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Jlexkius #1: Ilapocovyeranus
20 centsa0ps 2022

1.1. Ompenenenns

Def 1.1.1. Ilapocouemanue (matching) — mmoorcecmeo nonapro ne cmedcnux péep M.

Def 1.1.2. Bepuwunnoe nokpwmue (vertex cover) —
mnootcecmeo eepwur C', wmo y a0bozo pebpa xomasa 6w 0dun koney, aeorcum 6 C.

Def 1.1.3. Hesasucumoe mnoorcecmso (indpendent set) —
MHOHCECTNBO NONAPHO HECMEHCHBT SePULUH 1 .

Def 1.1.4. Kauxa (clique) — mmootcecmeo nonapno cMeiHcHbir 6eput.

Def 1.1.5. Cosepwennoe napocouemanue — napocouemanue, noKpuléalOULEe 6CE GEPULUHDL 2paga.
B dsydosvrom epaghe coeEPUEHHBIM ABAAECMCA NAPOCOUETNAHUE, NOKPOIEAIOULLE 6CE GEPUIUHDL MEHD-
wet doau.

Def 1.1.6. Ommnocumenvro 2106020 napocovemanus 6ce 6EPUUHBL MOAHCHO NOJEAUMD HA,
® NOKPLIMBIE NAPOCOMEMANUEM (NPUHAOAEAHCAULLE NAPOCOYEMANUIO),
® e nokpuimble Napocovemanuem (c60600Hvie).

O6osznaqenns: Matching (M), Vertex Cover (VC maun C), Independent Set (IS wim I).

1.2. CBenenus

Ilycre man rpad G, 3amanublii MmaTpuneil cMmexxHocTH ¢;;. VuBepranueit G Hazosém rpad G, 3am1an-
" . r .. 1
HBIl MaTpuIeil cmexknocrn g;; = 1 — g;;. Torja HezaBucuMoe MHOXKeCTBO B (G 3ay1aéT Kiuky B G, a

kaka B G 3aJ1aéT HE3aBUCUMOE MHOXKeCTBO B G,

Caedecmeue 1.2.1. 3amaun noucka max KUMKW 1 max IS cBoggTces apyT K JApyTY.
Lm 1.2.2. /lonosnenne o6oro VC — IS. Jlomosrenne so6oro IS — VC.

Caedemeue 1.2.3. Bee tpu 3amaan moncka min VC, max IS, max clique cBogsaTes apyT K JApyry.
Ymeeporcdenue 1.2.4. 3amaan moncka min VC, max IS, max clique NP-tpyubr.

YVTBep:KieHre ObLIO JIOKA3aHO B IPOIILJIOM CEMECTpe B pa3jesie Mpo CJA0KHOCTD.

1.3. [domoangroimue dyepeyioniuecs IIyTu

Def 1.3.1. Yepedyrwuwutica nymsv — npocmoti nymsv, 6 KOmopom peébpa 4epedyromces 6 CMbLCAE NPU-
HAONEAHCHOCTNU NAPOCOUETNAHUIO.

Def 1.3.2. Jlonoanaowud wepedyrowutica nymo (Y1) — wepedyrowuiica nymov, nepeas u nocaeo-
HAA BEPULUHA KOMOPO2O HE NOKPVLIMbBL NAPOCOUEMAHUEM.

Lm 1.3.3. ITapocoueranne P makcumasnno < A I (jemMma o J0IOIHSIOmEM Iy TH ).

[nasa #1. 20 centsabps 2022. /77 Astop koncmekTa: Cepreit Konegnopua
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Zoxazameavcmeo. 1lycts 3 JITUII = unBeprupyem Bce pébpa Ha HEM, MOy IUM IAPOCOYETAHUIE Pa3-
mepa |P| + 1. Jlokazkem Ternepb, dto ecau 3 mapocoderanue M : |M| > |P|, o 3 JHII. s sroro
pacemorpum S = MV P. Crenenb KaxK0ii BepimHbl B S He 6osee aByX (0/HO pebpo u3 M, onHO u3
P) = S aBagercsa o0beIMHEHNEM TIUKJIOB U Ty Teil. Kazk oMy myTu comoctaBuM YHC/Io a; — PA3HOCTh
kosmaectB pébep u3 M u P. Torma |M| = |P|+ ), a; = Ja; > 0 = omuu u3 myreit — JJHIL |

Jlemma JokazaHa JiId IPOU3BOJILHOTO r'pada, HO ¢ jierkocTbio HadiTu JIYUII Mbl cMOXKeM TOJIBKO J1J1st
JIBYJIOJILHOTO Tpada.

1.4. Ilouck mapocodyeTanus B ABYJ0JbHOM rpade

Lm 1.4.1. Tlycrs G — asymnoabnblii rpad, a P napocoderanue B uém. [locrpoum oprpad G'(G, P).
Bepmunbr Takue ke, kak B G. PéOpa: u3 nepsoit /1011 BO BTOPYIO IIycTuM Bee pédpa (G, a U3 BTOPOIi
B IIEPBYIO JIOJIIO TOJBKO pébpa u3 P. Torma ects 6uekims Mexty myTsaMu B ) 1 depeayonimMIcst
nytsamu B G.

Lm 1.4.2. ITouck JIYII 8 G < noucky nytu B G' 13 cBOOOIHOI BEPIIMHBI B CBOOOIHYTO.
Caedemeue 1.4.3. MbI oIy 9nim aJrOpATM HOUCKa MaKcHMaJIbHOro mapocoderanus M 3a O(|M|-E):

0. P+~

1. Tlompobyem Haiitu myts dfs-om B G'(G, P)
2. if me wanumm = M MaKcHMaJIbLHO
3.

else goto 1

1.5. Peasm3zanusa

Baxxnoit nneeit spisgerca npumenenune J[YII k mapocoderanuns Ha 0oOpaTHOM X0y PEKYPCHUH.

def dfs(v):
used[v] = 1 # MaccuB NOMETOK [ BEpUUH NIEPBOH LONIK
for x in graphl[v]: # pébpa us 1-i#f momu BO BTOpPYyD
if (pair[x] == -1) or (used[pair([x]] == 0 and dfs(pair([x])):
pair[x] = v # MaccuB map Aus BepuMH BTOpPOH ZOiH
return True
return False

I'pad G’ B siBHOM BHjIe MBI HUIJIE He cTpouM. BmecTto sToro, Korjga ujaém u3 1-if 0 BO BTOpYIO,
nepebupaem Bce pébpa (v — x in graphl[v]), a xorjga u3 2-if B mepByio, HIEM TOJIBKO 10 PEOPY
napocoderannst (x — pair[x]).

1.6. AaropmtMm Kyna

Lm 1.6.1. B npomecce noncka MakcuMaibuoro mapocoderanust 3 JTUIT usz v =
JIYIl u3 v y»Ke HUKOT/Ia HE IMOSABUTCH.

[Iycts nogsuica JAYII p: v ~~» u nocne npumenenuns JTYII g: a ~~ b.

X b
Torma moiiyiém 1o p U3 v, HAIEM x € p — EPBYIO Bepiuny B q. U3 x V / S /T f /
MOMAEM TIO TIyTH a <+ b 1o pebpy mapocodeTaHus, JOUIEM JI0 KOHIA, e .~ -

HOJIydnM 1yTH v ~> (@ V b), KOTOPBI CyIIecTBOBAJ JI0 TIPUMEHEHUS (.

[nasa #1. 20 centsabps 2022. 2/77 Astop koncmekTa: Cepreit Konegnopua
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[Monyunmm anropurm Kyna:

for v in range(n):
used = [0] * n
dfs (v)

1.7. Onramuzanun Kyna

Ob6oznaunM 3a k pazmep MakcuMabHOTO Hapocoderanus. Ceifdac Bpems paboThl ajropurMa KyHa
O(VE) naxe s k= O(1). Bynem obuynars nomerkn used[] Tosbko, ecim Mpr Hamum JTHIT.

used = [0] * n
for v in range(n):
if dfs(v):
used = [0] * n

AsropuT™ ocTalics KOpPEKTHBIM, TaK Kak, MeXK 1y ycrernbivu 3armyckamu dfs rpad G He meHstercst.
U renepsb paboraer 3a O(kE).

Crientyrorasi onTuMu3alius — «KaJiHas naunuaan3anusy. /o 3anycka Kyna nepebepém Bce pébpa u
T€ U3 HUX, YTO MOXKeM, ,ZLO6aBI/IM B I1apocovdeTaHue.

k

Lm 1.7.1. 2Kajnas nannuanmnsanyst JacT MapocodeTanue pasMepa = 3.

Jokxazamensvcmeo. Eciau Mbl B3gd1 pedpPo, KOTOPOE Ha CAMOM JieJie He JIOJIZKHO JIeYKaTh B MaKCUMaJTb-
HoM rapocoderanuu M, Mbl 3a0/IOKMPOBAIN BO3MOXKHOCTD B34ATh < 2 pédep u3z M. |

[Ipu ucrno/ib30BaHUM KA THON MHUTIMATUZAIUN Y HAC TOABJISETCS HEOOXOIMMOCTD ITO/IIeP2KUBAThH MaC-
cuB covered [v], XpaHdmuii Jij1g BePIIUHBI TIEPBOI JOJIH, IOKPHITA JIU OHA TAPOCOYCTAHUEM.

[Tonpobyem Terephb cjie/iaTh ClIeIyIOIIee:

used = [0] * n
for v in range(n):
if not covered[v]:
dfs (v)

Kox paboraer 3a O(V + E). Ecim napocoderanne He MaKCHMaJIbHO, Haiinér xors Obr omma JIHIL.
A Moxker HaiTH GOJIBIE YeM OJMH... B 9TOM U 3aKJIIOYAETCA IOCIEIHsISI ONTHMU3AINs «BOOOIIe He
OOHYJISITH IIOMETKI»: Noka 0aHHbill K00 Haxodum xoms v, 00uH nymyv, 3anYcKaem €20.

Samevanue 1.7.2. Ha npaxTuke I0KazKeM, 9TO, €CJIHM MbI HCIOJIb3YeM ITOCAEIHIO ONTUMU3AINIO,
«2KaJIHasl NTHUITNAJIN3AIAAY SIBJIIETCS TOJTHOCTBIO OECIIOIe3HOII.

Hanomunanue: Mot ymeem o6uysiaTh momerku 3a O(1). s 5Toro moMevdeHHON cauTaeM BEPIIHHBL V:
«used[v] == cc», TOorma omepalus «Cc++» CceaeT BCe BEPIIMHBI HE TTOMEIEHHBIMH.

Hanomunanue: ecim ucnosib3oBarh random_shuffle pébep, paboraer ObicTpee, B TOM CMBIC/IE, UTO
maxyes B[Time(test)] ymenbmmiocs (MakcTecT nepectaér ObITH MAKCTECTOM ).

Samevwanue 1.7.3. ns nocieauaeil Bepcun aaroputMa aBropaM KOHCIIEKTa HEM3BECTEH TECT, Ha KO-
Topom gocturaercst Bpemsi paborsl (U(V E). Ecan He ucnonb3oBars random_shuffle pébep, ecthb

KOHCTpyKIHst Jyist 1;/5/ ).
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1.8. Tlonck MUHUMAJILHOTO BEPIIUMHHOTO MOKPHITUS (HA IMIPAKTUKE)
Lm 1.8.1. VM,V C Bepno, uro |VC| > |M|
Joxazameavcmeo. s kaxkporo pedbpa e € M, nyxno B3gtb B V C' xotd 061 oua n3 Kouros e. M

[Tycrs y HaC yrKe MOCTPOEHO MakcuMaJsbHoe napocoderanne M. Samycrum df s Ha G 3 Becex cBOOOI-
HBIX BepIinuH mepsoit gou. Obo3uaunm mepsyio josio A, Bropyio B. Ioceménmbie df s-oM BepImmnb
coorsercTBenHo AT u BT, a nenoceménnbie A~ u B,

Teopema 1.8.2. X = A~ U BT — MUHNMAaJIbHOE BEPIINHHOE MOKPBITHE.

Joxaszameavcmeo. Eciu 661 u3 a € AT 610 661 pebpo B b € B™, Mbl Obl 110 HEMy HPONLIN, U b
nexkana 661 B BT = B AT U B~ Her pébep = X — BepIIMHHOE IIOKPBITHE.

OmnenuMm pasmep X: Bee Bepmunbl u3 A~ U BT — konmpl pédep mapocoderanus M, T.K. dfs He Hamén
JIOTIOJTHSIONIETO IIyTH. BoJiee TOro 3To KOHIBI 00s3aTe/IbHO Pa3HbIX PEGEP MmapocodyeTaHus, T.K. €CJI
oJMH KoHel pebpa mapocoderanus JexkuT B B1, o dfs moilAér mo Hemy, 1 BTOPOil KOHEIl OKarKeTCst
B AT. Uroro |X| < |M|. Uz sroro u 1.8.1 crexyer |X| = |M| u | X| = min. |
Cnedemeue 1.8.3. AT U B~ — MakCHMaJIbHOE HE3ABUCHMOE MHOXKECTBO (1.2.2).

Samevarue 1.8.4. Ymeem crpouts min VC 1 max 1S 3a O(V + E) npu HaauIum max mapocovaeTaHusl.

Cnedcmeue 1.8.5. max M = min VC (teopema Kénura).

1.9. O630p permeHnmit

Mpbr u3yuunan ajgroputm KyHa co BceMu ONTUMHU3AIAAMMU.
Acumvnrornaecku Bpems ero paborsl O(V E), Ha npakTHKe ¥Ke OH XKYTKO IIyCTPHIi.
Ha rpadax V, E < 10° perrenne ykja/iblBaeTcsd B CeKYH/TY.

3 Takxke anroput™ XonkpodTra-Kapna za O(EVY/2). Ero Mbl u3y9nM B KOHTEKCTE TIOTOKOB.

B peryssiproM JBY10/1bHOM Tpade MOYKHO HallTh coBepiienHoe mnapocoderanue 3a Bpemst O(V log V).
Crarba Muxania Kamnpasosa u ko.

1.10. Pemmenusi ajig npom3BOJIBHOIO rpada

1.10.1. O630p

HauGosiee cTangapTHBIM CYUTACTCS PEIIeHHe Yepe3 CXKATHE «CONBeTUii» (BUJIUM HEUETHDLIH MUK —
COKMEM €10, HaliJIEM TapOCOveTaHNe B HOBOM IUK/IE, PA302KMEM IUKJI, IEPECTPOUM TIAPOCOUETAHNE ).
DTOT MoX01 UCHoNB3YIOT peasmzanuu ['abosa 3a O(V?3) u Tapbana za O(V Ea). TlogpobHo 3Ty Temy
MBI OyJIeM u3ydaTh Ha 3-M Kypce.

OnTHMAILHBIH 10 BpeMeny — ajaroput™ Basupamnu, O(EV1/?).

Kpowme sToro ecth gaBa 1mojxo/a, KOTOpbIe Mbl 0OCYIMM TI0IpoOHEE.
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1.10.2. Yurepckuii moaxos

JlaBaiite Ha HeaBYMOBHOM Tpade 3amycrum dfs w3 Kyna mrs moncka JoMOTHSTIONIEH TIenn. ..
[Ipu 5TOM MOMEYATH, KaK IMOCEIEHHbBIE, Oy/IeM BepIIUHBI 00enX J10J1eil B OJIHOM MaccuBe used.
C HEKOTOPOIT BEPOSITHOCTHIO AJITOPUTM YCIIEIITHO HAWAET JOTOJIHAIONINI Iy Th.

D@ e‘:e

Ecmu mbr 3amyckaem dfs u3 Bepiuubl 1, TO y Heé ecTb IMIaHC HAWTHU JOMOTHSIONIWA IyTh 1 — 2 —
3 — 5 — 4 — 6. Ho ecyim u3 Bepmunbl 3 dfs criepBa monbitaercss uiaTu B 4, TO OH IOMETHT 4 1 5, Kak
MIOCEIEHHBIE, OOIbINE B HIX 3aXOUTh He OyJIeT, yTh He HANIET.

T.e. Ha JaHHOM INpUMepe B 3aBUCUMOCTH OT IOPsJIKA cocejeil BeprmuHbl 3 dfs wiam maiinér, wim me
HailéT nyTh. Ecn BeIGpaTh CirydailHbI MOPSIJIOK, TO HARJIET ¢ BEPOSTHOCTHIO 1/2.

