEYyroJbHUK BPOLE TOr'O, 9TO
3akpameHn Ha puc. 8. PaccMoTpuMm gBa MOOBIX MYTH, COBIA,IAIONIIAX
BCIOIY, KPOME I'PAHUIILI 3TOT'0 TPEYTOJbHUKA: OIUH UAET IO OCHOBAHUIO,
a Apyrou mo o6emM GOKOBBIM CTOpoHaM. OYeBUIHO, CyMMa BECOB DTUX
aByXx myTten geaurcs Ha (1 4+ q).

3aMeTuM ele, 9To, HOCKOIBKY B Ipade mepeMeneHni KOITIeCTBO Bep-
TUKAJIBHBIX PSAJOB BepIIuH Ha 1 OOJbIIE KOIMIECTBA MOPU3O0HTAIBHBIX,
Iy TU, UAYIIUE OT -T'0 BXOAA K J-MY BBIXOXY, PACIOJOXKEHEI B IATUAYOb-
HUKE, ¥ KOTOPOT'O 4 CTOPOHHI UAYT IO TUATOHAIN, a TIATAA CTOPOHA TOPU-
30HTaIbHA. VICKIIOUYEHNA COCTABAAIOT TOJBKO caydanm ¢t = 1l min j = 1 — B
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ATHUX CIyYadX IIYyTHU 3aMeTAI0T YeTHIPEeXyTOJbHUAK WX faXKe TPeyrOIbHUK,
HO ¥ 3JeCh OJHA U3 CTOPOH 00A3aTeIbHO MOPU30OHTANBHA.

Onumem pa3zbueHre MHOXECTBA MyTeN, COCTABJIAIONIAX BBIPAKEHUE
a;j(¢), Ha mapel, Takwe, YTO CyMMa BECOB IyTeH B OJHOU Iape IeINTCA
Ha (14 ¢). [lycTb myTu, uaymue oT i-ro BXOAA K j-My BBIXOAY, 3aMETAIOT
006JaCTh, Y KOTOPOU MOPU3OHTAILHA HUXKHAA CTOPOHA. BO3bMeM Kakou-
HUOYIb MyTh; MyTh — DTO MOCIEIOBATEIHLHOCTE 3BEHBLEB “BIPABO BBEPX
“srpaBo”, “BrnpaBo Bum3”. Hac uaTepecyoT nBa Buga (pparMeHTOB: ABY-
3BEHHBIN “BIIPABO BBEPX — BIPABO BHU3" ¥ ONHO3BeHHLIN “Brpaso”’. Han-
€M B HAIlleM IIyTH CAMOE DAHHEe BXOXKJEHUE Takoro ¢gpparmedrta (OHO
CYIIECTBYET, B CUIy TOTO YTO HUXKHAA CTOPOHA 0OJACTH FTOPU3OHTAILHA)
U 3aMEHUM ero Ha BTopou ¢parment. [loayuauTces Apyron myThb. ITO U
ecTb TpebyeMoe pa3bueHre Ha Maphl.

B cayuae, xkorga ropmsoHTasbHAsS CTOPOHA — BEPXHA, CIEAYET Pac-
CMaTPUBATL TPEYT'OJILHUKU, ¥ KOTODBLIX BEPIIMHA HUXKE OCHOBAHUA (a
OIS pa3OueHus Ha mapel — GPArMeHTHl “BIPABO BHU3 — BIPABO BBEpPX’
u “Bmpano”).

3ameuanume. XoTsa no Teopeme 6.1 uncao #Ka, /2™ ecTb TOYHBIN KBa-
apat, muorowieHsl P, (z) u R, (r) u3 Teopem 6.2 u 6.3 He ABIAIOTCA KBa-
oparaMu MHOrOWwIeHoB. Hanmpumep, B IpmioXeHwn 2 NepEeIUCICHBEl BCE
pa3bueHma Ha DOMUHO KBanpara K4 u yKa3aH BKIAT KaXKI0TO pa3OueHusn
B Qyukunu AK (4,z), AK(4,q). Cymmupys, morydaem, 9To

AK (4,2) =1+ 9z + 162° + 92° + 2* = (1 + 2)*(1 + Tz + 2?),
AK(4,q) = 14+q+2¢°+5¢° +6¢*+6¢° +6¢°+5¢" +2¢5+ ¢° +¢*°
= (1+q)2(1—q+3q2+3q4+3q6—q7+q8).

