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ITapocoueranus, IS, VC

1.

10.

HOKprTI/Ie JOMMHOIIIKaMMNn

[TokpbITh KjeTHaToOe moJIe N X m ¢ JbIpKaMu JoMHHOmMKaMu. Karkaas KJeTKa JOJIZKHa ObITh
HOKpbITa poBHO ojiuH pa3. O(poly(n,m)).

JBymonbHast KJIMKa

Haiitu MakcuMasIbHYIO JIBYIOJBHYIO KJIUKY ([IOJTHBIH JABYI0IbHBIN mTorpad) B JABYI0IbHOM rpade

3a (a) O(V?), (b) (*) O(VE).
Maxkcumuzanust |A| — |N(A)|

Bribpats B aBy1016HOM rpade MHO)KeCTBO A 3 jeBoit qosm, uto |A| — [N(A)| — max.
N(A) — muHO)KeCTBO coceseit A B mpasoit gomre. O(V E).

YEéTHOoCTh YmcJia mapocodYeTaHuii

Bepro ym, uTo B 11000M JBYI0IBHOM I'pade I6THOE 9HUC/IO COBEPIIEHHBIX MapoCcoOIeTaHmii’?
Ecnu BepHO, TO JlOKaknTe, NHAYE TPUBEINTE KOHTPIPUMED.

Jlemma Xoumna u Kyu

Jlemma Xosuia: 3 wiim coBeplieHHOE apocoderanne, i MHOkecTBo A: |A| > |N(A)].
[TpugymaiiTe aaropuT™, KOTOPBI HAXOIUT HJIK COBEPIIEHHOE MIapOCOUeTaHle, U Takoe A.

Ynanenue rpacda

Jan oprpad. 3a oauH X0/ MOXKHO YJaJUTh BCE BXOJAIIME UM BCEe UCXOsIue pedpa oJHOi Bep-
muHbl (HO He OJHOBPEMEHHO). YIaJuTh Bce pébpa rpada 3a min 9ucIo XOIO0B.

Ilokpacka maTpullbl OTpe3KamMu

Jlana mn3navapHO uépHasg Marpuna. /lan 4épHO-Oesblil BUJ, K KOTOPOMY HYKHO IPUBECTH ITY
MATPUILY 38 MUHUMAALHOE YUCAO TOO06. 3a OJMH XOJI MOYKHO <«CJeJIaTh Ma30K KUCTOYKON» — B
MaTpuUIlle B34Tb BEPTUKAJIbHbBIA UM TOPU30HTAILHBIN OTpe30K 1 X Kk TpPOU3BOJILHON JIJIMHBL k U
IEJIMKOM TIOKPACUTD B OeIblil 1BeT. Ma3ku MOTYT epeKpPbIBATHCS.

MozkH0O cHUMATh 4acTh IOMETOK

PaCCMOTpI/IM AJITOPUTM KyHa, KOTOprfI IIpu yCIIEIIHOM HaXO2KJICHHUU JTOIIOJTHAIOIIET'O IIYTH CHUMa-
eT IIOMEeTKH CO BcexX BepiuH. JloKakuTe, 9T0 MOKHO CHIMATh IIOMETKI TOJIBKO C BEPIINH, IIePBHIi
pas3 MOCEMERHBIX B MOCJEIHEM 3aIrycke dfs.

2Kasnass mHunuagu3anus He Hy2KHa

Hokaxkure, uro nepsbiii npoxon «Kynay» ¢ ontumusanueii «BoobIe e 0OHy/Is1eM HOMETKI» Haiiger
napocodeTanue He MeHbIe |M|/2 = kajHasi HHUIIUATM3AIMS HE HYKHA.

E,Z[I/IHCTBeHHOCTb MaKCUMaJIbBHOTI'O ITapocOoYeTaHunud

[Io manHOMYy MAKCHUMaJIbHOMY ITapOCOYETAHUIO B JIBYAOJIBHOM r'pade IMPOBEPUTD, ABJIACTCA JIN
ono ejuncrBenubiM. O(VE)? a O(E)?
(*) A ecim rpad HeIBYIOJBHBIHA, 3a JIIOO0H TOJIUHOM?
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11.