DTO JIydIle, YeM <«IIPU HEKOTOPOM IOpsijike PEdep BOOOINE HE MMETh BO3MOKHOCTH HANUTH IIyTh»,
[IO3TOMY TIepBOit cTpoKoil dfs mobaBiisieM random_shuffle(c[v].begin(), c[v].end()).

Ha GosbinuacTBe rpadoB ajiroputM CMOXKeT HAWTH MAaKCHMaJbHOE IapocoderanHue. 3 rpadbl, Ha
KOTOPBIX BEPOATHOCTDL HaAXO2KICHUA ,ZLOHO.HHﬂIOH_I‘eIU/I el SKCIIOHCHIINaJIbHO OT YMCJIa BEPIIUH MaJla.
1.10.3. CBga3b napocodeTanuii 1 onpeaeanTes st

[Tycre man nBygosbHblil rpad. Eciu 1omm mMeoT pasMepsl 7 U m, MATPHUILY CMEKHOCTH Pa3yMHO
3aj1aBaTh pasMepa n X m, a ve (n + m) X (n + m), Kak Jijisg OObITHOTO.

[Tycte n = m. CoBepIIeHHOMY NaPOCOYETAHUIO COOTBETCTBYET [IEPECTAHOBKA T: { — T; U sveiiKu
MaTpuia cMexkHOCTH A: A;r, = 1 = kommdecTBo coBepieHHbIX mapocoderannii N = > [[ aix,-

s 7
Caedemeue 1.10.1. YérHocTh uncsa coBepiieHHbIX napocoderannit = det A mod 2

oxazameavemeo. det A — Takasi 2Ke cyMMa, TOJIBKO Y CJIaraeMbIX Jpyroii 3Hak, Ho —1=1mod 2 W

Bamevanue 1.10.2. Tlogcuér N — rpynHas 3a1ada, eé He yMeOT pemaTh 3a 200,
[Tockosibky oTBeT — TIEsI0€ uncio, popmaabao 310 He NP-hard, a P#-hard zajaua.
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1.10.4. Marpuna Tarrta

[Iycrs man deydoavnuit rpad G(L, R, E), |L| = |R| = n. Oupeaeanm 1jis HEro MaTpuIly aIMOHJICA
D pasmepa n X n: d; ; = x; ;, ecim ecTb pedbpo u3 ¢ € L B j € R. B nporusnoM ciyyae d; ; = 0.
Bnech x; j — 370 N’ PA3NIUIHBIX EPEMEHHbIX.

det D — 310 MHOrO4IeH OT N? HepeMeHHLIX. JIerko BUIEeTh, YTO OH TOXKIECTBEHHO PaBeH HYJIIO TOIJA
U TOJIBKO TOIJIA, KOrjla B I'pade HET COBEPIIEHHOIO IapocovyeTanus (caaraeMble B ONPEJIEIUTENe He
B3aMMOYHUYTOKAIOTCS, a JII0D0Ee TAKOe CJIAraeMOe COOTBETCTBYET COBEPIIEHHOMY MapOCOYETAHMUIO).

[IycTeb Tenepsb rpad npousBosbHbiil. Oupenemum g Hero marpuily Tarra T
st kazkmoro pebpa (i, j) 9JIeMenTsl t;; = Xy, tji = —T4j.

OcrabHbIe 3JIeMEHTHI PaBHBI HYJIO. 37eCh X;; — IIepeMeHHbIE.

[Tonyuaercs, s Kaxkj10ro pebpa Heoprpada Mbl BBEJIM POBHO OJIHY IEPEMEHHYIO.
det T' — muorousen ot n(n — 1)/2 nepeMeHHBIX.

Teopema 1.10.3. Tarra: det T # 0 < 3 coBepiieHHOE TApPOCOIETAHUE.

JlokazaTebcTBO OyJIeT B Kypce JIMCKPEeTHON MaTeMaTUKU.

Yrober nposeputs det 7' = 0, ucronssyem semmy IIBapra-3unmess: B KaKIyl0 MEPEMEHHYIO T
[IOJICTABUM CJIydaiiHoe 3HAUEeHNe, [IOCIUTAEM OIIPe e uTe b MaTpuIbl Hag nosem Fy,, rae p = 10947,
HOJTy UM BepOsITHOCTH omubku He 6osee deg(det T')/p = n/p.

Bpemsa pabotsr O(n?) (HaxoxKieHue onpejieuTe s MATPUIIb 10 MOJIYJ/IIO P), AJTOPUTM YMEET JIUIIh
ITPOBEPATH HAJUYIHUE COBEPIIEHHOTO MAPOCOYETAHUSI.

Anroput™M MOKHO MOIMMUIIMPOBATH CIIEPBa JIJIsi ONPEJIEJIEHUsT pa3Mepa MaKCUMaJIbHOTO Mapocode-
TaHUS, a 3aTeM JIJIs €T0 HaXOXKJICHUSI.

0 T12 0
[Mpumep: n =3, E ={(1,2),(2,3)},T = |—z12 0 o3|, nojcrasisieM x19 = 9, x93 = 7, cunraem
0 —X23 0
0 9 0
det | =9 0 7| =0 = c 60JIBIIOI BEPOATHOCTHIO HET COBEPIIEHHOTO MAPOCOTCTAHMS.
0O —7 0
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Jlexmus #2: Ilotoku (6a3a)
27 cenTsa0ps

2.1. OcHoBHBbIE OMpeJieeHUsT

Jlan oprpad G, y Kaxk10r0 pebpa e ecTh MPOIyCKHas CIoCOOHOCTH ¢, € R.

Def 2.1.1. llomoxk 6 opepage u3 s 6 t — conocmasaennvie pébpam wucra f. € R:

(V pebpae 0< fo<c) N (V sepwuns v # s,t Z f. = Z )

e€in(v) ecout(v)
BepLHI/IHa S Ha3bIBa€TCAd UCMOKOM, BEPIIUHA t cmoxom.

[oBopsT, uTo 1o pedbpy e TeYeT f. eMHUIL TOTOKA.
OrnpejiesieHre TOBOPUT «ITOTOK TEYET U3 UCTOKA B CTOK M HU B KAKOH BEPIIIHE HE 38 ePKUBACTCS ».

Def 2.1.2. Beauuuna nomoxa |f| = > fe— Y. fe (ckoavko evumexaem us ucmoka).
ecout(s) ecin(s)

Vmeepowcdernue 2.1.3. B cToK BrekaeT poBHO CTOJIBKO, CKOJIBKO BBITEKAET U3 MCTOKA.

Samevarue 2.1.4. | f| MoxkeT OBITH OTPUIATEIBHON: TIYCTUM TI0 PEGPY ¢ — § eJIUHUILY MOTOKA.

Def 2.1.5. [Hupxyssuyuets nasveaemcs nomox sesudunse 0.

e [Ipumepsnr moToka

PaccmoTpuM noka rpad ¢ e IMHUYHBIMEU IPOIYCKHBIMU CIIOCOOHOCTSIMU.

1. V mukJ — mupKyJIsus. 0/1
2.V uyTh U3 § B t — MMOTOK BEJIMIMHBI 1.

1/2 1/2 2/2
3.V k me nepecekaromuxcs 1o péopam myTeit 0 )@ )@ 3

U3 S Bt — IOTOK BEJIMYIUHBI k.
4. Ha xapTUHKE MMOTOK BEJIMIWHBI 2, MOIINACA f./Ce. 1

Def 2.1.6. Ocmamounaa cemv nomoxa f — Gy, epagh ¢ nponyckrvimu cnocobHocCmAMU ce — fe.

Def 2.1.7. Jlonoansowuti nymv — nymo u3 s 6 t 6 ocmamoyunoti cemu Gy.

Lm 2.1.8. Eciu 1o Bcem péOpaM JONOTHAIONIErO IIyTH P YBEJIUIUThH BEJTMUUHY TOTOKA
Ha © = min(c, — f.), MOJYyIUTCS KOPPEKTHBIN MOTOK BeJUInHbl |f| 4 .

ecp
2.2. ObparHbIe pEdpa

Def 2.2.1. Jlasa xaorcdozo pebpa cemu G ¢ nponyckHol cnocobrocmvio ¢, co30a0um
obpammoe pebpo € nponycrkrot cnocobrocmuvio 0. Ipu smom no onpedeseruro fo = — fo.

JlobauMm B rpacd obparHbIe PEOPA, YIIPOCTUM OIPEIeIeHHsT TIOTOKA U BEJIUINHBI TTOTOKA:

Teneps V moroka f 1oKHO BRIIOMHATECH YU # 5,6 Y f. = 0, Besmunna notoka | f| = D fe.
ecout(v) ecout(s)

Baech out(v) — MHOXKECTBO HPSIMBIX ¥ OOPATHBIX PEOEP, BBIXOJSIINX U3 V.

Def 2.2.2. Pebpo nasweaemcesa HACOULEHHDIM, ECAU fo = Ce, UHAYME OHO HEHACHIULEHO.

VYmeeporcdenue 2.2.3. Eciau no npsgsmomy peOpy TeUYET MOTOK, 00paTHOE HEHACHIIIEHO.
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0/1
[Tocie mobaBienus obpaTHBIX pédep B B (G, OHU TOsIBH-

1/1 1/1 1/1
muck 1 B G¢. [Tosromy ny1a Takoro noroka us 0 B 3 Besn- 0 >K1J )@ N 3

yunsl 1 B Gy ects ponosHAomuil myts 0 — 2 — 1 — 3.

0/1
1/1

YBemuuum 1otok no nytu 0 — 2 — 1 — 3, nomyunm
. 1/1 0/1 /TN /1
HOBBIII TIOTOK. 3aMeTrbTe, J100aBysas +1 moToka K pedpy 0 )@ 2 N 3

2 — 1, MBI yMeHBIIaeM MOTOK 110 pebpy 1 — 2.

1/1
Sameuanue 2.2.4. Ceiiyac Mbl HaydnMCsl pa3dWBATHL TMOTOK BEJUYMHBI 2 Ha 2 HEepeCceKaroNnXCs
no pébpam myTtu. Ecsim 6bI Mbl jieficTBOBAIN KATHO (Haldém Kakol-Hubydv nepevil nymv, yoaium
e20 pébpa uz epaga, na ocmMaABWUTCA PEOPAT HATIEM 6MOpot nymv), HAC TOCTHUIJIA ObI He yiada.
[Toroky ke Osarosapsi 0OpaTHBIM PEOpPaM TOJIyUIAeTCs JlaXKe IIPU HEBEPHOM IEPBOM IIyTH HANTH
JIOTIOJTHSIIONIUI Ty Th U MOJIyIUTh [TOTOK pa3mMepa JiBa.

2.3. /lekoMmo3unus MOTOKa

Def 2.3.1. Duemenmaprnii nomox — nymov us s 6 t, no Komopomy mewém r eduHuy, NOMOKA.

Def 2.3.2. Jlexomnosuyus nomoka f — npedcmasaenue f 6 6ude CyMMbL IAEMEHMAPHBLT NOMOKOE
(nymeti) u YUPKYAALULU.

Lm 2.3.3. |f| > 0= 3 uyrs u3 s B ¢t no péépam e: f. > 0.

e AsropurMm gekomnosunuu 3a O(E?)
[Moka |f| > 0 Haiigém myTh p uz s B f 110 pébpam e: f, > 0,
110 BCeM pEGpaM IyTH P YMEHBIIUM [OTOK HA & = Mileey fe.

Lm 2.3.4. Bpems patorer O(E?)

Joxazameavcmeo. 1lo pébpam e: f. > 0 moTok ToJbKO yobIBaeT. [lociie oTmienyiennst 0JHOTO IIyTH,
KaK MHHUMYM Y OJHOI0 u3 pébep f, oOHyIuTCst = He Oosiee F MOUCKOB IIyTH. [ |

2.4. Teopema u aaroputm Popjaa-PajkepcoHa

Def 2.4.1. /[as mobvix muoorcecms S, T C V' onpedeaum

F(S,T)= > fass, C(ST) = > cas
a€S,beT a€S,bET
Cymma BKJIIO9aeT obpaTHble pébpa = Ha rpade u3 ogroro pebpae: t — s, fo =1 F({s}, {t}) = —1.

F({v},V)=0 wv#s,t
F({o}, V) =[f] v=s
Lm 2.4.3. VS F(S,5)=0

Lm 2.4.2. Yo €V

Zoxazameavcmeo. B BMecTe ¢ KaxKIbIM peOPOM B CyMMY BOHIET U 0OpaTHOE eMy. [
Lm 2.4.4. VS, T F(S,T)<C(S,T)

Joxazameavcmeo. Croxuim HepaBeHCTBa, f, < ¢, 110 BceM pébpam e: S — T [ |
Def 2.4.5. Paspes — dusvionxmmoe pasbuenue sepwun (S,T):V =SUT,s€ S;t€T.

Def 2.4.6. Beauwuna paspesa (S, T) = C(S,T).
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Lm 2.4.7. V paspesa (S,T) |f|=F(S,T)

Joxazamesvcmeo. VIHTYUTUBHO: TIOTOK BBITEKAET U3 S, HUTJIE HE 3aJIEPzKUBACTCA = OH BECh IIPOTEYET

gepes paspesd. Crporo: F(S,T) = F(S,T)+ F(S,5)=F(S,V)=F({s},V)+0+---+0=|f]. N
Lm 2.4.8. V paspesa (S,T) u moroka f |f| < C(S,T)
Jloxazameavcmeo. |f| = F(S,T) < C(S,T) (nonbzyemest memmamu 2.4.4 u 2.4.7). [

Teopema 2.4.9. Qopra-Pajiekpcona

(1) | f| = max < P momosmsIONHIT Ty TH
(2) max |f| = min C(S,T) (MakcuMaIbHbIH MOTOK PABEH MUHUMAJILHOMY pas3pesy)

Jloxazameabcmeo. 3 JTONOTHSIONWIA Iy Th = MOYKHO YBEJIMUIUTH 110 Hemy f = |f| # max.

[Iycts Her nonosustomiero nytu = dfs u3 s 1o HeHachieHHBIM péOpam He noceTut t. MHOXKecTBO
HOCENEHHBIX BepIIHH 0003HaINM S, 0bosHaunm 1= V' \ S. I3 S B T BeayT TOJIBKO €: fo = ..
Buaunr, |f| = F(S,T) = C(S,T). U3 nmemmbr 2.4.8 caenyer, uro | f| = max, C(S,T) = min. |
e ITouck MmuHUMAaAJILHOTO pa3pe3a

U3 nokazarenbcrBa TeopeMbr 2.4.9 Mbl 320,100 oy anan agroputm 3a O(F) moncka min paspesa mo
max TOTOKY.

e AsroputMm Popaa-PankepcoHa

N3 TeopeMbl ciie/iyeT MpOCTEHINMi aJropuT™M OUCKa MAaKCUMAJILHOTO TOTOKA: TOKa €CTh
JOTIOJIHSTIOIIHUH 11y Th D, Hafi/IEM €ro, TOJIKHEM 110 HeMy & = MiN.¢,(c. — f.) euHAI HOTOKA.

Ymeeporcdenue 2.4.10. Eciu Bce ¢, € Z, anropuT™M KOHEYEH.

Bpemst paboThl ajaropuTmMa Mbl yMeeM OIeHHBATH ¢Bepxy Tobko Kak O(|f| - E).

IIpu ¢, < polynom(|V|,|E|) moayqaaem |f| < polynom(|V |, |E]) = ®.P. paboraeT 3a HOJITHOM.
IIpu 3KCIOHEHTNAIBHO GOJBIINX C, Ha TPAKTHKE MBI HOCTPOUM TecT: BpeMs paborsr 2(2"/2).