Apyroe pokasareabcTBO Teopembl 6.2. 3amMeTuMm, 9TO BEPTUKAIb-
HBIM JOMWHO COOTBETCTBYIOT HAKIOHHBLIE OTPE3KU B Ipade mepeMeniennn.
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Mockonbky Qyukuua AK (n,r) yIuTBIBAeT JIUIIL IOJIOBUHY BCEX BEPTH-
KAJIBHBIX JOMWHO, TOCTATOYHO PACCMATPUBATH JUIIbL OTPE3KU, UAYIINE,
ckaxeM, Bnpaso BHU3. Torma ¢yuxnua AK (n,r) Takke MOXeT ObITH
moAcuuTaHa no Teopeme JluHICTpOMA IS HA3HAYEHMS BECOB, MOKA3AH-
HOT'O Ha puc. 9. ITO HA3HAYEHUE BECOB 00JAJaET TEM XKe CBOUCTBOM, ITO
U mpeaplayllee: CyMMa BECOB IIyTel, OOXOIANMX ¢ Pa3HLIX CTOPOH I'pa-
HULLY JI060r0 31eMEHTAPHOI0 TPEyroabHuKa, neaurcs Ha (1+z). osromy
IIPUMEHUMO PACCYXKIEeHUE U3 TOKA3aTeIbCTBA TeopeMEl 6.3.

3amedanume. PaccMoTpuM mpou3BO IAIMIy 0 (DYHKITAIO

AK(n,z,q) = ZmT)’"

Yreepxaeaue o ToM, 94To Gyukuua AK (n,x,q) IeIuTca Ha N-10 CTENeHb
HEKOTOPOT'O MHOT'OWIEHA, HeBepHO. Ho TeM He MeHee yTBepXKICHWUS Te-
opem 6.2 1 6.3 MOXHO 00BEIUHUTEL creayommM obpasom. Paccmorpum
COBMECTHOE HA3ZHAYEHUE BECOB

T L. T .,

/\/\/\
AT AN

[ S . S,

T NI NI
N NSNS

PATATA

3Ieck CyMMa BECOB JIIOOBIX IBYX IyTEU, COBIATAOIINX BCIOAY, KpOMEe 06-
XO[a BJEMEHTAPHOI0 TPEYTrOMbHUKA, feauTca Ha (x + q) umm (1+ gz). Ilo-
sromy Muorowred AK (n,x,q) IpeICcTaBUM B BUE JUHEMHOU KOMOMHAIN

MEOrowIeHoB Buaa (z + q)* (1 + qz)" % ¢ xosdppunmenTamu B Z[z, q).
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I[IPUIOYKEHUE 1. AITEKCKUE IO/A3EMEJbA

Anrekckoe nojzemense Py

Po\{a,b,c,d} = Pz

Pu\ {¢,d} ~ Pu_i1. Anasornuno P, \ {a,b} ~ P

Pa\ {a,d} ~ Qu_1. Ananormano Pu \ {b,c} ~ Qn_1

Puc. 10. Coornomenue P, P,_2 = P371 + Q%il.
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Tomsenene Qa

Qu\{a,bc,d} ~Qn_2

Qn\{a,d} =~ Qn-1

Qu\{bc} ~Qn-

Qn\{a,b} ~ Rn

Puc. 11. CoorHomenwe QnQn_2 = Q2 | + Py 1Ry_1.

Qn\{e,d} = Poy
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g

Tomzemenne Ry

Ru\ {a,b} ~ Su1. Ananoruuno Ry \ {¢,d} ~ Su_1

Ru\ {b,c} ~ Qn

Rn\{a,d} ~Qn

Ru\{a,b,c,d} ~ P,y

Puc. 12. CoorHomenue R,Pp_1 = QnQn—1 + 512171.
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Monzenense Sa

Sn\ {a,b} =~ P,

Su\{a,d} ~Qn

S\ {e,d} = Sus

S\ {b,c} = Un-1

Su\{a,b,c,d} ~ Pu_s

Puc. 13. CooTHomemue SpPn_1 = PnSpn_1+ QnUp_1.
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Tonzemenne Uy

U, \ {a,d} ~ S,_1. Anagornuno Uy, \ {b,c} ~ Sn 1

Un \{a.b,c,d} ~ Un_>

U\ {a,b} ~ Un—1. Ananorwno Uy \ {¢,d} ~ Un—1

Puc. 14. Coormomenue U,U,_2 = S;Zhl + Us—l'
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IIPUIOXKEHUE 2. PABBUEHUA KBAIPATA 4 X 4

Panr Pazbuenns Bkaag B Bkaag B
AK(2n,q) | AK(2n,z)
0 }%{ 1 T
1 | | q x?
2 | HH©) 2¢> 2z
3 (1), Ti(4) 5¢3 1+ 422
4 | @, [1H©2 6q* 4z + 228
s |HH . Ee, SHe | o | e
6 |7I_{(2), _L_ (4) 6¢° 2z + 423
7 _}{_(4) , (1) 5q" 4% + 2t
8 T (2) 28 243
9 : q° x>
10 —I— q'° x?
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rems about domino tilings of aztec diamonds and squares. We prove also
generalizations of these theorems for the generating polynomials of some
statistics of tilings. Some results here are new, for example, we describe
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square grid.
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The text is self-sufficient, we give numerous illustrations to all combi-
atorial constructions.
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