12.

13.

14.

15.

16.

17.

18.

Pazouenue DAG-a

Han amukmuaneiit oprpad (DAG). Pa3burs Bce ero BepuiMHbI HA MUHUMAJIBHOE YHUCJIO IMYTEil.
Kaxxknast BepmnHa J10/I2KHA Jie2KaTh POBHO B OJIHOM IIyTH.

E3aar takcu, HO HaMm HedeM 1iatuthb (Buxmop [[oi)

[To ropomy e3nar takcu. ['opos 3a/1aéresd B3BelIeHHbIM IrpadoM, rJie Bec pedpa — BpeMs IIpoes ia
110 HeMy. 3aKa3 TaKCH 33/1a6TCs HadaIbHON BEPIINHON, KOHEUHOH BEPIIUHON 1 BpeMeHeM OTIIPaB-
JICHUS U3 HAYaJIbHOI BEPIIMHBI. BBITIOJTHUTD BCe 3aKa3bl, HCIO/Ib3Yysl MUHIMAJIbHOE YNCJIO MAIITIH.

Pa3bunenune Ha 1iaBHbIE IIOIIOCJIEI0BATEILHOCTU

PazbuTh MaccuB Ha MEHMMaJIbHOE YHCJIO MOJIOCIE0BATE/IbHOCTEl TaKUX, YTO B KazKJ0i HOJII0-
CJI6/I0BATEILHOCTI PA3HOCTD COCEJIHUX JIEMEHTOB 110 MOy o He npesbimaer d. O(n?).

HOKprTI/Ie MHO2>KeCTBa ITapocoveTaHueM

[TpumymaiiTe aaropuTM, KOTOPBI CTPOUT HapoCOYeTaHne, IIOKPLIBAIONIee MHOXKECTBO A Bepimn
nepsoit 1o 3a Bpemst O(V E), n0KakuTe €ro KOPPEKTHOCTb.
Kak maiiTu MakcuMaIbLHOE CPEIU BCEX MapocodeTaHuii, HoKphBaommx A?

Pébepnoe mmokpwiTue

Pebeproe moKpbITHE — MHO2KECTBO PEOEP, CPE/IN KOHIIOB KOTOPBIX €CTh BCE BEPINUHBI.
Haiitu Mmunnmabaoe pébepHoe MOKPBITHE JIBYA0JbHOTO Ipada. A st HeaBY10IbHOTO?

DilJIepOBOCTh M MAapPOCOYETAHUS

Hayuunrech kpacurb pébpa d-peryasgproro apyoabaoro rpada B d mperos 3a O(Matching - log d).
(a) mst Matching = O(VE) wmn O(EVV), (%) (b) s Matching = O(V log V).

(*x) Birkhoff-von Neumann decomposition

Jlana MaTpuiia U3 HEOTPUIIATETBHBIX BEIeCTBEHHBIX dnces. CyMMa 371eMEHTOB B KarKJIOl CTPOKe
U KazkJIoM cToJione paBaa 1. Pa3ioKuTh 3aaHHy0 MATPUILy HA CyMMY HIePECTaHOBOUHBIX MATPUI]
¢ Koy Purmenramu. [lepectanoBodHast MaTpUIA — IEPECTAHOBKA CTPOK €MHUIHON MAaTPUIH (T.€.
B KaxKJIOI CTPOKEe U KazKJOM CTOJIOIEe POBHO OJHA €JIMHHUIIA).

(a) O(n®), (b) O(n*).
(x) IIpssMoyroJibHbIe MHOTOYT'OJIbHUKI

JlaH mpocToit MHOTOYTOJIBHUK CO CTOPOHAMU MapaJLIe IbHBIMEI OCIM KOOPHHAT. Bee yIibl mpsiMble.
Pazpesarh ero na MuHUMAaJIbHOE YUC/IO TPAMOYTOIbHUKOB. [N < 100.

— (4 orpeska)
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Anropurmsr, 2 kype [IMU, ocenn 2024 /25 [IpakTuka #1. ITapocoueranus, IS, VC.