2.5. Peasm3zanus, xpanenue rpada

[lepBoiit criocob xpanenus: rpada 6oJiee eCcTeCTBEHHBIII:

struct Edge {
int a, b, f, ¢, rev; // a — b
};
vector<Edge> cl[nl; // clclvl[i].b][cl[v][i].rev] - obpaTHOe pebpo
for (Edge e : c[v]) // nepebop pébep, CMEXHBX C U

>

Bropoit wacTo paboraeT ObICTpee, U MO3BOJISET MPOITE 0OpaIIaThLCA K 00paTHOMY pedpy.
[TosTOoMy TIpO HEro MOrOBOPHUM IIOIpOOHEE.

struct Edge {
int a, b, £, c; // cobcTrBeHHO pebpo
int next; // UHTPy3UBHH! COHCOK, CINCOK Ha MacCHUBE

I

vector <Edge> edges;

vector<int> head(n, -1); // Oua xaxmoll BepuwWH XpaHWM HAYAJO CIKCKA
for (int i = head[v]; i !'= -1; i = edges[i].next)

Edge e = edges[i]; // mepebop p&bep, CMeXHBHX C U
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Jlob6aBuTh OppPedPO MOKHO TaK:

void add(a, b, c):
edges .push_back({a, b, 0, c}); // mpsamoe
edges .push_back ({b, a, 0, 0}); // obparHoe

SamMeTnM, 9TO B3aMMOOOpaTHBIe PEOpa TOOABIISIIOTCS TapaMu =
Vi k edges[i] oOparubIM sBIseTca edges [171].

Teneps peaymzyem anropurm O.P. Takxke, kak u Kyn, dfs, untymmit myTs, cpa3y Ha 06paTHOM X0y
peKypcun OYJIeT U3MEHATH IMOTOK IO ITyTH.

bool dfs(int v):

ulv] = 1;
for (int i = head[v]; i != -1; i = edges[i].next):
Edge &e = edges[i];
if (e.f < e.c && !'ule.b] && (e.b == t || dfs(e.b))):
e.f++, edges[i =~ 1].f--; // He 3abynpTe mepecunTaTh Ob6paTHOE DPeb6PO

return 1;
return O0;

ITo cyTn MBI JINIIB HAIIUIN IIyTh U3 § B ¢ B ocTarouHoil cetn (.

Ecyin MBI XOTHUM TOJIKATH HE €IUHUILY [OTOKA, a ming(c, — f.), HykHO, aTo0bl dfs Ha mpsiMOM XOy
PEKYypPCUN HACYUTHIBAJ MUHAMYM W BO3BpAIaJ/J U3 PEKYyPCUU TOJIyIeHHOe 3HATEHNE.

2.6. ITapocoueTanue, BepIIMHHOE MOKPbITUE

Kaprunku: cobCTBEeHHO ceTb — KaKOW-TO IIOTOK B CETU — JIOTOJIHAIOIIUHN Ty Th.

Y100BI ¢ TOMOIIHIO TTOTOKOB UCKATh IIapocoveTaHue, J100aBjisieM UCTOK M CTOK, OPUEHTUPYEM PEOpPa
rpada u3 nepBoii J107m Bo BTOPyIo. [IporycKkHbIe CIIOCOOHOCTH «U3 UCTOKA» M «B CTOK» — €JIUHUIIBI
(orpannuenne Ha cyMMapHbIe TOTOK Yepe3 BepiimHy ). Mexk 1y JoaaMi MOKHO +00, MOXKHO 1.
Asropurm @opua-Danekpcona paboraer 3a O(|f|E) = O(|M|E) < O(VE).

Koppekraocts. Cremyer u3 nByx Omeximii: (1) Mexkay moTokamMu B IIOCTPOEHHOI HAMH CETH U
napocoderanusMu, (2) MexKry jonosHsomumy mytsMu B Hareid e u . J1.I1. B ucxomHom rpade.
e UTO HOBOIro Mbl HAYYUJINCH JI€JIAThH?

Asnropury Jlunuia moncka moToka (cM. gasibime) cpaboTaeT Ha Takoif cetn 6uictpee: 3a O(EV/2).
Def 2.6.1. Myavmucouemanue — obobwerue napocouemarus, nooMHoOMCECMBEo pébep epaga makoe,
YIMo 0 KaAHCAOT GEPULUHDL U BEPHO 02PAHUMEHUE HA MAKCUMANDHYIO CTMENEHD W, .

3aMeHNM IIPOITyCKHBIE CIIOCOOHOCTH «HM3 UCTOKAa», «B CTOK» Ha wW,. MaKCHMaJbHBI IIOTOK JacT HaM
MaKCHMAaJIbHOe Myavmucovemanue. A amroputy Jummia maiiaér ero sa O(E3/2).
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2.6.1. BepiuHHOE TTOKpPBITHE

CymecTByeT enié TpeThs OMEKIMA: min paspes <—> min BEPIINHHOE TTOKPBITHE.

Kaprunku: max moToK — TOCTPOEHHBIH 110 HEMY Min paspe3 — min BepIIMHHOE TOKPBITHE.

Pédbpam Mexk1y JI0IsIME ClIeJIaeM ¢, = +00 = min pas3pese UX, KOHEYHO, He OyJIeT.
Mg yzke ymeeM cTponTh min cover, ucrionbsys dfs or Kyma: C' = BT U A™.
Ocraoch 3aMeTUThb, 9TO B ocTpoeHHOM paspese S LT no nocrpoennto S = {s} U AT U B™.

HoBoe: nayumimmch uckKaTh B3BEIIEHHOE MUHUMAJILHOE BEPIIMHHOE MOKPBHITHE B JIBYJIOJTLHOM T'pade.
JL1st 3TOTO TIOMEHSEM TPOIYCKHbBIE CIIOCOOHOCTH pEOpaM «U3 MCTOKa» M «B CTOK» HA Beca BEPIIUH.

2.7. JlemMmbl, IOo3BOJISIOIIE PAOOTATH C IIOTOKAMU
Lm 2.7.1. Yeaosue 0 < f. < ¢, MoxkHO 3aMeHnTh Ha (fo < ) A (—f. < 0).

To ecth, u npsiMble, 1 OOpaTHBIE PEOpa 00JIAJAIOT IPOIYCKHBIMU CIIOCOOHOCTSIMU, OTPAHUIEHUSIMU
CBEpXY Ha IOTOK, [0 HUM TEKYIIHii. A PO OrpaHUYeHns CHU3Y MOXKHO HE IyMaTh.

Lm 2.7.2. fi u fy — noroku B G = fy — f; — norok B Gy,.

Hoxazamesvcmeso. V pedbpa e umeeM fo, < ¢ = fo, — f1, < e — f1,.
DTO BEPHO U I IPSIMBIX, U JJIs 00paTHBIX. Terneph IpoOBEPUM CYMMY B BEpIIUHE:

Vo ZeEout(v)(f2e - fle) =W 7é Sy t ZeEout(v) er — Vv ZeEout(v) fle =0-0=0. u
Caedemeue 2.7.3. Y f1, fo: | fi|=|f2] = fo Moo mosyanrs u3 f; nobasrenuem rupkyssimn u3 G, .
Lm 2.74. |f> = fil = [fo| = | /]

Joxaszameavcmeo. Takxke, Kak B 2.7.2, paciuiineM CyMMY JIjIs BEPIITUHBI S. [ |

Lm 2.7.5. Ecimm f, — morok B Gy, fi + fo — morok B G

Lm 2.7.6. |fi + fo| = | f1| + f2

2.8. AjaropuTMbl HOUCKA IIOTOKA

2.8.1. damonac-Kapn za O(V E?)

Autroputym tipoct: 1y Th uieM bfs-om, nmporaskuBaem 1o myTu ming(c, — f.). Konerr.

Lm 2.8.1. ITocsie yBeanvenus MOTOKa 10 IIyTH, Haiiennomy bfs-om,
JyIst 1I000§ BEPIIMHBI U PACCTOSIHIE OT UCTOKA He yMenbmurces: Yo d[s, v] = dv] /.
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Hoxazameavcmeso. Ot nporusnoro. IlycTb mocie yBenmdennst moToka [ 10 IIyTH P PACCTOSHUS
yMmenbmmmck. Paccrosgnug B Gy obosnaunM dy, a B G ¢4, 0003HAINM d; .

Bospmém Beprmuny v: di|v] < dp|v|, a n3 Takux d;|v] = min. PaccMorpuMm KpaTdaiimuil myTh ¢ u3 s
0LYI»

B U S~ -+~ & — v, di[v] = di[x] 4+ 1. TlockosbKy v — MuHUMaIbHAA 1O d1[v] BepIIMHA U3 TeX,

JIJTst KOTO PACCTOSIHUE YMEHBIIIOCh, nMeeM dg|x] < dy[z].

IIycts pebpo e: x — v. e € q, ¢ € Gf4p. Pacemorpun nBa ciayvas: e € G, e € G.

1. e € G, kparuaiimue myTs p < Kakoii-To myTh [*] = do[v] < dplz] + 1 < dy[z] + 1 = dyv]. 717
2. e ¢ G = p npomiéra no obpatHoMy K e = do[v] = do[z] — 1 < dy[z] — 1 =d;y[v] — 2. 717 |

[*] — 31eCch 1 TOJIBKO 3/1€Ch MBI TIOJIb30BAJIUCH TEM, YTO P — KpaTUdafIImii.

e Bpems paborsr Damonaca-Kapma

Tosikaem 10 1IyTH MBI BCé enié ming(c, — f.) = mocse Kaxxa0ro bfs-a xorst 661 01HO PEOPO HACBITUTCS.
Yro0bI eIé pas MpoiTH 110 HACBIIIEHHOMY pebpy €, Hy:KHO CIIepBa YMEHBIIUTH 110 HEMY IIOTOKa, =
poiiTu 1o obparHomy K e. Paccmorpum e: a — b, KpaTJaifimii myTh IPOIIET Yepes3 e =

d[b] = d[a] + 1. Korga kpaT4aifnmmii myTh TpoiiéT depe3 obpaTHoE K € nMeeM

da) = dp)+1 > db]+1 = dla] +2

Paccrogmne A0 a MeXKAYy JABYyMg#d HaCBIIICHUAMMN € YBCJIUMYUTCA XOTHd Obl Ha 2 = KazKJ10¢e pe6p0 €

HaCBITUTCA He DoJiee % pa3 = cyMMapHOe YHCJIO HACBIIMEHUN < % = ‘ 9.K. paboraer 3a O(V E?)

Caedecmeue 2.8.2. B rpadax ¢ R mpormycKHbIME cIToCOOHOCTAME J max MOTOK.

Zoxazameavcmeo. B orenke Bpemenn paborsl D.K. MBI He OJIB30BaINCh MEJIOUNCIEHHOCTRIO. [1o
zapepiennn D.K. HeT jonosHAOMAX myTeil = 10 2.4.9 IOTOK MaKCHUMAJIEH. |

2.8.2. Macmrabuposanue 3a O(E?logU)

Bynewm nbitatbest criepBa HAWTH TOJICTBIE TTYTH:
nepebupats k |, HCKAThL IyTH B OCTATOYHON CETH, IO KOTOPBIM MOYKHO TOJKHYTL XOTs ObI 2F.
It aToro dfs-y paspemmym XoauTh TOILKO 1o pébpan: f. + 28 < c..

for k = logl .. O:
u <-- 0
while dfs(s, 2F):
u <-- 0

flow += 2F

®.®. uckas mo6oit yTh B G, Mbl nieM B G mytn Tonmmnoit 2%, Bpemsa paborsr O(E?logU).

AJIPOPHTM MOZKHO CONTHMM3UPOBATh, TOJIKad 110 myTn He 2%, a min,(c.—f.) > 2F.
AcuMmnToTuka B Xy/IIeM ciydae He yaydmmTes. Ha IpakTuke ajJropuT BeiéT cebs Kak ~ F2.

e J/loka3aTeJIbCTBO BpeMeHu paboOThI

[oTok mocyie dasbl, Ha KOTOpoit Mbl uckamm 2¥-myrtu, obosnaunm Fy. B ocrarounoit ceru G, Her
IyTH TOJMIIUHEL 2F = ecThb paspes, /71 Bcex pébep KOTOPOro BEPHO ¢, — fo < 2F.

PaccmoTpun gexommosnmmio Fj,_ i — Fj, Ha nyTi. Bee myTn mveror Tosmuny 2871 Bee mpoxonar depes
pas3pe3 = Bce 110 pa3HbIM pédbpam paspe3a = ux He 00Jiblle, yeM peédep B paspese < F.

Hoxkazanu, aro myTeit mpu mnepexoje ot Fj K Fj_q1 He Gojee E.
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Jlekmus #3: Ilapocoderanust (1po/io/nKeHne)

13 cenTsabpsi

3.1. Kinaccudukanus peEdep ABYya0JabHOrO rpada

Han neynoasusiii rpad G = (V, E). Bagada — onpenesnts Ve € E, 3 i MaKCHMAIbHOE
napocoderanue M;: e € My, a Takxke 3 in MakcuMaJjbHoe napocoderanue Ms: e & M.
Nuave roBops, Mbl XOTUM pa3dUThL péOpa Ha TPU KJracca:

1. JlomkHo JiexKaTh B MAKCUMaJIbHOM TapocodeTannn. MUST.
2. He yexxut HU B KAKOM MaKCUMAaJIbHOM mapocoderanuu. NO.

3. Bce ocranbnabie. MAY.

Pewenue: 11 nadasia HaiaéM J1i060e MakcuMasIbHOe napocoderanue M.
Ecan Mpr maiiém kiracce MAY, To MUST = M \ MAY, NO = M \ MAY.

Lm 3.1.1. e € MAY & dJP — depemyromuiica orHocuTebHO M 1yTh YETHON JIIMHBI MJIM 9ETHBIN
IIUKJI TaKoit, 9to e € P.

Jloxazameavemeso. e € MAY = 3 apyroe max napocoderanne M': e € MV M'.
NMMeTpUYecKasl Pa3HOCTh, KAK MbI YK€ 3HAEM TOWUT U3 9 UXCsl TyTeil U UKJIOB.
C e ecKas Pa3HOCTb, Ka; e 3HAeM, COCTO 3 YepPEeIYIOIIIXC e 0

[TocMoTpuM ¢ JIpyToit CTOPOHBL: ecji OTHOCUTETbHO M ecTh P — depe iylomuiics myTh 9€THOM JTUHDBI
wim depeayortuiica ks, To P C MAY, tak kKak u M, u MV P aBg10TCsd MaKCUMAaJIbHBIMU, & KaXKJ10€e
pedbpo P JIe2KUT POBHO B OJIHOM U3 JIBYX. [ |

Ocrajioch HAyIUTbCsI HAXOJWTH IUKJbI U IIYTH aJropurmudecku. st 9T0oro paccMoTpum TOT »Ke
rpad G, na koropom padoraer dfs uz Kyna. C 4érHbIMU Iy TSIME BCE IIPOCTO: BCE OHU HAYUHAIOTCS B
¢BOOOIHBIX BepimmHax, dfs n3 KyHna, 3amyimmeHHsii 0T BcexX CBOOOIHBIX BEPIIUH 00eux doaetl IpoiaeT
POBHO 110 BceM pEOpaM, KOTOPbIE MOYKHO MOKPBITH YETHBIMU Iy TSIMU, W TOMETUT UX. A PO IUKJIBL:

Lm 3.1.2. Pebpo e j1e2KuT Ha 9ETHOM IUKJIE <>
KOHIIBI € JiesKaT B OJTHON KOMIIOHEHTe CHJIbHON cBsi3HOCTH T'pada G .

Caedemeue 3.1.3. Iomyunmm amropurm nocrpoernst MAY mo mannomy M 3a O(V + E).
Caedcmesue 3.1.4. U3 MAY u M 3a O(F) ymeem nosyants MUST u NO.

3.2. Stable matching (marriage problem)

Cdopmynupyem 3a/1ady Ha S3bIKE MAJIBINKOB/JIeBOYEK. KCTh 1 MaJIbINKOB, y KayKJ0r0 U3 HUX €CTh
CITUCOK JIeBOY€EK bS[a], KOTOpBIE eMy HPaBsATCs B MOPsiJIKe OT HanboJiee MPUOPUTETHBIX K MeHee. Kerhb
M JICBOYEK, y KayKJOW €CTh CIIMCOK MAJIBINKOB as[b], KOTOpBIE eif HpaBATCs B TAKOM JKe TIOPSIJIKE.
MabauKy 1 JIEBOYKH XOTAT 00Pa30BaATH HAPbI.

HukTo HEe roToB 00pa30BBIBATD ITapy C TEM, KTO BOODIINE OTCYTCTBYET B €r0 CIIUCKE.

W nia MajbauKoB, U IS JIEBOYEK HaMMeHee TPUOPUTETHHIN BAPUAHT — OCTAThCsl BOODIE Oe3 Maphl.
Bynem obosnavars p, — napa mMajibauka a uian —1, g, — mapa JeBOUYKu q uian —1.

Def 3.2.1. llapocouemanue nazvisaemcs He cmadusbHbIM, €CAU T Marvyuk a u desoyuka b:
MANBNUKY a Hpasumcs b boavwe wem p, u desovke b upasumcs a bosvule 4em qp.

Def 3.2.2. Hnave napocovemanue masveaemcs cmadbusoHbiMm
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° A.J'Il"OpI/ITM IIOUCKa: «MaJIb9MKMU IIpedJjiararoT, J€BOYKHN OTKa3bIBAIOTCA»

N3HauaabHO TPOMHUIMATN3UPYEM p, = bs[a].best, masee, moka ecth
JiBa MaJIbiuKa 7,5 b= p; = p; # —1, JleBouka b 0TKazKeT TOMy U3 HHUX, KTO €if MEHBIIIE HPABUTCSL.
[IycTh oHa oTKa3aja MaJbIuKY i, TOrja jenaeM bs[i].remove_best(), p; = bsi].best.

Teopema 3.2.3. Ajnropurm Beerja 3aBepIInTCs W HARIET cTaOMILHOE apocoveTaHne

Jlokazamenvcmeo. munbl ciiuckoB bs[i] yObiBator = 3aBepmurcs. [IycTh B KOHIE MAJBIMK @ U
JIeBOYKa b JIAI0T He CTabUIBLHOCTH (HE SBJISIFOTCS HAapoii, HO XOTdT 00pa30BaTh). JTO 3HAUUT, UTO a4
1epes; TeM, Kak 00pa3oBaTh Iapy C p,, Hpejara cedsg b, a oHa eMy OoTKa3aJia.

Ho zagem?! Bemn on eit mpasuiicsa 6osbire. [IporuBopedne. |

Axkyparnag peanusanus jaér spemsa O(V + E) = O3, [bs[i]| + >_; [as[j]])-

def ask(boyIndex): # manpuwk mpemyiaraeT cebs
girlIndex = priorityList[boyIndex].pop_best() # xomy?
if (qlgirlIndex] == -1): qlgirlIndex] = boyIndex;
else:
# HyxHO em@ cmenaTb, 4TO6H priority paborama za O(1)
if priority(girlIndex, qlgirlIndex]) < prioirity(girlIndex, boyIndex):
swap (plgirlIndex], boyIndex)
# B boyIndex ceifyac xymum# u3 OByX BapHaHTOB, €My OTKaxXeM, OH IPEIJIOXUT cCleAyome
ask (boyIndex) ;
for b in boys: ask(b) # cobCTBEHHO AIrOPUTM

Vmeepowcdernue 3.2.4. Ha npakTuke goKazkeM, 9TO MPEII0KEHHBIN aJIrOPUTM OINTUMAJIEH 1T MAaJIb-
YUKOB U IIPEIAJIOZKNM BE€PCHUIO, OIITUMAJIBHYIO JIJId JEBOYEK.

Teopema 3.2.5. Eciin rpad nosablil (KazxKIblil CIHCOK COJEPIKUT BCE BEPIIUHBI) U Pa3Mephbl JI0JIeil
paBHBI, MBI HaliJIEM COBEPIIIEHHOE ITapOCOYeTaHUE.

Zoxazameavcmeo. 1lycTh KaKOMy-TO MaJIBIUKY OTKa3a/u Bce N jieBodeK. [locse oTkaza y aeBoYKn
BCETJIa, OCTAETCS JIyUIUi KaHINJIaT = ceifidac y BCeX JeBOYEK OJITHOBPEMEHHO eCTh KaHJIUJIAThI = 1
Pa3HBIX MAJIBYUKOB = Bcero > n—+1 mansauk 717 |

ITpumep ucnosib30BaHMA.

Crynentsr xotaT noctynuth B BY3b1. ¥V kaxkgoro BY3a orpanmudentoe 4ucjao MeCT U MOTYT OBITH
pa3Hble PUOPHUTETHI, KOro XoTAT O6parh. CTpouM ABYI0IbHBIH Tpad. KaxK bl cTyIeHT yKa3biBaeT
crimcok BY30B B mopsijike MPUOPUTETOB, Kyja XOYeT MOCTYNuTh. KaxKjgoe MecTo-B-By3e MOJIydaeT
CITUCOK CTYJEHTOB B mopsjike npuopurera ganaoro BY3a. Umem crabuibHOe TapocodeTanue, mory-
YJaceM pelleHue, OoliTuMaJibHOe JiJid CTYAEHTOB.

3.3. (x) Bewnrepckuii ajaroputm

[lan B3BelenHbIil ABY10JIbHBIN I'pad, 3aJaHHbI MaTpHUIeil BecoB a: n X n, rje a;; — Bec pebpa u3 i-it
BEPIIUHBI TIEPBOI JI0JIX B J-I0 BEpPIIUHY BTOPOI 10/u. 3ajada — HAWTH COBEPIIIEHHOE TaPOCOYeTAHIe
MUHUMAaJIBHOI'O Beca.

DopmaIbHO: HAHTH T € Spyt ) . Qjm, — Min.

Unorna 3amady Ha3bIBaIOT 3adavell 0 HA3HAMENUAT, TOTJA G;; — CTOMMOCTH BBITIOJHEHHS -M paboT-
HUKOM J-iI paboThl, HY2KHO KaxKJI0My PabOTHHUKY COTOCTaBUTL OJHY pabOoTy.
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Lm 3.3.1. Eciu a;; > 0 u 3 coBepiiennoe napocoueTanue Ha HYJIAX, OHO OITUMAJIBHO.

Lm 3.3.2. PaccmoTpuM MaTpuiry agj = a;j + row; + col;, rue row;, col; € R.
OuruMaibHbIe IIAPOCOYETAHUs JJId @' U JIJIs @ COBIAIAIOT.

Aoxasamenvcmeo. Jocrarouno 3aMeTuth, 910 B (f = ) . Gix,) BOIIET POBHO 110 OJHOMY 3JIEMEHTY
KasKJI0i CTPOKH, KazKJ0TO CTOJIOIA = eCJIH BCe JIEMEHTHI CTPOKH (CTOJIOIA) YBEJIMINTh Ha KOHCTAH-
ty C, B He 3aBHCUMOCTH OT 7 BeauuuHa f ysesmunted na C' = ontumyM nepeitnér B onrumym. W

Benrepckuit aynropurMm, kak Kyn, nepebupaer BepiinHbl epBOil 107U U OT BT B~
KEL}K,ZLOIU/I nbiTaercs crpouthb JIHII, #HO HCIIOME3YET IPH STOM TOMBKO Hy/IeBble e o
péopa. Ecim mer nynesoro pebpa, To x = min Ha AT x B~ > 0. Jasaiite

BCe CTOJIOIBI U3 B~ yMeHBIIMM Ha T, a Bce CTPOKM n3 A~ yBeaumduMm Ha . A= +x 0

B urore B mogmarpune AT X BT Ha MecTe MUHHMAJILHOTO 3j1eMenTa nogsutes 0, B Marpume A~ X
BT s1eMeHTHI yBesm4aTcs, ocTaabHble He U3MeHATCa. [Ipy 3ToM BCe 3JIeMEHThI MATPHUIIBI OCTAJIUCD
HeoTpunaTeJbHLIMA. Pé6pa m3 A~ x BT Morum mepectaTh OLITH HyJIEBBLIME, HO OHH HE JIe’KaT HU B
TEKyIIeM MapocodeTaHun, HU B jiepese jononrstomux teneit: M C (A~ x B™) U (A' x BY), péopa
JIONOJTHAIONUX nerneit uayt nz A,

3.3.1. () Peasmzamus 3a O(V?3)

Benrepckuit asropurm = V' nouckos IHII.

[Mouck AYIT = mannmamusupoBats AT = BT = @ u ne Gosee V' pas HailTu MUHUMYM T = a;; B
+ — . .

A" x B~. Ecom x> 0, To nepecunrarh Marpuily Becos. IloceruTs cTosber j u cTpoKy pair;.

Y106B! OBICTPO YBEIHIUBATH CTOJIOEI/CTPOKY Ha KOHCTAHTY, MOJIEPAKUBAEM 70w, COl;.

PeasnibHoe 3HadeHne 371eMeHTa MaTPUIIBI: agj = a;j +row; + col;. YBenu4ienue CTPOKH Ha T: row; +=1T.
YroObl HANTH MUHUMYM T, & TaKyKe CTPOKY ¢, CTOJIOEIl j, Ha KOTOPBIX MUHUMYM JOCTUTAETCS, BOC-
HoJsib3yeMcd ujeeit u3 ajropurma IIpuma: w; = félﬁ (ai;,i). Torna ((z,i), j) = jlélg} (wj, 7).
Hayqmucs naxonnts (x, 1, j) 3a O(n), ocTanocs npu U3MEHEHnH 7ow;, col; mepecanTtars w;: j € B™.
colj +=y = wi +=y. A row; OyJer MeHATLCA TOJIBKO Yy ¢ € A = Ha mMin;c 4+ He IIOBJIUACT.

Samevarue 3.3.3. MokHO BEIOMpATh Min B MHOXKECTBE w;: j € B~ He 3a JMHUIO, a UCHOJIb3YH KY4H.

3.3.2. (x) IlceBmokon

O6o3Ha49MM, Kak 00BIYHO, IIEpBYIO 10110 A, Bropyo B, noceménnbie sepmmisl — A*, BT,
Taxxe, kak B Kyne, ecyiu x € B, 1o pair[x] € A — e€ nmapa B 11epBoii J10/H.

Crpoknu — BepiuHbl tepBoii mosu (A). B marmem koje cTpoku — i, v, u.

Cronbibl — BepuHbl BTOpoit qosm (B). B Hamem Koje cTosibIn — 5.

pair|b € B| — eé napa B A, pair2|a € A| — eé napa B B.

1 row < 0, col < O

2. forvecaA

3 At ={v}, Bt =@ // (octanbioe 8 A~,B7).

4 for j € B7: wlj]l = (alvl[j] + rowlv] + colljl, v) // (MuHuMyM u HOMEp CTpOKHK)
5. while (True) // (moka He Hamnm OyTh U3 V B CBOGOAHyb BepumuHy B5)

6 ((x,1),3) = min{(wljl,j):j€ B~} // (uuaumMyMm u mosuuusa muauMyMa B AT X B7)
7 // (i - HoMep cTpoku, j - HoMep cTombua = ali,j] + row[i] + coll[j] == x)

8 for 1 € A7: rowl[i] += x;
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9.

10.
11.
12.
13.
14.
15.
16.

for j € B7: collj]l -= x, wlj]l.value -= x;

// (& urtore mm ymembmumu AT x B™, yeemumummu A~ x Bt, mepecumramu w[jl).
j mepememaem us B~ B B'; zamommmaem prev[j] = i;

if (u=pair([j]l) == -

break // momommsiomu# nyTh: j,prev[jl,pair2[prev([j]l],previpair2[prev([jll],...

u mepevemaeM uz A~ B AT,
nepecunTnBaeM Bce w[j] = min(w[jl, pair(alul [j] + row[u]l + coll[j], w);

[pUMEHUM ONOJHSALLUY IyTh v ~» j, mepecuuraeM pair([], pair2[]

Texymas peanmzanus qaét spems O(V3).

Buyrpu nukiia while crpoku 6, 8, 9, 15 paborator 3a O(V') kaxast.

N3 nux 8 u 9 yoyumurs 10 O(1), xpans cuenmasbibie Beanarasl addToAMinus, addToBMinus.
Crpoku 6 u 15 moxkno yrayuamuts 10 (O(log V), deglx] - O(1)), nupumenus kyay Pudonaddm.
Uroro nosyuaurcs O(V(E + VilogV)).
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3.4. (x) Ilokpacka rpados

3.4.1. (x) BepiuHHBIE pacKpacKu

3adava: TOKpacuTh BepHIUHBI Ipada Tak, 9ToOBI JIFOObIe CMEKHbIE BEPINUHBI UMEJIN Pa3Hble I[BETA.
B nBa npera (nBynosbaenit rpad) kpacut oobramneiit dfs 3a O(V + E).

B tpu usera kpacutrb NP-Tpynno. B npomiom cemecrpe mMbl Hayunmcs 1o jenars 3a O(1.44™).
Bo cko/bKO 11BETOB MOXKHO MOKPACUTH BEPIIUHBI 38 MOJUHOMUAIBHOE BpeMsi?

o 2KamHocThb

Yaanum Bepiuny v u3 rpada — nokpacum pekypeusao G\ {v} — nokpacum v.
Y BepIIuHBI ¥ Beero deg, yKe IMOKpAIIeHHBIX cocejeil =
B ojiuH U3 deg, + 1 1BETOB MBI €€ TOYHO CMOXKEM MOKPACUTb.

Caedemsue 3.4.1. Beprmabl MmoxkHO nokpacutb B D+1 et 3a O(V + E), rne D = max, deg,.

Ha nuckpernoit Maremaruke OyJeT JoKa3aHa 0ojiee CHIbHAsS TeopeMa;
Teopema 3.4.2. Bpykc: Bce rpadbl KpoMe HEUETHBIX IIUKJIOB U KJIMK MOXKHO HOKPAacUTh B 1 1BETOB.
Kpowme Teopemsbl ectsb anroputm nokpacku B D nseros 3a O(V + E).

Ha npakTuke, eciin y1aisTh Bepmuny v: deg, = min u JIOKPAIINBATH €€ B MUHUMAJIHLHO BO3MOXKHBII
IIBET, »KAJIHOCTL OY/eT JaBaTh HPUJIUYHBIC PE3YJIbTATHI. 3a CUCT MOTPEOHOCTU BHLIOMPATH BEPIITHHY
IMEHHO MUHUMAJIBHON CTeleHn HaM morpebyercst Kyda, Bpems Bo3pactét 10 O((E + V)log V).

Samevanue 3.4.3. HOTIA TTPO TTOKPACKY BEPIMUH yIOOHO JyMaTh, KaK PO pas3OMeHne MHOKeCTBa
BEPIIUH Ha HE3aBUCUMbBIE MHOXKECTBA.

3.4.2. (x) BepmumHHBIE pacKpacKu IJIaHAPHBIX rpadosB

Ouepemnas Teopema Ditnepa riacut, 9To s mianapaoro rpada K < 3 -V — 6 = ectb BepiuHa
CTelleHn < 5 = >KaJIHOCThH BBIIIE BCET/a KpacuT B < O IIBETOB.

MozKHO TeM Ke cIIoco60M IOKpacuTh U B 5. IlycTh MBI JOKpaImuBaeM BepHIMHY U, a Y Heé 5 pasHo-
LBETHBIX cocejieil. Bocrosb3yeMest I1aHapHOCTHIO, YHOPSI0UUM X 110 9acOBOM CTPEJIKE U 3aMEeTUM,
YTO HE MOTYT OJIHOBPEMEHHO CYINECTBOBATH JIBa HelepeceKaromuxcs myTu 1 ~» 3, 2 ~» 4. [losromy
nornpobyeM crepsa MoMeHsATh 1BeTa c[1] <> ¢[3], mas sroro dfs-om u3 1 nepebupasi TOJIBKO BepPIIUHBI
nperos c[1], ¢[3] nonpobyem naiitu nytsh B 3. Eciin me naiuim, nepekpacum. Ecim vanm, o ciaenaem
Toxke camoe jiig {2,4}, tam myTu TouHO He Oyjer. Ilocse ycrnenHoro nepekpanmBanus y coceeit
Bcero 4 pasHbIX IBETA, €CTh H-il, YTOOLI JJOKPACUTDH CeDs.

Mpubr HE XOTHM YKJIaJIbIBaTh I'pad, KaK HaM yraJaThb, HOpsaok BepmuH! [IpocTo mepebepém Bce
nap coceneit {u,v}. s Kakoi-To U3 HUX He OyJIer IyTH U MOJYIUTCA NEePEeKPACUTD.