Pa36op 3aja4 npakTuku

1. HOKprTI/Ie JOMMWHOIIIKaMMn

Hesbipezannas kjeTka — Bepiinna rpada, FpaHuia MexKy COCeTHUMU KJIETKaMu — pedpo.
[TokpbITHE TOMUHOIIKAMY — B TOYHOCTHU ITAPOCOYETAHUE.
Ocrajioch 3aMeTUTh, 9TO Ipad JBYI0JLHBIH (PACCMOTPUM MIAXMATHYIO PACKPACKY ).

2. /IBynmosbHasl KJIMKa
Pemmenne: naBeprupyem pedpa u HaxoauM B HOBOM Tpade IS.

To ecTb, IpoBeJIEM MEXKTY JOJISIMU BCe pedpa, KOTOPHIX He OBLIO, U yJIaJMM BCEe, KOTOPbIE OBLIN.
JIrobast Kuka B ncxogaoM rpade G — He3aBHCHMOE MHOXKeCTBO B HOBOM (7.

Bpewmst pa6orst Beiiiger O(V (V2 — E)) = O(V3).
Pewenue 3a O(V E). Bkpatiie: MOXKHO 11epebupaTh TOJIBKO «OTCYyTCTBYIOINIHE PEGpay.

[Iycts B oprpade npucyrcrByor Bce pédpa kpome k. Hayunmes genars bfs 3a O(V + k).
[TommepkuBaeMm vector<int> notUsed Hemoceménubix Bepinud. [lycts notG[v] — orcyTcrByto-
e y v péopa. [lar bfs: mo6aButs Bce Bepmunbl, KoTophie B notUsed, HO He B notG [v] B ouepeipb.

cc++, newSize = 0; // cct+ = obmymnenme skip
for (int x : notG[v]) skip[x] = cc;
for (int x : notUsed)
if (skip[x] == cc) addQueue (x)
else notUsed[newSize++] = x;
notUsed.resize(newSize); // Bepumss, KOTOpHE OCTAINCh HEIOCEMEHHHMA

ST W N

Bpewms paborst O(q + |notG[v]]), re ¢ — unciio BepiuH, 100ABIEHHBIX B OUY€PE]ib.
Kaxnas sepuna nobasurcst 1 pas = cymmapuoe spems O(V + k).

3. Makcumuzanus |[A| — [N (A)]

[Iycrs R — mpasast gosst. Bmecro |A| — |[N(A)| = |A| + |R\ N(A)| — |R|. Koncranta —|R| He
Bimsger Ha Makcumusaimio. A U {He cocenm A} — He3aBUCHMOE MHOXKECTBO.
Iroro Hac mpocsiT HANTH HE3ABHCUMOE MHOXKECTBO M BEDPHYTH €r0 BEDPIIUHBI U3 JIEBOH JI0JIH.

4. YéTHOCTh 4YMCJIa IMTapoOCOYeTaHUA
Konrprupumep: rpad u3 JByX BepIIUH U OJIHOTO pedpa.
5. Jlemma Xosia

Bamyckaem Kyna. [Tycrs odepeuoit dfs ne marmes 10moHA0ONMIT My Th. A — IIOCEIEHHDIE BEPIIAHBL
nesoit gosm. O6xo Heynadublii = B N(A) Her cBOOOIHBIX BepimmH = y Kaxkjoil B N(A) ecthb
napa B A (pebpo mapocoderanusi, o kotopomy mporién dfs). A emgé B A ecTb POBHO OjiHa BEPIITIHA
6e3 maper — Ta, OT KoTopoit 3amyckanucs. Urtoro |A| = |[N(A)| + 1.

6. Ynamenue rpada
3/1ecb MBI TIEPBBII pa3 BCTPETUM HPUEM «pas3/iBoeHue rpadas.

CTpouM HOBBIIT JIBYI0/IbHBIN Tpad: BEPIINHE U COMOCTABUM HAPY BEPIINAH VUyyy U Uy, PEODPY (v, u) —
HOBOE PEOPO (Vout, Ui )- Vin TOKPBIBAECT PEOPA, BXOJSIIUE B U, & Upyy — UCXOJSIIUE =
OtBer Ha 33129y — POBHO MUHUMAJILHOE BEPIITHHHOE TIOKPBITAE B HOBOM T'pade.
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Anropurmsr, 2 kype [IMU, ocenn 2024 /25 [IpakTuka #1. ITapocoueranus, IS, VC.