54
2

3.4.3. (x) PébepHble pacKpacKu

3adava: mokpacuTh pébpa rpada Tak, ITOOBI JTOOLIE CMEXKHBIE PEOpa MMEIN Pa3HbIe IIBETA.
[Tonipobyem /19 HadaJia MPUMEHUTb Ty Ke KaJHOCTb: yraajsgeM pebpo e u3 rpada, PeKypCcuBHO
kpacuM pébpa B G\ {e}, mokpacum e. Y pebpa e moxer 6biTh 2(D—1) emexHbIX, Tie D = max, deg,.
SHauuT, YTOOBI PeOpPO € Beerga MoJIydaloch JOKPacUTh, B XYAIIeM, Hallel *KaaHocTu HykeH 20D —1
upet, C Apyroit CTOPOHBI, IIOCKOJIBKY PEOpa, MHIIUACHTHBIE OIHOI BEPIINHE, HOJIZKHBI UMETh IIOIIAPHO
pasuble mBeTa, EcTh ropasgo 6oJiee CUIBHBIN PE3y/IbTAT, KOTOPBIN Tak:Ke MopobHee OyIeT n3yeH B
Kypce JUCKPETHON MaTeMaTHKH.
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Teopema 3.4.4. Busunr: pébpa j000ro rpada MOXKHO IHOKpacuTh B D+1 nper.

JokazaresibcTBO TeOpeMbI MpejcTaBsier coboit aaroputm nokpacku B D+1 meer 3a O(V E).

[Ipu sTOoM 3aj1a49a «OIpeIe/INThH, MOXKHO JIU IOKpacuTh B D niBeToB» NP-Tpymna.

3.4.4. (x) Pébepuble pacKpacKu JIBYJ0JbHBIX IrpadoB

C nBymonbabIME rpadamu Beé mporte. Ceitac HayInMces KpacuTh uX B D 1IBETOB.
[Tokpacka pébep — pa3dueHHsT MHOXKECTBa pébep Ha mapocodeTanus. Ha mocsesaneil mpaxTuke Mbl
JIOKa3aJId, ITO B JBYIOJHHOM PETYJIspHOM I'pade CyIecTByeT COBEPIIEHHOe TapOCOoIeTaHue.

Caedecmeue 3.4.5. d-perynsipublii rpad MOKHO ITOKPACUTh B d I[BETOB.

Joxazamensvemeo. OTimennM coBepIieHHOE TMAapOCOYeTaHne, MOKPackuM ero B mepsbiit 1BeT. OcTab-
muiics rpad sasisercs (d—1)-perysipHbIM, [0 UHJYKIMUA €10 MOYKHO MOKPACUTh B d—1 IBeT. [ |

YT100bI TOKPACUTH HE PETYISIPHBINA rpad, JTOMOJIHIM ero 10 D-peryigapHoro.

e J/lonosTHEHUE JI0 PEryJIipHOTO

1. Eciu B 10719X HEpaBHOE YUCJIO BEPIMUH, JOOABUM HOBBIE BEPINUHBI.

2. Tloka rpad ne sBisiercst D-perynsipabiM (D — MakcHMaJIbHAsT CTENeHb ),
B 00enx JI0JIIX eCTh BEPIIUHBI CTEIleHN MeHbIe [), COeMHIM 3TH BePIIUHBI PEOPOM.

3. B pesynbraTe Mbl mostyduM D-pery/isipHblil rpad, BO3MOXKHO, ¢ KPATHBIMU PEOpPaMU.

Kparnbie pédpa — 970 HOpMaJIbHO, BCe U3yUYEHHbIE HAMH aJrOPUTMbBI UX HE OOATCH.

Uroro pébpa d-peryiisipHoro aBy101bHOTO rpad Mbl ymeeM Kpacuthb 3a O(d-Matching) = O(dVE) =
O(E?), a pébpa npoussosbHoro asyjaoasuoro 3a O(D -V - VD) = O(V2D?).
[ToCKOIBKY B HOJIYYeHHOM peryIgapHOM Ipade eCTh COBEPIICHHOE IapOCOYeTaHne, Mbl JOKA3AJIM:

Caedemeue 3.4.6. s V nymonsaoro G 3 napocoueranue, OKpbiBaolee Bee Bepiuibl G (B 00enx
JIOJISIX) MAaKCHMAJIbHO CTeTeH .

Pa3 rakoe napocoderanue 3, ero MOXKHO 1ONPoOOBATH HAWTHU, HE JIONOJIHAA I'pad 10 PEry/IsipHOroO.

3.4.5. (x) ITokpacka He peryaspHoro rpada za O(E?)

Ob6osnaunm Ap — BepmuHbl crenenn D meppoii j1oau, Bp — BepmuHbl crenenn 1D BTOPOii JI0JIN.
V:ke 3HaeM, uro 3 mapocoderanue M, nokpoiBaiomiee Ap U Bp.

1. Banycrtum Kyna ot Bepmun Ap, nojsyduim napocoderanue P.
Ob6o3naunM Bp MOKPBITHIE TapocoveTanneM P BepIIMHBI BTOPOIl JI0JIH.

2. Eciu Bp € Bp, urobb okpeiTh X = Bp \ Bp pacemorpum MV P. Kaxioit Bepiiute
u3 X B MV P coorsercryer i JIUII, win uérubiit myts u3 X B Y = Bp \ Bp.

3. Aneopumm: nisa Bcex v € X HIEM IyTh WX B CBOOOIHYIO BEPINNHY IIEPBON JOJIM, WA B Y .
Y1006 O1eHNTh BpeMs paboThl, 0003HAYUM pas3Mep HaliIeHHOI'O MapocoveTaHusd k; U 3aMeTHUM, UTO

Hanm Mel ero 3a O(k; E). Bee k; pébep napocoderanusi GyjiyT TOKpAIeHbl U yjajieHbl u3 rpada, 1o
ectb, » ., k; = E. Iomyuaaem Bpems paborst anropurma y . O(kE) = O(E?).
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Jlexkmus #4: Ilotoku (6nicTpBIE)
10 oxTs10ps

4.1. Anropurm luHuiia

Y nac yxe ectb ajropur™ damonjica-Kapna, unymuit O(V E) nyreit 3a O(E) KaxKIblii.
[Tocrpoum ceTh Kpardafiimux myTeil, paccrosgaue s ~ t obosznadum d.

Cioem A; OyjeM Ha3bIBATL BEPIIUHLI HA PACCTOSHUM | OT S.

9.K. cueppa HailAéT CKOIBLKO-TO IyTell AJIMHBI d, 3aTeM PACCTOAHUE S ~~ T YBEJIUIUTC.

Lm 4.1.1. IToka 3 myTh JuHbl d, OH UMeeT Bl s = Vg € Ag,v1 € A1,09 € Ag, ..., t =14 € Ay

Jloxasamenvcmeo. B nepBblil MOMEHT 3TO o4eBUIHO. 3aTeM B Gy OyayT HOABJIATHCA HOBBIE PEOpa
— obparHble K v; — vU;11. Bce Takue péOpa myT HA3aJl O CJI0SIM => HOBBIX PEOEp MJIYIUX BIIEPET
10 CJIOSIM He oOpasyeTrcss = KaxKIbIi pa3 IpH IIOUCKe IIYyTH €IMHCTBEHHBIH c11ocob 3a d maroB u3 S
rmonacTh B t — d pa3 10 OJHOMY U3 CTapbiX PEOEp MJITH POBHO B CJEIYIONMIMUI CJIO. |

Hayummvcs uckars Bee iyt jgymnet d 3a O(FE + dkg), rie kg — KOJIU9IeCTBO Iy Teid.

Breigenum muoxecrso E' — péopa A; — A1 B Gy. Bynem zanyckars dfs mo £,

Momudumupyem dfs: ecsin mpoiias o péopy e, dfs ne Hamén myTh Jg0 ¢, oH yaaaur € u3 F’.
Kaxpiit u3 kg dfs-oB ciesan d ycrnenHbIx mMaroB u r; HeyCIeIHbIX, HO »  x; < E| Tak Kak moce
KazKJIOr0 HEeyCIIEIHOro mara Mbl yjajseM pedbpo u3 F'.

void dfs(int v) {
while (head’[v] != -1) {
Edge &e = edges[head’[v]];
if (e.f < e.c && (e.b == [l dfs(e.b))) {
// Hammm OyTh
}
head’[v] = e.next;
}
}

3aMeTbTe, 9TO MACCUB ITOMETOK BEPINNH, OOBITHBIN J1jIst JTF000T0 dfs, TyT MOXKHO He HCIIOJIb30BATh.

e Aaropurm /unurna

Cocrout u3 ¢a3 Buja:
(1) samyctuTh bfs, KOTOpBI TOCTPONIT CJAOUCTYIO CeTh W HAIIENT d.
(2) moka B CJIOUCTOl CeTH €CTh MyTh JJTUHBI d,
HaiieM ero dfs-om u ToaKHEM 10 Hemy min,(c. — fe) €JAMHUIL TOTOKA.

Teopema 4.1.2. Bpemst pabors! anropurma JTununa O(V2E).

Joxaszameavcmeo. Pasz Bcero ne bosiee V MTYK, TaK Kak Mocje Kaxoit d 1
Da3za c paccrostauem d paboraer 3a O(E + d - ky).

Y (E+d k) SVE+VY ky<VE+V(VE)

[Toceanee n3BeCTHO M3 AJIrOpUTMa JIMOHIca-Kapia. |
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e AnropurMm /IluHuna c maciitabupoBaHUEM IIOTOKA

MacmrabupoBaHue MOTOKa — He TOJbKO KOHKPETHBIN aJIrOPUTM, HO U OOITas UJIes:

for (int k = log U; k >= 0; k--)
IyCKaeM NMOTOK Ha Tpade C MpomyckHmMu crmocobmocTsmu (c. — fe)/2F

JlaBaiiTe nCKaTh MOTOK UMEHHO ajaropuTMoM Jlunura.
Teopema 4.1.3. Bpewms paborer asropurma Junnia ¢ macmrabuposannem O(V ElogU).

Joxaszameavcmeo. Kaxknas n3z das macmradbuposanue — ajropuT™m JluHuIA, KOTOPBIH HAlIET He
6osiee E myreit u paboraer 3a BpeMst (jeaeM 10 ke, 9To u B Teopeme 4.1.2):

Y (E+d k) <VE+VY ki< VE+VE=O(VE)
Buaunt, cymmapso see log U das orpaboraror 3a O(V ElogU). [ |

4.2. AnroputMm Xomnkpodra-Kapma

Lm 4.2.1. B egunnunoii ceru (¢, = 1) dasza dunur padoraer 3a O(F)
Jlokasamenvcmeo. Ecim dfs npoitaér o pebpy e, oH ero B J1060M CiIydae YIaJuT — U €CJIU He HafieT
[0 HEMY IIyTh, ¥ €CJIN HAMIET 10 HeMY Iy Th: (¢, = 1) = € HACBITUTCHL. |

Mt yxe ymeem uckarh napocoderanne 3a O(V E) depe3 mOTOKH.
Hasaiire B ToMm ke rpade 3amycrum ajgropur™ ununa.

Teopema 4.2.2. Yucnio daz Iunuia Ha ceTu Jijid 1Moucka napocodyeranue ne dosee 2v/' V.

Joxasamenvemeo. Crenaem nepsbie vV das, moiaydmm mortok f, mocMorpuM Ha G Iz

B ocrarounoit ceTn Bce 1yTH UMEIOT JIJIMHY XOTsI OBI VV. BeniomENM 6GHEKIHO MEKTy JOUIYTIMUI B
Gy u 911 nna mapocoueranua = sece JTHII Toxke mveror maymmy XoTs ObI VV.

[Iycts moTok f 3ayaéT napocoderanne P, paccMOTpUM MakcuMmaJbHoe M.

MV P conepsxur k = |M| — |P| menepeckarormuxcs JTUTI, Kazapriit st > vV =

k <V = Junune ocranocs naiitu < vV myreit.

Ocrajiock 3aMeTUTh, UTO 3a KaxK iyt ¢azy uani HaxoanT XoTst ObI OJMH My Th. |

e Anropurm Xonkpodra-Kapna

void dfs(int v):

for (x € N(v)): // x - cocem Bo BTOpO#l Hoiue
if (used2[x]++ == 0) // mpoBepunu, YTO B I IONALaeM BIEpBHE
if (pair2([x] == -1 || (dist[pair2[x]] == dist[v]+1l && dfs(pair2[x])):
pairi[v] = x, pair2[x] = v

return 1
return O
while (bfs Hawén myTs cBobozHO# B cBOGOmHyWL) : // muxn mo dasam

used2 <-- 0 // moMeTRH Iy BEepWHMH BTOPON LOJH
for (v € A): // BepumHm IepBO# LOiH
if (pairif[v] == -1): // Bepumra cBobozmHa
dfs (v)

V BepmmHEl v BTOpOil gosm B Gy W3 v UCXOAUT He HoJiee OJHOTO pedpa.
st ¢cBOGOTHON BEPIIMHBI 3TO pedPO B CTOK ¢, Jjisd HECBOOO/IHON B €€ mapy B IE€PBOIi J10JI€.
SHaunT, 3ax0uTh B v dfs-am oxHoit daspr JduHuia nmeer ¢MbICT TOJIBKO OJUH Pas.

h/laBaiiTe BMecTO «ynajeHus pébep» momedaThb BEePIIUHBI BTOpOil gosm. [locMorpuM Ha mmponcxois-
mee, Kak Ha rouck JIYII jays mapocoderanus. [TofiMém, 9TO CTOK ¢ KICTOKOM HaM 0CODO HE HYZKHBL...
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4.3. Teopembl KapzanoBa

OrmpeiesTuM POITYCKHYO CIIOCOOHOCTH BEPIITIHBL:

c[v] = min(c;,[v], Cout|v]), THE Cipn[V] = Z Ce, Cout|V] = Z Ce

e€inv] e€out[v]

Teopema 4.3.1. Yuciio dbas anropurma Tuuuier me 6osnme 2/C, tae = 3. cfv].

Jlokasamenvcmeo. 3ameruM, 9ro V IOTOKa f U BEPIIUHBL U # 8, t BEIUYUHBI Ciy, [V], Cout[V], €[v] paBHBI
SHAYEHHAM B HCXOAHOM rpade. Samycrum nepsbie vC' a3, mosyanM HoToK fo, IyCTh |f*| = max,
pacemorpuM jgexommnosunuio f* — fo. Oma cocrout us k = | f*| — | fo| exunudmnbIx myTeit JyIMHBL XOTS
661 v/ C (He cuamrast s u t). O603HAUNM (v, — CKOJIBKO ImyTeil poxonaT depe3 v. Torma:

k\/a < Zv;és,t Qry < Zv;ﬁs,t C[U] =C=k < \/6
[Tonyanim, aro ducio daz < VC + k< 2VC. [ |

Caedemeue 4.3.2. U3 Teopembr ceayer BpeMsi paboTsl Xonkpodra-Kaprira.

Vmeeporcdernue 4.3.3. B equnmunnix cerax C' < E = anropurm Jununa pabotaer 3a O(E3/?).
Teopema 4.3.4. Yucio daz amropurma Jumnisr ne 6omnpie 2U/3V?/3 rie U = max, c..

Jloxasamenvcmeo. Bamyctum nepsele k da3 (ontumanbHoe k BeibepeM mosxe), Ha (k+1)-it mosryaum

cJ0OUCTYIO ceTh u3 = k+1 cioés. O6o3HAINM pas3Mephl CJIOEB dg, A1, A, - - . , (.
Torma Besmumna min paspesa He 6osiee min;—; x(a;—1a;U).
MaxkcuMyM TaKOro MUHHMYMa JIOCTUTAETCS MPH A1 = dg = ... A = %

[Tonmyunim pazpes pazmepa U (%)2 => 0CTaJI0Ch He DoJiee YeM CTOJILKO (a3 =
Beero das ne 6ouee f(k) =k+U(¥)% k1,U(¥)? .

Acummrornyaeckuiit MuaumyM f gocruraerca npu k = U(5)? = k* = UV?, aucio das < 2(UV?)Y3,
[

4.4. Jdwawnn c link-cut tree

Yyamum Bpemst oauoit daser asropurmel Jununa ¢ O(VE) mo O(ElogV).
[TocTporM OCTOBHOE JIEPEBO € KOPHEM B ¢ 110 BXOJSAIINM He HACBIIEHHBIM PEGpaM.

Tenepsr E pa3 myckaeM IOTOK, 110 IIYTHU JIepeBa S ~» t 1 MEePECTPANBAEM JI€PEBO.

JL71st 3TOr0 HAXO/MM HA IIyTH S ~~ ¢ JTI0O0€ OJTHO HACBITHBINEECH pedpo a — b, pa3pe3aeM ero, u Jijid
BepIIMHBI a Jo0aBjsieM B JiepeBo ciejyiomiee pebpo u3 outla]. Iukia mosBuThcs He MOXKeT: pébpa
HJIyT BIEPEN IO CJIOsIM. 3aTO Y @ MOIJIM IPOCTO KOHUUTHCA PEOpa, TOrJa a OObSBIIsIEM TYIIMKOBOI
BETKOI pa3BUTHA, U PEKYPCUBHO pas3pe3aeM pedpo, BXOJSINEe B @.

Bamernm, aro link-cut-tree co splay-tree ymeer nenars Bee ommcannble oneparyn 3a O(log V):

e ITouck MuHMMYyMa U MO3MIUM MUHUMYMA BEJUYUHBL Co — f, HA IIyTH.
e VYMeHbIIEHNEe BeJIMYUHBI C, — [, Ha IyTH.
e Paspesanue pebpa (cut), nposegenune vosoro pebpa (link).

O/ e cut MOXKeT PeKypCHUBHO y/IaJIuTh MHOTO pEdep, CUIBHO MepecTponuTh aepeBo. Hecmorpst Ha 310
Kazkji0e pebpo yaaauTesi He Gojiee OHOTO pasa = cymMMapHoe Bpemst Beex cut — O(Elog V).
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4.5. I';mobanbHBI pa3pe3

Bamada: Haiitu pasomenne V = AU B: A, B # &,C(A, B) — min.

[Ipocreiimiee pemrenne: nepebepéM s, t u HailaéM pa3pe3 MexK 1y HuMu. KoHedIHO, MOKHO B34Th S = 1.
Bpewms paborst O(V - Flow).

Ha npakTuke IoKazeM, 9TO Ha eJIMHUYHBIX ceTsaX 3Ta ujes paboraer yxe 3a O(E?).

4.5.1. AaropurMm Illtop-Baruepa

Buibepem ay = 1. [lycrs A; = {ay, a9, ...,a;}. Oupenenum a;41 =v € V \ A;: C(A;, {v}) = max.
Ymeeporcdernue 4.5.1. MunnMabHbIi paspe3 MeXIY a, U a,—1 — S = {a,}, T =V \ S, tue n = |V].
Joxazamesvcmeo. MoOXKHO IPOYeCThb Ha e-Mmaxx. [ |
AJropuTM™: WIH G, U Gp—1 110 PA3HBIE CTOPOHBI ONTHMAIBHOIO TI00aJILHOTO pa3pe3a, U OTBET PaBeH
C({an},V\{an}), wm a, u a,—1 MOXKHO CTSHYTb B OJIHY BEPIIUHY.

Bpewmsi paborer: V das, kaxmas 3a O(Dijkstra) = O(V(E + ViegV)).

4.5.2. Anroputm Kaprepa-IllTeitna

[Iycte ¢, = 1. MuanMabHYIO CTerreHb 0003HAYNM K.
Jv: deg, = k = C({v},V \ {v}) = k = B min paspese ne 6osee k pébep. £ = %Z deg,
Bosbmém ciryuaiinoe pebpo e, BEepogTHOCTH TOrO, YTO OHO TONAJI0 B paspes Prle € cut]

> 1kV.
<E=2

e Anroputm Kaprepa.

IToka B rpade > 2 BepiuH, BeIOMpaeM ciydaiiHoe pebpo, He sIBJSIONIeecs MeTIEH, CTIrnBaeM ero
KOHITBI B OniHy BepimHy. B konre V' = {A, B}, o0bsiBaseM MuHUMaIbHBIM paspesom V = AU B.

Bpewms paborer: T(V)=V +T(V —1) = O(V?). Buecs V — Bpems cTarupanust JByX BepIIUH.

. V-2 V-3 V-4 1 _ _ 21 2
BeposiTHoCcTh ycnexa: mu paszy He ommbmucs ¢ Pr 2> = =5 - =5 ... "3 = Vo 2 e

YT0OE! aJITOPUTM UM KOHCTAHTHYIO BEPOATHOCTD OIMHOKH, JOCTATOYHO 3aIlyCTUTH ero V2 =
nostyamin RP-anroputy 3a O(V4).

e AsroputMm Kaprepa-IllTeiina.

B omnenke % “ﬁ‘é e l OOJIBIITMHCTBO MEPBBIX cOMHOXKHUTE el Om3ku K 1. [Tocemnne

COMHOXKUTEJIN — i ;) HaHpOTI/IB BecbMa MaJibl = OCTaHOBUMCsI, KOI/Ia B I'pade ocTaHeTcs \‘} BEPIIIHH.
V/V2(V/vV2-1)

BepositHOCTE HE pa3y He OMUOUTHCA NIPU ITOM OYJIeT B v 5.

Bpewms, norpauennoe ma (V — V/v/2) cxarnit — (V).

[Tocste aroro cienaem JjiBa pEeKypCHUBHBIX BbI30Ba OT IoJiyuuBIierocss rpada c¢ V/ V2 BepIIEHAMIL.
AstropuT™M paHIOMU3UPOBAHHBIN = BETKU PEKYPCUU MOTYT JaTh pa3Hble Pa3pe3bl = BEPHEM MUIHU-
MaJIbHBIN U3 10Ty YEHHbBIX.

Bpewmsa paborbr: T'(V) = V? + 2T( V24 2( +4T (%)= =V21ogV.

L) =
BepositHocts omubku. Uimem p(V'), BepositHocTh yenexa Ha rpade us V.
O6o0znamm p(V) = g, p(V/V2) = o1, ..., =

L) =V2 o)
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g = 31— (1=¢i-1)?) = ¢i-1 — 3¢7 1 = ¢i—¢i—1 = —¢7_,. JIeBas 9acTh 1OXOKA Ha HPOUSBOIHYIO =
pennv ddyp ¢'(v) = —q(2)? & L =16 (2) " =2+ C = ¢, = 6(3) = p(V) = O(517).

Kopotkas u 6bicTpas peanuzarud mnojydaercd depe3 random_shuffle mcxogabix péoep.
[Toapobuee B pazdbope MpakTUK.

4.6. () Aaropmrm Push-Relabel

KoncrnekT 1o 3Toit TeMe JIeKUT B OT/IeILHOM aiie.
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Jlekima #5: Mincost
11 oxTsopsa 2022

5.1. Mincost k-flow B rpade 6e3 orpuiiarejIibHbBIX IIUKJIOB
ConocraBuM BeeM TPsSIMBIM péOpaM Bec (cTommocTh) w, € R.

Def 5.1.1. Cmoumocmv nomoka W(f) = >, wefe. Cymma no npamoim pébpam.
ObpaTtHOMY K € pEOPY € COMOCTABAM Wz = —We.

Eciu ToJIKHYTH TOTOK CIiepBa 10 MPsIMOMY, 3aT€M 110 00OPATHOMY K HeMy pedpy, CTOMMOCTD He U3Me-
nutcd. Korjia Mbl ToJTKaeM €JIMHUITY ITOTOKA 110 MyTH path, n3MeHeHue MOTOKA U CTOUMOCTH ITOTOKA
Telnepb BBITVIAAAT TaK:

for (int e : path):
edges [e] . f++
edges[e = 1].f--
W += edgesl[e].w;

Bamaua mincost k-flow: maiitu morok f: |f| =k, W(f) — min

[Tpu pentennu 3a1a491 MbI OyIeM TOBOPUTD PO Beca My Teil, IUKJIO0B, “OTpUIaTe/IbHbIe IUKJ/IbI , KparT-
gajinue myTu... Besje Bec myTu/Iukia — cymMMa BecoB pébep (w).

Pentenwne #1. [lycth B rpade HET OTpUATENILHBIX IUKJIOB, & TaK¥XKe BCe ¢, € Z.

Torma o anasorun ¢ anroputmom @.dD.; koroperit 3a O(k - dfs) uckasa moToK pazmepa k, Mbl MOXKEM
3a O(k-FordBellman) naiiTu mincost motok pasmepa k. O603HaUMM fj, ONTHUMAJIBHBIN TIOTOK pa3Mepa
k= fo =0, fys1 = frx + path, vae path — kparuaiimmit B Gy, .

Lm 5.1.2. V&, |f| =k (W(f) = min) < ($ orpumarenshoro nukia 5 G)

Jlokasameavcmso. Ecim orpuniaTebHbI UK/ €CTh, YBEJMYUM [0 HEMY ITIOTOK, |f| He m3meHnTCs,
W(f) ymensmurea. Iycrs 3f*: | f*| = |f|, W(f*) < W(f), paccmorpum norok f* — f B Gy.

DTO UPKYIIANUSA, MBI MOKEM JIEKOMIIO3UPOBATDH €€ Ha IUKJIbI C1, Ca, . . . , Ck.

[Mockombky 0 > W(f* — f) = W(c1) + -+ + W(ck), cpean IUKIOB ¢; €CTh OTPUIATETHHBIA. [

Teopema 5.1.3. Asropurm morcka mincost moroka pasmepa k KOppeKTEH.

Joxazameavcmeo. Baza: 110 yeI0BUIO HET OTPHUIATEIbHBIX IIUKJIOB = fo KOPPEKTEH.

ITepexon: obosnauum f;, ; mincost morox pasmepa k+1, cmorpum na gexommnosunuio Af = fr, — fi.
|Af| = 1 = nexkommosunus = myTh p + HaOOp NMUKJIOB. Bee mukibl 1o 5.1.2 HeoTpunaTes bHbl =
W(fe +p) < W(fi,1) =, nobaBus, Kpardailliuil myTh MBI IIOJIyYUM PeIIeHHe He XyzKe fi, . [

Lm 5.1.4. Ecim tonkayTts cpasy 0 < o < mingey(c. — fe) HOTOKa 110 1IyTH P,
TO MOJIyYUM ONTUMAJIbHBIN TOTOK pasmepa | f| + .

Jlokasamenvcmeso. O6ozratdmM f* onTUMAIBHBL TOTOK pasmepa | f| 4 x, mocMOTpUM Ha JEKOMIIO3HU-
o f* — f, 3amernM, 9To BCe TyTH B Heilt nmeroT Bec > W (p), a nukist Bec = 0. [

Teopema 5.1.5. Ilycrs w, € ZN[1, W] = ymeem uckars mincost k-flow 3a O(WV E - FordBellman)

Joxasamenvcmeso. Ucnonbzyem ajropuT™, ToIKaomui minge,(c. — fe).
Taxxxe, Kak B Damonce-Kapiie, KaxKiblit pa3 Kakoe-To pedpo HACBITUTCS.

Kazxktoe pebpo naceirurcs ne 6osiee %Dm < @ pa3 = Bcero O(WV E) nyreit [ |
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5.2. Ilorennmanbel u eiikcTpa

Hnsa yckopenuda xotum Popga-bennvana 3amenuts na leitkeTpy.
st kKoppekTHOCTH JleKCTphI Hy2KHA HEOTPUIIATEIHbHOCTDH BECOB.
B nporiom cemecTpe MbI y2Ke CTAJKUBAJINCH ¢ TAKON 3a/1a4eil, Korjia u3ydaJn ajroputy /lzkomncomna.

e Pemrenne zagaum mincost k-flow.

Samnyctum omaun pa3 Popaa-bernvana us s, MoIyInM MacCuB pacCTOTHUN d,,, IPUMEHUM ITOTEHIIHAIbI
d, K Becam pedep:
Y e:a—b=w, — w.+d, —d
/
Hamomumm, uTo n3 KoppekTHOoCcTH d nMeeM Ve d, + we = dp = w, = 0.
.. [y (Y] ’
Bonee Toro: nys1 Bcex pébep e KpaTdallmx ImyTeil U3 s BepHO d, + w. = dp = w, = 0.

B G naiiném JleitkeTpoit n3 s KpaTdaimuil Iy Ts p M PACCTOANA d,.
[TycTtuMm 10 TIyTH p TOTOK, TOJIy9IUM HOBBIN TTOTOK f = f + p.
/ .o

B cern G, morym nostBUTHCSA HOBBIE DEOPa (obparhbie K p). OHU MOTYT ObITH OTPHUIIATEbHBIM.

[IepecunTaem Beca:
e:a— b= w, — w, +d, —d

ITockonbKy d' — paccrosuus, nocunrannele B Gy, Bce pébpa n3 Gy 0CTaHyTCs HEOTPUIATEIbHBIMU.

P — KpaTJdaiiimii myTh, Bce pédpa p CTaHyT HYJEBBIMH = pEéOpa oOpaTHbIE p TOXKe Oy/IyT HYJICBBHIMHU.

e IlceBnokon

def applyPotentials(d):
for e in Edges:
e.w = e.w + dle.a] - dle.b]
d <-- FordBellman(s)
applyPotentials (d)
for i = 1. .k:
d, path <-- Dijkstra(s)
for e in path: e.f += 1, e.rev.f -=1
applyPotentials (d)

5.3. 3agadym Ha mMincost MoTokK, mapocoveTaHust

Yrob6b! HallTH MapocovyeTaHnss min Beca, JOCTATOYHO MOCTPOUTH MOTOYHYIO CETh JIJIs MMOMCKA Tapo-
codeTaHUsl U paccTaBUTh Beca: () y pEdep, CMEKHBIX ¢ HCTOKOM,/CTOKOM W;; y PEOEP MKy JOJISMIL.
g moncka napocodeTaHnd max Beca, UIeM mincost IMOTOK Ha Becax —wj;.

Koppe%mHocmb: 6I/IGKHI/IH C COXpaHeHueM BeCa MeXKJ/y IIOTOKaMU U ITapOCOYE€TaHUAMMU.

Bpemsa pabomui ¢ Jetixempoti: VE + flow - V2= O(V?3).

5.4. I'padbl c oTpuriaTeIbHBIMUA MUKJIAMUI

Bamava: HaiiTi mincost MUPKYJISIINIO.

Aunropurm Kuteitna: noka 8 Gy ecTb OTpHIIATEIBLHBI IUKJI, IyCTHM 110 HeMy min, (c. — f) HOTOKa.
[Iycts Ve ce,we € Z = W (f) KaxK/Iplil pa3 yMeHBIAETCsT XOTs Obl HA 1 = aJIrOPUTM KOHEUYEH.
Bamaua: naiitu mincost k-flow B rpade ¢ orpunareIbHEIMI ITUKIAMUA.

Pentenne #1: nob6aButh pebpo e: t — s, c. =k, w, = —00, HAlTH MIncost MUPKYJIAINIO.
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Pentenne #2: naiitu mincost mupKyJsiuio, nepeiitu or fy 3a k urepanuii K fj.
Pemenne #3: maiitu moboit notok f: |f| =k, B G naiitu mincost MUPKyJIANUIO, CIOKUTS C f.

5.5. Mincost flow
Bapmaga: naiitu f: W(f) = min, pasmep f He BayKeH.
Ecnu B rpade ecth oTpuniaresibubie MUKIbI = BCE PABHO MPUJAETCS UCKATH MIncost MUPKyISIno =

Pemmenue #1: nobaButh pedpo e: t — s, ce = +00, W, = —00, HANTH Mincost MUPKYIAIHIO.
Wuadge MOXKHO TIBITATHCS CIIEIaTh JIydIie (IIpOoIre).

Pemenue #2: npitaemcsa yragath k JTUHEHHBIM WM OMHAPHBIM TTOUCKOM.

Ob6o3na4ymnM fj, — onTUMAJIBLHBIN HOTOK pa3Mepa k, py KpaTdaiimmit myTs B Gy, .

Lm 5.5.1. W(px) 7, xak dyukuus or k.

Jlokazamenbcmeo. AHAJIOMMIHO JIOKA3ATEIbCTBY JIEMMbI Jijid DiMoH/Ica-Kapna 2.8.1.