7.

10.

11.

Ilokpacka maTpuilbl OTpe3KamMu

3aMeTuM, OTPE30K BBITOJHO MAKCUMAJBHO MPOJIUTH B 00€ CTOPOHBI = KaXKJIyI0 KJIETKY MOK-
HO TIOKPaCHUTh POBHO JIBYMs CIIOCODAMU — WJIU FOPU3OHTAJILHBIM, UM BEPTUKAJIBHBIM OTPE3KOM.
Pacemorpum muOkecTtBa H 1 V' Bcex MaKCUMAaJIbHBIX 110 BKJIIOYEHUIO TOPU3OHTAJIBHBIX U BEPTH-
KaJIbHBIX OeJIbIX OTpe3KoB. Kaxkias KiaeTka — peOpo MexKTy TOPU30HTAJIbHBIM U BEPTUKAJIHHBIM
OTPE3KOM, KOTOpbIe €6 MOKpbIBatOT. [loyammm aBymobablit rpad, orser — min VC sroro rpada.

MozkHO cHUMATh 4acTh IIOMETOK

JlokasbiBasg KOpPEKTHOCTh KyHa, MBI JIOKa3a/Il «eCJIU U3 BEPIIUHBI HET JOTOJTHSIONIETO My TH, TO 1
HUKOT 1 OOJIbIE He OyIeT» = eCJIM MbI IOCETUIN KaKIHe-TO BEPIINHBI B HEYCIIENTHOM 3amycke dfs,
TO U3 HUX HUKOTJIa He OyJIeT JOMOJIHSIONIEro IyTH = UX HOMETKN MOXKHO HUKOIJIa HE OUYUIIATh.

2Kamnasg mHunuagu3anus He Hy>KHa

Kak B kosie «for v do dfs(v)» paboraer dfs na mepsoii daze?

Ecnu cocen v 6e3 napsr, pedbpo jmobaBurcs B mapcod, dfs 3aKOHIUTCS, IIOMETKA OCTaHETCS.

Ecau cocen v ¢ mapoii, y mapbl y»ke CTOUT IIOMETKa =- B Heé He Ioiijém = dfs jumb nepebpad
cocesieil BepIUHBI = MbI CJIeJIaJIl POBHO TO YK€ CaMoe, 9TO TPHU KA THOW WHUITHAJM3ATIIH.

EanHCTBEHHOCTh MAaKCUMAaJIbHOTO MapOCOYeTaHUS
Omeem: ue equncrenno iff ecrs yepemyromnuiics YETHBIN Ty Th WU UK.

/lox-60. IlycTs mapocoueranuit 1sa — My, M.

PaccmorpuMm ux cuMmMerpudeckyio pasnoctb My AMs;, oHa COCTOUT U3 IyTell U IHUKJIOB.
Heuérubix myTeit 661Th He MoxkeT (M7 n My MAKCUMAJIBHBI) = HAIUIN Y6THBIA [IYTh WM TTHKJI.
B apyryio cropony: eciim ectb M u JIONOJHSAIONIUN IyTh WU ITUKJI, TTPOCTO IIpUMEHUM ero K M.

Ynpouienue: ecTb YETHBINA MIyTh = JOCTATOYHO OCTABUTH MEPBOe PEOPO U3 CBOOOJIHON BEPIIUHDI.

Kax uckamv? Pebpo u3 cBobOIHOM BepIuHbL: pocTo rnepebepém. Kak maiitun wérabrii mukia? dfs
or Kyna umier myts B oprpade Bepius 1-ii qom (u3 1-if Bo 2-10 u cpasdy obpaTHo B 1-y10), POBHO
B 5TOM oprpade HyKHO 3allyCTUTh CTAHIAPTHBIN AJTOPUTM MOMCKA ITHK/IA.

Hedsydorvrom epag. Ecam MUK nbITaThbCsi UCKATh TaKKe, eCTb KOHTpIpuMep: péopa 1-2-3-4-1 u
1-3, B mapocoueranuu 2-3 u 4-1. Ecimm notitu dfs mo mytu 1-3-2, To MBI y2Ke HUKOT/Ia He HAlIEM
qeperytomuiicsa mukir 1-2-3-4-1.

Hedsydoavrom epag. Pewenue. [lopobyeM ymannTh Kaxkjoe pedpPo, U MOUCKATH JTOMOJHAIONINN
nyTh 6e3 Hero. Ecim ymeem 3a T'(V, E) uckars gonosssonmit myth, 1o Bpems |[M|-T(V, E).

Pazouenue DAG-a
Kopomxo: paznsoum rpad, HaiiléM mapocodeTranne, peéopa mapocodeTannss 00pa3yioT Iy TH.

BosbméMm aBy0/ibHBIE Tpad 10 N BepiuH B Kaxkj1oil joau. [Ipoeaém pebpo ¢ — J MCXOIHOIO
rpada u3 - BEPIIUHLI IEPBOii J0IU B j-YIO BEPIIMHY BTOPOil 10/u. Takas omepaliusi Ha3bIBaeTCs
«pasaBoeHue oprpaday. B pasmgsoerHoM rpade Bo3bMEM péOpa MaKCUMAaJIbHOIO MapOCOIETaAHUS,
HapucCcyeM X B MCXOJHOM, ITOJIYYINJIN pa36I/IeHI/Ie Ha MUHHUMAJIBHOE YUCJIO HYTeﬁ.

Iovemy pasbuenue munumarvro? Bo-epBbIX, ecThb OMeKIUs MexKy pasOueHuaAMU Ha IIyTH U
napocovetaHusMu. Bo-Bropeix, 1mcsio myreit paBao n— | M| (n3HavaabHO n myTeii, Kax0e pebpo
napoCoOvYeTaHnsl CKJIENBAET KAKUEe-TO JIBA).
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12.

13.

14.

15.

16.

Pa3bunenune Ha I1aBHbIE IIOIIOCJIEI0BATEILHOCTU

ConocTaBuM KazKJI0My 3JIEMEHTY MaccuBa Bepuunsl [; u 7. IIposenem pebpo [; — r; iff 7 moxker
OBITH B IIOAIOC/IEOBATEILHOCT] HOCTE § <> 1 < j u |a; — a;| < X.

XoTuM JIJIsi KaxkJI0ro 3J1eMeHTa BbIOpaTh He 00Jiee OJIHOIO IPEeIbIAYIIEero u He OoJiee OJHOIO CJie-
JIYIOIIEro, 3TO KaK pa3 COOTBETCTBYET ITapOoCOYeTaHUI0 B TaKOM rpade. ¥ CKOJIbKUX 3JeMEHTOB
HET CJIEJIYIOIIEro, CTOJILKO U TOJIIIOCIEI0BATE/IHHOCTEI].

Min uncIo moamoce0BaTeIbHOCTEl = min Yrc/0 HEeMOKPBITHIX HapOCOYeTaHNeM ITPABLIX Bep-
muH (paBHOE YHC/IY HEMOKPBITHIX JIEBBIX) = mMax [MapocodeTaHue.

E3,Z[$IT TaKC1, HO HaM HeYeM IIJIaTUuTb

Crenaem 3akasbl (from, to, time) Bepummnamu rpada. Pebpo (a, b) mpoBejieM, ecim TakCu MOCTIe 3a-
[POCa @ MOZKET YCIIEeTh 00CIIy KUTh 3a1poc b, To ecTh time,+dist(from,, to,)+dist(to,, from,) <
time, (paccTosiHUsT MOYKHO HACUMTATH 3apanee). ['pad arukmaeckuii, Tak Kak pedpa BeIyT BIle-
pel 110 BpEMEHU.

Terteps TO ke, YTO B NPeJbLAYINEH 3ajade, s KaxKJI0Io 3aKa3a XOTHUM HaNTU Ipe bl Iyl 1
CJIEJTYIOIINI, OOCTyKUBAEMBII TOM K€ MAIITHHO.