Ot npoTuBHOro. BBII OTOK f, MBI YBEJIMUUIIN €10 10 KpaTJdailieMy myTu p.

Paccroamna B Gy obosnaumm dy, B Gyyp — d.

Bosbmém v: dy[v] < dop[v], a u3 Tarknx GIHKANIIYIO K § B iepeBe KPATIaIIuX My Teil.

Paccmorpum Kpardaitimmii myTh ¢ B Gpip U3 S B U S~ « -+ ~> T — 0.

e=(v— ), d1[v] = di[z] + we, di[z] = dplx] = di[v] > do[z] + we = pebpa (x — v) wer B G§ =
pebpo (v — x) € p = do[x] = do[v] + we = dp[v] — we =

di[v] = di[z] + we = dolz] + we = (dy[v] — we) + we = do[v]. [IpoTEBOpEUnE. |

Caedecmesue 5.5.2. (W(fr) = min) < (W(pg—1) < 0OAW(pg) = 0).

Ocrajioch HailTH Takoe k OMHIIOMCKOM WJIW JIMHEHHBIM MOMCKOM. Ha TekyImuii MOMEHT MBI yMeeMm
uckarb fi, win 3a O(k - VE) ¢ uyns, wim 3a O(VE) u3 fp_1 = juHeitnblii nouck 6yaer 6picTpee.
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5.6. IlosmmHOMUAJILHBIE pEeHIeHUS

Mincost flow MBI MOykem OuHIIONCKOM cBecTr K mincost k-flow.

Mincost k-flow Mbr MozkeM morckoM JTIF0O0T0 TIOTOKa pasMepa k ¢BeCTH K mincost MupKyJIsiiiu.
Ocraoch HAYIUTHCs 3a MOJIMHOM HUCKATh MIiNcost MUpKYJIsIIIIO.

e Perienne #1: mojudunupyem anropurm Kieitra, 6ygeM Toskarh ming(c.— fe) MOTOKa 10 TUKITY
min cpejiHero Beca. 3ameTnM, 4To (3 oTpUnATEBHbINA 1UKI) <> (min cpeauuii Bec < 0).

Pemmenne padoraer 3a O(V E'log(nC')) mouckos rukia. Luki umercs anropurvom Kapra za O(V E).
Jokazano OyjeT Ha IIpaKTHUKE.

e Pemnenue #2: Capacity Scaling.

Hauném ¢ rpada ¢, = 0, B HEM mincost UpKy/IAI#s TPHBAAIBHA.
Bynem nonemHOry Hapam@BaTh ¢, U MOJJIEPXKUBATEH Mincost MupKyIAnmo. B nrore xotnMm ¢, = ..

for k = logU..0:

for e in Edges:

if c. comepxur 6ur 2F:
c += 2% // e: pebpo us a. B b.¢

HaifiméM p - KpaTyalimmii oyTb a. — b
if W(p)+we =0:

HET OTPHUIATENbHHX IWKIOB = IUPKYIAUs [ ONTHUMaibHA
else:

nyctum 2F moroka mo mukny p+ e (usmemmm f)

IlepecyunuTaeM IOTEHIMANb, HCIONb3ys PAaCCTOSHUA, HalifeHHHe [leHKCTpoi

Bpewms paborsr anropurma F log U samnyckos eitkerpot = E(FE + Vlog V) logU.
Lm 5.6.1. [locse 9-it crpoku nupkysisanust f CHOBa MUHUMAJIbHA.

Jloxazameavcmeo. f — MuHUMATbHAS UPKYJIsnus 10 4-it crpoku, f' — mocie.

Kaxk o6brano, pacemorpuM [ — f. 910 Toxke nupky.siius. JlekoMmosupyeMm eé Ha e JMHUIHbIE [IKJIbI.
JT1060it KT TIPOXOIAT [Wepes e (nHade f He onTHMaTbHa). Yepes e mpoxomut He Gosee 28 muk/IoB.
Kask/Iplit U3 5TUX IUKJIOB UMeeT Bec He Menblie Beca p + e = W(f') = W (f + 28(p + ¢)). |

5.7. (x) Cost Scaling

3adaua, xomopyro pewaem: mincost circulation.

e Permmenue

Basa: f =0, ecin B G HeT oTpunaTesIbHBIX pédep, TO f ONTHMAaJICH.

Obwasn udea: nayamMmced Jenars mar Ve € Gy we > —2¢ — Ve € Gy w, > —¢.

Korma ocranoBurbesi? Ecimm ncxomgapie cq, we € Z, fo € Zu e < %, TO Bec JIIOOOTO IuKJIa > —1 = us
[IEJIOYNCIEHHOCTH IOy 9aeM OINTHMAIBHOCTD IIOTOKA.

Kak uzbaBurhcs ot orpunarenbubix pédbep? Hacbirum ux. Ilosmyunm m30bITKU-HETOCTATKH, HEpe-
HAIPABUM M30BITKU B HEJIOCTATKH, pa3pelasl TOJKATH MOTOK TOJBKO MO OTPUIATETHLHBIM PEOPaM.
N36B1TOK €cTh, a NCXo/IsIue OTpUlaTeIbHbIX péoep Her? [loAroHnM moTeHIHAIbI U IOy IMM HOBOE
OTPHUIIATETHHOE.

= CX€eMa penieHust AJjid LEebIX Ce, We:
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// push : IoMeHATH HOTOKW pé&bpa M 06paTHOTO, IepecuuTaThb u3bHTKU X [V]
for e do w, *= n+l1
for (int EPS = max|w.|; EPS >= 1; EPS /= 2)
for e do if w, < O then push(e, c, - f¢)
while d v : x[v] > 0 do
for e : v - u do if push(e, min(x[v], ce-£f.))
if x[v] > 0 then uTo-TO cHemaeM c HOTeHIMAalaMH, CM. Jajiee

Va,b w? = w, + p, — pp = HaAEM €: v — u, w? = min > 0 u yMeHbIINM D, HA WP + €.
Bec Bxoggmux B v pédbep yBEJIMIUIICH, BEC UCXOSIINX > —E, HOBBIN Bec pedpa e paBeH —&.

ECHI/I [IoTeHnuaJbl 31eCb BOCIIpDUHHMATL, KaK <«BBICOTbBI» C IIaroB —&, MbI II0 CYTH Ka2KIYIO (basy
—2¢ — —e 3amnyckaeMm TexHuky push-relabel. Bee onenku st push-relabel 6yyT Bepubi. [Iis Toro,
YTOOBI TIOKA3aTh, YTO KaK U «yBEJIUIEHUIN BBICOT», TAK U «YBEJIUIEHHI TOTEHITUAIOBY MAJIO, 3aMETHM,
YTO JJIsT BCEX BEPIIUH y KOTOPBIX M30BITOK BCE eIIE IMOJIOKHUTEeIeH 3 myTh 1o pébpam c.—f. >0 B
BEPIIUHY ¢ OTPHUIATEIbHBIM NU30BITKOM, JIJIs KOTOPOil Ha TeKyIeil da3e MOTEHIHAJ eIl He MEeHSLICH.

Bpemsa pabomur Ha npaxmuke. IKCIEPUMEHT MOKA3BIBAET, UTO HA HE CIIENUAIbHBIX TECTaX IPOCTel-
mast peasmsanug (KoJ Boie) Ha rpadax pasmepa n = 100, m = 1000 maér yxe < 3m maros Ha
dazy. B kojie BbIe MBI jIeJIUM Ha (v = 2, MOXKHO IIPOOOBATh U JIpyI'He 3HAYEHUSI.

B zamagax assignment m mincost ¢ KOHTecTa ONTUMAJBHO o = 3.

Iouck mincost nomoka. AropuT™ BbIIIe UIIET UPKYAAIIIO. JlobaBum pedpo e: t — § ¢ Hy>KHbBIMUI
We, Ce B 3aBHCHMOCTH OT 3aja4n (mincost flow, mincost maxflow, mincost k-flow).

Iouck mincost napocovemanus 6 dsydosvrom epage. MoxHO 100aBUTH pebpo e: t — S, ¢ = N,
we = —maxW-(n+1)-n u B 9BHOM BUJIe UCTIOJIL30BATH KOJI BbIle. MOXKHO, MOJIb3ysICh crieluduIHOR
CTPYKTYpOii rpada, moryanTh 6ojiee OBICTPLI aIrOpUTM (CM. CTATHIO M KOJI HUXKE).

Kpamxoe onucanue ¢asv, dan napocowemanus 6 deydosvrom epage. Kyn. Jlas Beprmma BTOPOit j10-
JIN XpaHUM Hapbl B 1epBoii. [IbitaeMes uaTn B MUHUMa/IbHYIO. Ecam Tam yKe 3aHATO, BCE PABHO
UJIEM, BBITECHSIEM BEPIIHHY-CTAPYIO-TIAPY, I KOTOPOIl IPEICTOUT IPOJOJIKUTH ITOUCK, U MEHSEeM
[IOTEHINAJI BEPIIUHLI IIEPBOM T0JIM Ha «PA3HUILy BTOPOIO U IEPBONO MUHUMYMAay —+¢.

[Lection: Cost scaling (part 1)]

[Lection: Cost scaling (part 2, end of proof)]
[[lpakTudecku OHCTpHE AITOPUTMB I 3aha4Yd O HA3HAYEHUX]
[Kom mapocoueTanuss depes mincost-scaling]

[Kom moToka depe3 mincost-scaling]
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Jlekius #6: ba3zoBble aJaropuTmMbl Ha CTPOKaX
18 oxTsiOps 2022

6.1. OGo3HaveHus, onpeaeIeHus!

s, t — cTpoKw, |$| — jymHA CTPOKM, S — TEepeBEpHyTas S,
s[l:r) u s[1l:r] — mogcTpoxw,

s[0:1) — npedukc, s[i:|sl-1] = s[i:] — cyddukc.
Y. — asndasur, |X| — pasmep andasura.

ToBopsrt, uro s — nojcrpoka t, ecam 31, 1: s = t[l:r).

6.2. Ilonck moJacTpokm B CTPOKe

Hanbl Teket ¢t u crpoka s. Emié unorma roopar «cmpoka (string) t u obpasey, (pattern) s».
Bxoxnenumem s B t Ha30oBEM mosunuio ¢: s = t[i:i+[s|).
Bosmozkub! pasingnabie hOpMyJINPOBKHA 3aa91 IOMCKA, IIOJCTPOKH B CTPOKE:

(a) IIpoBepurb, ecThb it XOTA OBI OJHO BXOXKJEHHE S B t.

(b) Haijitu KoM9IecTBO BXOXK/ICHUI S B t.

(c) Haiitn nosurumio 06010 BXOXKJIEHUS S B T, WM BEPHYTH — 1, €CJIM TaKUX HeT.
(d) BepHyTb MHOXKeCTBa BCEX BXOXKJIECHUII S B t.

6.2.1. C++

B sasbike C++ y cTpok THIa string ectsb crangaprabiii Meros find. Paboraer 3a O(|s| - |t]), BosBpa-
MAeT IeJI0€ YUCI0 — HOMEp MO3UIUK B MCXOJHOI CTPOKe, HaYMHAs ¢ KOTOPOIO HAUYMHAETCS IIE€PBOE
BXOZK/JIEHUE IIOJICTPOKN UM string: :npos.

Qyurnys n3 <cstring> strstr(t, s) wmmer s Bt. Paboraer 3a munuio B Unix, 3a kBajipaT B Windows.
B oboux ciayuasix KBaJpar uMeerT 0YeHb MaJIeHbKYt0 KoHcTaHTy (AVX-perucrpsi).

Bce BXO2K/IeHud MOXKHO IIepeYNC/JINTb TaKUM ITUKJIOM:

for (size_t pos = t.find(s); pos != string::npos; pos = st.find(s, pos + 1))
5 // POS -- NIO3WNVA BXOXIEHUSA

NJIN TaKNM

for (char #*p = t; (p = strstr(p, s)) != 0; p++)
; // p -- ykasaTesnb Ha IO3WIWD BXOXIEHUS B t

6.2.2. lIpedukc dynkus u aaroputm KMII

Def 6.2.1. my(s) — dauna max cobemesennozo npedurca s, cosnadarousezo ¢ cyddurcom s.
Def 6.2.2. IIpedurc-dpymryusn cmporu s — maccus 7(s): w(s)[i] = mo(s[0:4)).
Korjia u3 KoHTeKCTa TIOHITHO, O TpedbUKC-PYHKINE KAKOH CTPOKU UJIET pedb, MUIILYT IPOCTO 7 |[i].

e Aaroputm Kuyra-Mopuca-IIparra.

[IycTs ‘#° — y1r000it CUMBOJI, KOTOPBIit He BeTpedaeTcs HU B ¢, HU B §. CO3/1a/IuM HOBYIO CTPOKY W = s#t
u Haiinem eé npedukc-bynknuio. Biaarogapst cuvoaty ‘#° Vi m(w)[i] < |s|. Takue i, aro m(w)[i] = |s],
3a/IAI0T MO3UIMK OKOHYAHNS BXOXKJICHUN § B w = (j = i — 2|s| — 1) — Hagaso BXOXKIeHUSA S B t.
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e Borunciienue npedukc-pyskmun 3a O(n).

Bee npedukcent pasubie cyddurcam s crpoku s[0:1) sro X = {i, w[i], w[n[i]], w[x[x[i]]], ... }
@
5 —= 7
s |la b la b clablabla b la
i1 |2 3 4 16 17 |18 (19 (20 21 22 |23
m[l:)o o 1 |2 8 9 |10 |11 |12 13 14 |15

[Tpumep (cM. KapTUHKY BbIIIe): Jist Beeil crpoku s uveem X = {23,15,7,5,3,1}.

Bamernwm, aro win w[i+1] = 0, win 7[i+1] moaygaercs, kak © + 1 st HekoToporo x € X.
Bynem nepedbupath x € X B nopsijike yObIBAHUS, TOJIYIaeTCAd CJICTYIONTUN KOJT;:

plil = 0, n = |s|

for (i = 2; i <= n; i++)
int k = p[i - 1];
while (k > 0 && s[k] !'= s[i - 11)
k = pl[k];
if (s[k] == s[i - 1])
k++;
plil = k;

SaMeTnm, 9TO ¢ yIETOM IMOCTeHeH CTPOKH MUKJIa TepBasi He HyKHA, MOJIYIaeM:

pli]l =k = 0, n = |s|
for (i = 2; i <= n; i++)
while (k > 0 && s[k] !'= s[i - 11)
k = pl[k];
if (s[k] == s[i - 1])
k++;
plil = k;

Brerancienne npeduke dbyuakimn padoraer 3a O(n), Tak Kak k yBeIumduTcsa < n pa3 =
cyMMapHOe YHCJIO IaroB IukJia while e 6ostee n.

Cobersenno KMIT pa6oraer 3a O(|s| + [t|) u tpebyer O(|s| + |t|) mononuurebroit namsaTy.
Ynpaotcnenue: npugymaiite, Kak yMEHbIIATH KomrdecTBo fgormamsru 10 O(]s|).

6.2.3. LCP

Def 6.2.3. 1cp[2, 5] (largest common prefix) das cmporu s —
dauna nauborvwezo obuyezo npepurca cypgdurcos sli:] u slj:].

1+1cpli+l,j+1]1  s[i] = s[j]

Boruncmats Maccus 1cp Moo 3a O(n?), Tak kak lcpli,jl = {0
nHaYe

AHaJIOrMYHO MOZKHO OIIpeaeJIMTh U BBIYHUCJ/INTH MaCCUB 1Cp JJIA ABYX Pa3HbIX CTPOK.
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6.2.4. Z-dyHKIiiusa
Def 6.2.4. Z-¢pynruua — maccus z maxot, wmo z[0] = 0,Vi>0 z[i] = lep[0,].