HOKprTI/Ie MHO2>KeCTBa ITapocoveTaHueM

[Iycte ponu L, R. 3anyctum Kyna u3 Bcex Bepiun MuoxkectBa A B JioboM mopsjke. Eciu mo-
KPBLIOCH, XOPOIIO, NHAaYe IMOKPLITH HEIb34.

[Towemy? Bamyck Kyna u3 Bepmuu tonbko A paHOcmieH 3amycky Kyna Ha rpade m3 moseit
(A, R), tak kak KyH HUKOI/Ia HE CMOTPUT HA BEPIIUHBI JIEBOU JIOJIM, U3 KOTOPHIX €r0 He 3aIlyCKa-
JIM, BeJIb HA3aJ| B JIEBYIO JIOJII0 MbI XOJIMM YK€ 110 pedpaM U3 ImapocoveTaHus.

Pas Kyn koppekreH, on BepHO HaiijieT napocoderanue Ha rpade u3 jgoseit (A, R).

Ecin xoruMm max mapocoderanue, OKPhIBAIOIIEE BCe BEPIIUHBI U3 A, TO 2Ke caMoe: IIPpOCTO CHaYa Ia
3amycTuTh 00x01 KyHa m3 Bcex Bepmma A, a IOTOM yiKe U3 OCTAJIbHBIX.

Ecmm obnomaemest yke Ha A, TO oTBeTa HET, KaK MbI IOHSAIN Bbimre. Hade Bcé mosryduTes, Tak
Kak aJjropuTM KyHa HUKOT/a He JINIAET Maphbl TeX BEPIIMHH, KOTOPBIM €e yKe JIaJl.

PébepHoe nokpbiTHE

Ctpoum orBer. Hauném ¢ mycroro muoxkectsa. Jlobasisiem B Hero pédbpa. Kaxkoe HOBOe 1moKpoe
uin 1, uau 2 HOBbIE BepHInHbI. BBITOIHO movalie moKpbIBaTh 2, CKOJIBKO Pa3 MOXKEM Tak CJIe/1aTh !
max napocoveTanue pa3 = HUIeM max mapocoderanue M, 6epémM ero »KaJiHo, KaXKIylo He TTOKPbI-
TYIO UM BEPIIUHY TOKPOEM JIIOOBIM COCEIHUM ¢ Heill pebpom. Pa3zmep MoJiydeHHOTO MHOXKECTBA
|M| + (n = 2[M]) = n — [M].

DiiJ1IepOBOCTh M MAPOCOYETAHUS

DaKTUIeCKN, Mbl XOTUM HAWTU d HEIepeceKaronmxcs apoCOIeTaHmil.
Ecian d meuérnoe, Haiigem mapocoderaHne, BRIKHHEM U3 rpada.
Ecin d gérHoe, Haiimem 5i1epoB muKII (B KayKI0# KOMIIOHEHTE ), pa3enM pedpa Mo 9epeI0BAHIIO

B mukie. [oayunm jBa rpada cremenn ¢ Ha BepIIMHAX MCXOAHOro. PekypcmBHO moKpacuM 06a

rpada. i

Ha kakj10M ypoBHE peKypcur MbI UITIEM HapocodeTanue Ha rpadax u3 V' Bepiuh, a pedbep Bo Beex
rpadax cymmapuo F. Eciau Bpems momcka mapocoderannst takoso, uro T(V, Ey) + T(V, Ey) <
T(V,E, + E,), to norparuiu O(Matching - logd). dua Kyna (O(VE)) n Xonkpodra-Kapra
(O(EVV)) a0 BepHoO.
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17.

18.

(). Ecn d = 2k +1, 3a O(Matching+ F), pasaenum rpad va 3 yactu: d = k+k+1. Pekypcusno
BbI30BeMCs OT k, mosyuauau k+1 mapcodeit. Onmumusayus: BO BTOPOI BeTKE BbI30BEMCs He OT k,
a JIOKWHEM Iapcoveil 10 CTeleHn JBOWKM, CTereHb JIBoiKn ymMeeM pemath 3a O(F logd).

HUmozo: T(V,E) = Matching + E + T(V, £) + Flogd = O(Matching - logd + E log d).

(x) Birkhoff-von Neumann decomposition

a) O(n®). Iloctponm noJiHoe apocodeTanue B rpade, TJie S0 — MHOYKECTBO CTPOK M MHOZKECTBO
CTOJIONOB, pebpa — HeHyneBble KiaeTkn marpuipl. O(n?).
Bribepem MuHMMAaIbHOE IO BeCy peOpPO & M BBIYTEM U3 MaTPHIILI [I€PECTAHOBOIHYIO ITOIMAT-
puily, 3aJlaHHYIO TTapocovYeTanueM, ¢ K03 duiueHTom .
13 KaK 10/t CTPOKH U CTOJIONA BBIUIOCh POBHO &, CyMMa OCTaIaCh IOCTOSHHOM (He HY?KHO, UTO-
OBl oHa Gblta posHo 1). IIpu 3TOM 3aHy/MIack XOTs GBI OJIHO KJeTKa, 3a < n? TaKuX olepariuii
ITOJTHOCTBIO Pa3JI0KUM MATPHILY.

[Togemy mapocoueranne Haitmercs? [lo memme Xomma. Y mo0bix k ¢cTpoK cymMMa k, €Cain y HEX
t < k cronbios-coceieit, TO y 9TUX CTOJIOIOB CyMMa XOTs Obl k > t.

b) O(n*). To e camoe, HO He HIIEM IapocoYeTaHue ¢ HYJd, a JOCTPauBaeM JJId CTPOK ¢ OGHY-
ausmmMucs pebpamu. To ects npoxon Kyna za O(n?) Bbizoercsa < n? pas.

(x) IIpsmMoyrojabHbIe MHOTOYTOJIBHUKM

Hal\l HY2>KHO COCIUMHUTHL C 9€M-TO TOJIbBKO BOI'HYTbI€ BHYTPb YIJIbBI. ﬂﬂﬂ Ka>KJ10ro €CTb poOBHO /IBa
OTpe3Ka, KOTOPbIe MOKHO IIPOBECTH. Y HEKOTODBIX YIVIOB KAKHE-TO OTPE3KH MOI'YT COBIIA/IATD.
JIBytosbHBIA rpad: BepTUKAJIbHbIE W FOPU30HTAIBHBIE HHTEPECHBIE OTPE3KU — BEPIINHBI, YIJIBI —
peGpa. Uimem MUHIMAJIBHOE BEPITUHHOE MOKPBITHE.

O(n) yraos, O(n) orpeskos, uroro O(n?).
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Anropurmsr, 2 kype [IMU, ocenn 2024 /25 [IpakTuka #1. ITapocoueranus, IS, VC.

Jlomamninee 3ajiaHue

3.1. Obg3areqpbHaAgd 94aCTh

1. (1.5) ITerss u runepky6

Y masenbkoro [lern mrobumas urpymmka — d-mepasbiii runepky6uk (d < 10). Hekoropble BepiimHb
y Kyba Oesible, HeKOTOpbIe YépHble. Bl 3Haere 1iBeta Bcex BepimH, nomorute [lere mepekpacutnb
KaK MOXKHO MeHbIIe OeJIbIX BePIUH B KPACHBII IBET TaK, YTOOBI He ObLIO JIBYX CMEYXKHBIX 110 PeOPy
OeJIBIX BEPIIHH.

2. (3) JIekcMuH BepIINHHOE MOKPHITAE

Han asynonbubiit rpad. Cpean Beex BEPHIMHHBIX ITIOKPBITUI MUHUMAJIBHOTO pa3Mepa HaiTH JIeK-
cukorpaduveckn muanmasbhoe. O(poly (V) E)). CpaBHeHne BepIIMHHBIX TOKPBITHIT: OTCOPTUPYEM
BEKTOPa HOMEPOB BEPINNH U CPABHUM BEKTOPa Ha 0OJIbIIe-MeHbIIIe.

3. (2+1) Pa3buenue Ha IMKJIbI

a) (2) Pas6eiite Beprmabl oprpada Ha muKIIbl. Kazkias BepiinHa JOKHA ObITh IIOKPBITa POBHO
OJHUM IUKJIOM. JInbo cKakuTe, 9TO 3TO HEBO3MOXKHO.

b) (1) Pas6eiite Bepmunbl oprpada ¢ Becamu Ha pedpax Ha IUKJIbI TaK, 9TOObI BEC MAKCHMAJIb-
HOro pebpa ObLT MIHUMAJIHLHBIM.

4. (3) Crenenn He GoJsiee ABYX

Jlan npousBosibHbBI Heoprpad. Haitaure max no pasmepy MyJIbTUMHOXKECTBO PEOEP, TAKOe, UTO
cTeneHb KaxkJoit Bepimnubl < 2. JItoboe pedbpo MoxkHO O6paTh JiBa pasa.

5. (3) MHO>€eCTBO HPSIMBIX

Jano N paz3iuyHbIX NPAMBIX. BpIOpaTh max 1mo pa3Mepy MOAMHOXKECTBO MPAMBIX, TaKOe, 9TO
HUKaKHUe JBe IpgMble He IMapaJsiie/ibHbl, 1 HIKaKue IpaMble He repecekaroTcs B Touke ¢ & = (.

6. (3) BeicTpoe mapocovyeranue B peryJjsipHoMm rpade

Han 2k-perynsapubrit meytomsaeiit rpad. Haitanre cosepmennoe napocoueranme 3a O(FE) (nerep-
MUHUPOBAHHBIM &JITOPHUTMOM ).
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Anropurmsr, 2 kype [IMU, ocenn 2024 /25 [IpakTuka #1. ITapocoueranus, IS, VC.

3.2. JonosHuTE/IbHAS YaCTh

1. (3) JIekcMuH BepHIMHHOE IIOKPBLITHE 2

Han nynonsnbiii rpad. Cpeayu Beex BEPIIMHHBIX IHOKPLITUI MUHUMAJILHOIO pasMepa HaidTH JIeK-
cukorpadundeckn munnmaiabHoe. O(V E).

2. (3) BepimHHO-B3BelIEHHOE IAPOCOYETAHNE

B aBymonbHOM rpade y Kaxk10#l BepIIUHbI JIeBOil J10/I1 eCcTh Bec a,;. Bec peOpa paBeH Becy ero
KOHITa u3 JieBoii jiosu. Haidigure napocoyeranne max Beca 3a O(VE).
IIpasunvroe pewerue bes dokaszamesbcmea OUECHUBALEMCA 6 1 OaNA.

3. (4) BepiuHHO-B3BeIIEHHOE ITapOCOYeTaHue-2

B asymosibnom rpade y KaxkJ10il BEPIIUHBI JIEBOI JOJIM €CTh BEC @;, Y KarKJI0M BEPIIUHBI IIPaBOi
Bec b;. Bec pebpa pasen cymme Becos ero Kouron. Haiinnre napocoueranme max Beca 3a O(V E).
Ipasunvroe pewenue 6e3 dokazamesbcmea oUeHUBLEMCA 6 2 0aANq.

4. (3) Onrumuzanus H

Paccmorpum Takyro ontumuzanuio Kyna.

1|bool kuhn(int v) {

2 for (int u : graphl[v])

3 if (lused[ul]) {

4 used [u] = true;

5 if (right_pair([u] == 0 || kuhn(right_pair[ul)) {
6 right_pair[u] = v;

7 used[u] = false;

8 return true;

9 }

10 }

11 return false;

12|}

13]...

14| £ill (used.begin(), used.end(), false);
15| for (int v = 1; v <= n; ++v) kuhn(v);

Kakoit ¢pusnaeckuii cMbIC TPOUCXOISIIETO?!

Oternre Kak-HUOY/Ib CBEPXY M CHU3Y ACUMITOTHKY (B 3aBucumoctu ot F, V) |M]).
KpyTo, eciu onerku coitryres.

[Ipusenure Tect (HEGOIBINOIT), HA KOTOPOM peasn3alnus paboTaeT HEKOPPEKTHO.

(*) A MOXKHO JIu ee 3aBaJINTh, €CJIM B Hadaje c¢aenarh random_shuffle Bcex pedep?
Hocaednasn wacms 3adayu uccredosamenvckasn. ducao 6arr06 3aparee He onepedeneHo.
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