J171s1 momcKa HMOJACTPOKHU CHOBa BBeJeM w = s#t 1 nocuuraeM Z(w).
Haiinem Bee nosuiun i: Z(w)i] = |s|. DTo mosunum Beex BXOXKIEHUI CTPOKH S B CTPOKY t.
OcTayoch HAYIUTBCS BBIYUCAATE Z-(DYHKIUIO 38 JIMHEHHOE BPEMSI.

z[0] = 0;
for (i = 1; i < n; i++)
int k = 0;
while (s[i + k] == s[k]) // sln] == ’\x0’ = HeT BmxOZa 3a Ipexeis!
k++;
z[i] = k;

[Ipusesennsiit agroputym pabotaer 3a O(n?). Ha crpoke aaa. . .a onenka n? jocruraercs.
K/TI090M K YCKOPEHHIO ABJISETCS CIIeIyIOMAas JTeMMa;

Lm 6.2.5. VI <i <[+ z[l] =r numeem s[0:2[1]) = s[1:r) mws[i-1:2[1]) = s[i:r).

CrencrBue slemMbl: z[i| > min(r — 4, z[i — []). Jloruwro B3t [: r = [ + z[l] = max.
Hemuoro mofmdunupyem Koj, 9To0bI oIy InTh acuMiatotuky O(n).

z[0] =0, 1 =1 = 0;

for (i 1; i < n; i++)
int k¥ = max(0, min(r - i, z[i - 11))
while (s[i + k] == sl[k])
k++
z[i] = k
if (i + z[i] > r) 1 =i, r = 1 + z[i]

Teopema 6.2.6. IIpuBesennsiii Boime aaroput™ paboraer 3a O(n).

Joxazameavemeo. k++ = r++, a r MOXKeET yBEJIMIUBATHCA < 1 Pas. [ |

6.3. IlosimHOMUMAJILHBIE XEIU CTPOK

OcHOBHasI Ujies ITON CEKIMN — HAYIUThCA ¢ npenoacaéroM 3a O(cyMMapHOil JJIMHBI CTPOK) BEpO-
SITHOCTHO CPABHUBATH HA PABEHCTBO JIIOObIe uxX mojacTpoku 3a O(1).

Hanpumep, MBI y2Ke yMeeM cauTaTh dacTiuaubie cyMMbl 3a O(1) = moxkem 3a O(1) npoBepuTh, paBHbI
JII CyMMBI CUMBOJIOB B IIOJICTPOKaX. Ecm He paBHBI = CTPOKHM TOYHO HE PABHBL...

Def 6.3.1. Xew-¢pynruyua obsexmos us mu-6a A 6 duanaszon [0,m) — amobas gynkyus A — Z/mZ.

Hanpumep, cymma CHUMBOJIOB CTPOKH, MMOCUYUTAHHAS 10 MOAYIIO 256 — mnpumep Xel-pyKHIIUA U3
MHOXKECTBa CTPOK B juariazon [0, 256). 3ajada — npuyMars 6oJiee yIaqHyo Xell-(hyHKITHO.

Bauem HyKHBI Xermn (xen-gyHkinnu)? Yrobbl cpaBHIBATH OOBEKTHI Ha PABEHCTBO.

Xemn He COBHAIM = O0bEKThI TOYHO HE COBIIAJIM.

Xeru coBIagm = ¢ HEKOTOPOH BEPOSITHOCTHIO OOBEKTHI BCE PABHO Pa3InvaroTcs (KOJUIM3HUs Xellei)
U Y HaC €CTh BBIOOP —- MJIM OCTATOHOBHUTLC 1 MOJIydnTh RP ajropuTwm, nim mocjie paBeHCTBa, Xellei
CPaBHUTH CaMU OOBEKTHI U 1ojy4unTh ZPP aaropurwm.
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e ITonmmHOMUaNbHAA Xeln-QyHKIUA

Def 6.3.2. ITycmv s = $051. . .Sp—1 = hypm(s) = (sop" '+ s1p" 2+ -+ + 5,-1) mod m
hypm($) — MOMMHOMUAIIBLHBII X [Tt CTPOKU § HOCIUTAHHBI B TOUKE P 110 MOJLYJIIO 1.

[To cyru MbI B3sJIi MHOTOYIEH (HOJMHOM) ¢ KOI(DMUIMEHTAMI «CUMBOJIBI CTPOKU» U MOCUUTAN
ero 3HadeHue B TOUKe p 110 MOAyio m. Moxkno 6b110 ObI Onpenenurs hy,m,(s) = > . s;p', HO IpH
peasm3any HaM OyJIeT yI00eH MOPAI0K cyMMupoBanud u3 6.3.2.

int *h;
void initialize(int n, charx*x s) {

h = new int[n + 1]; // h[i] -- xem mpedurca s[0:1)

h[0] = 0; // xem myctoi#i cTporu meiicTBuTenbHO (...

for (int i = 0; i < n; i++)

hli + 1] = ((int64_t)h[i]l * p + s[il) % m; // 0<m <23

}
int getHash(int 1, int r, charx s) { // [1,r)

// deglr - 1] = p”’l, HUKOTJAa He IWINTe 3hech JjumEui if

T res = (hlr] - (int64_t)h[1] * deglr - 1]) 7% m;

return res < 0 ? res + m : res; // OCTAaTOK MOT OHTb OTPUIATEJIHHEM
}

Y100bI BEPOATHOCTD KOJIIN3UU ObLIa MaJja HYKHO:
m — HPOCTOe DOJIBIIOE TUC/IO.
p — 3apanee (PUKCUPOBAHHOE CJIyJaflHOE TUCJIO.

CraHgapTHBIE OIINOKU:

(a) CuMmBOJIBI CTPOKH JOJKHBI ObITH >0, mHade hash(00) = hash(0).

(b) Iepenonnenns! Hanpumep, npu nogcuére pk.

(c) Ocrarok mowxer GbITh oTputatebubivu: (h,. — hyp™™) mod m

(d) £1 Bo Beex dopmynax. B koje Bbime nosyunTepBad [, r), WHIEKCAIUS ¢ HYJIS.

Ecam BB XOTUTE Jles1aTh BBIUNCJCHUSA 110 Gojee Gombimomy momymmio ~10'8, y Bac aBa myTnm — wmim
cumTaTh JBa Xema 1o asyM Moayaam 107 + 7, 10° + 9, wim ucnonn3osaTs THI __int128.

Emgé ectb BapuaHT — cUuTATh 110 MOayso 252 wmm 204,
TOTJIa MOXKHO Be3Jie I1caTh TUIl uint_32/uint_64, u He Je/aTh JUIIHAX B3ATh 110 MOJLYJIIO.
Koncranra craner MeHbIle, a BOT paboTarh Oyjer He Beeria (HuzKe MOoIpoOHO pasbepémcst).

Def 6.3.3. Koanususa xewet — cumyayua 6uda s # t, hym(s) = hy ().

3aiiMéMca TOYHBIMUI OIlCHKaMM 9YTb II032Ke, IIOKa IIPEAIIOJIO2KUM, 9ITO A IIpocToro m, €cjam Mbl BbI-

6upaeM p paBHOBEPOSTHO B [0, M), BEPOSATHOCTb KOJUTM3UK IIPU OJTHOM CDABHEHUU DABHA %

U3 ymenus cpaBHEBATH cTpoKH Ha paBeHcTBO 33 (1) citeyer aJropuTM MOUCKA CTPOKU B TEKCTE:
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6.3.1. Aaropntm Padbmna-Kaprma

MozKHO UCKATB S B t, IPEANOICINTAB TOJMHOMUAJBHBIE XEIIN JIJIs ¢ U JJIs KazKJ0r0 MOTEHIUAIbHOTO
BXOXKJIeHUs [1,i+|s|) cpaBuuTh 3a O(1) xern nojcrpoku t[i, i+|s|) ¢ xerom s.

Eciu xermm coBmasm, To BO3MOXKHO J[Ba PA3BUTHsA COOBITHIT: MBI MOXKEM

W [IPOBEPHUTD 32 JINHUIO PABEHCTBO CTPOK, WJIH, HE IPOBEPsis, BBIIATH BXOXKICHHE 1.

s 33191 OMCKaA OJTHOTO BXOXKJIEHUS B IIEPBOM CJlydae MbI 1oTy4umin RP, Bo Bropom ZPP.
Ha npakTuke BCIOIB3YIOT 00a II0/X0/1A.
JList 3a/1a91 MIOUCKA BCEX BXOXKJICHUI MTPOBEPATH KaXKJI0€ BXOXKJICHUE 38 JTUHUIO — CJIUIITKOM JIOJITO.

e OnITMMU3UpPYEM MAMSITh.

[IpenmymiecrBo Pabuna-Kapra wan m-dyuknueit u Z-dyuknueit — peammzanus ¢ O(1) gonmamsrn.
O6oznaunum n = |s| u ht; = hy,,(t]i : i +n)). locauraem hy, (), hto u p™.

Ocraiock, 3uas ht;, Hayaurbes cantatb ht; 1 = ht; - p —t; - p"* + tiin.

6.3.2. Haubosbiitas obiias mojctpoka 3a O(nlogn)

Bamada: jaHbl CTPOKU S U t, HATH w: w — TMOJACTPOKA S, MOJCTPOKa ¢, |w| — max.
3aMeTuM, 4TO ecyin w — O0Ias MOJACTPOKA S U t, TO JiIoOoit e€ npeduKe ToxKe =

dbyukuus f(k) = «ectb s y s u ¢ 0bIas MOJCTPOKA JJIMHBL k» — MOHOTOHHBIN IIpeJnKaT =
maxcnmMasbroe k: f(k) = 1 moxuo naiitu 6unnonckom (O(log min(|s|, [t|) ureparuit).

Ocrasoch st dukcupoBannoro k 3a O(|s| + |t|) npoBeputh, ectb s y s u ¢t obmasi MOICTPOKA
mmabl k. ClIoXKuUM Xelu BCeX MOJCTPOK s JUinHbL k B xemr-tadsuity. Jlis Kaxkoit mojacTpoku ¢
JIJINHBI k 1IouImeM e€ Xeln B xernr-tad ure. Ecin Hamm copnajenne, kak u B Pabune-Kapire ectsb j1Ba
IIyTH — MPOBEPUTH 3a JIMHUIO WU Cpaldy MOBEPUTH B coBnaenne. Oba mMeTo1a paboTaror.

6.3.3. OneHKn BepoOsiTHOCTEM

e MHoOro4/eHsl
ITycTs m — mpocToe 4ucio.
Lm 6.3.4. Yucsio KopHeii MHOTOUJIeHA cTerieHn n HaJ Z/mZ He GoJee n.

Lm 6.3.5. Ilycts ¢ € Z/mZ = Pr[P(t) = 0] = 1, rne P — cayvaiinbiii MHOrOMICH.
Lm 6.3.6. Maroxxuanue 4dmciia KOpHeil ciiydaiiHOro MHOrod/IeHa crerenu n Haj Z/mZ pasuo 1.

[TepByIo JieMMy BbI 3HAeTe U3 Kypca ajaredpol,
TPeThsl Cpasdy CJejyer u3 BTopoii (m MOTEeHINAIbHBIX KOPHEl, KazKIblil ¢ BEPOITHOCTBIO 1/m),
BTOpast MoJydaercst u3 Toro, uro P(x) = Q(x)(x —t)+r: y cayvaiinoro P(x) Bce r paBHOBEPOSITHBI.

Hawm Bakna IIPOCTOTa MOAYJIA T, JIJId HEIIPOCTOI'O OICHKMW HEBEPHDLI.

Hanpmvep, y muorowtena % nmpu m = 254 mo6oe uéTnoe 4mcsno aBigeTcs KOpHEM.

e CBa3b cO CTPOKaMH

hypm(S) = S(p) mod m, rme S — u crpoka, u MHOTOWIEH ¢ Kodddunuenramn S;.
Torna hy(S) = hpm(T) < (S —T)(p) = 0 mod m.
Bamnuiem HeCKOJILKO CJICACTBUAN U3 JIEMM IIPO MHOTOUJICHDI.

Caedecmesue 6.3.7. V mapbl (p, m) BEpOSATHOCTb COBIIAJICHIS XeIIel CIIyIailHbIX CTPOK S ¥t — %

Jlokasamenvcmso. PasHocTh MHOTOWIEHOB S 1 ¢ — cirydaitablii MHOrouteH (s — t). lamnee 6.3.5. W
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Caedcmeue 6.3.8. Vm, Vs, t Pry[hym(s) = hym(t)] < w
[To-pyccku: Jlanbl GUKCHPOBAHHBIE CTPOKH, BBIOHpAEM CIydaiiHoe p, OleHuBaeM Pr KOJUIM3u.

Jlokasamenvcmso. Tlogcrasum mMuorousen (s — t) B jgemmy 6.3.4. |
Terteps nycTh cpaBHEHUIT CTPOK OBLIO MHOTO.

Teopema 6.3.9. IlycTb jaH0 MHOXKECTBO CJyYaWHBIX Pa3/UYIHbIX CTPOK, U CliejlaHO k cpaBHEHUit
k

m’

(p, m) xerreil KAKIX-TO W3 9TUX CTPOK = BEPOSTHOCTH CYIIECTBOBAHUSI KOJIIU3UU He Goree

Jloxazamenvcmeo. Pr|kosumsnu| < Flkommsuii] = k - Pr{koumisun npu 1 cpasuenun] = k/m. W

Teopema 6.3.10. Ilycrh JaHO MHOXKECTBO IMTPOU3BOJBHBIX Pa3UYHBIX CTPOK JJIUHBI < 7,
BBIOpAHO cJiydaiiHoe p u cjesano k cpaBHeHuii (p, m) xereii KAKMX-TO U3 3TUX CTPOK =
BEPOATHOCTH CYNIECTBOBAHUS KOJJJIU3UN < ”—nf

Joxazamesvemeo. CymMmapHOe UNCIO KOPHEH y kK MHOTOYWIEHOB cTenieHn < 1 He OoJtee nk. [ |

Sameuanue 6.3.11. Ha camom meste ornenka %"’ u3 6.3.10 He jocturaercs. B mpakTrndyecknx paccaérax

MOXKHO CMeJIO II0JIb30BaThCs OIEHKOI % n3 6.3.9.

6.3.4. Yucsio pa3jMYHBIX IOJCTPOK (HA IMPAKTUKeE)

PaCCMOTpI/IM JiBa pelIeHud, OeHuM X BEPOATHOCTU oInbOoK.

Perenne #1: CI0KuTh Xemn Beex in(n — 1) NOACTPOK B Xem-TaluuiLy.
Pertenne #2: OTJEIBHO peliaeM JJId KarKJION JJIMHBI, BHYTPH CJIOXKUM Xelld BCeX < N MOJICTPOK B
Xenr-rabJImILy, MTPOCyMMUPYEM Pa3Mephl Xel-TabJIwil.

B nepBoMm ciyuae, y Hac HeIBHO IIPOUCXOIUT ~% nt /8 cpaBHEHWUIl MOJICTPOK = BEPOATHOCTH HAJIMIUS

4
8
KOJUTA3UHN R % = npu n = 1000 HaM TOYHO He XBATUT 32-OMTHOIO MOJLYJIA,

upn n = 10000 aas m ~ 10'® BeposTHOCTD KOMIMM3MA A i

Bo Bropowm ciyuae & Y i?/2 ~ n?®/6 cpaBHeHuil MOJCTPOK = BEPOSATHOCTH HAIMUMS KOJLIUZUK
3
6
~ % = npu n = 10000 mg m ~ 10*® BepoaTHOCTDL KOIHU3HN ~

i=1..n

1
6-106 *
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6.3.5. Crpoka Tysa-Mopca
[locTt Ha codeforces B Temy]

Ceitgac MbI TOCTPONM KOJLTH3MIO (TIApy CTPOK) JTA TIoJIMHOMHUAIbHOTO Xerma, (p, m = 28). Vp, k.

Def 6.3.12. Onpedeaum cmpoxy Tys — Mopca. Cravanra 66edém cmpoxu S;:

[ ] SO :O
L4 Sl =01
[ J SQ = 0110

Sy = Spn_1Sn_1 (T — ompuuarue x)

Kaotcdan cmpoxa asasemcs npephurcom 6cex nocAeoyouur.
Obosnavum t = So = lim; 0 S;. Soo € {0, 1}N. S U ecmv cmpoka Tyas — Mopca.

e ITocTpoenne (gBa criocoba)

1. CTpouM PeKypCHBHO II0 OIIPE/IETIEHUIO.
2. s[i] = __builtin_popcount (i) mod 2 (KOJIMYIECTBO €JIMHUIHBIX OUTOB B JBOWTHON 3aINCH 1)
Bropoii criocob mokaseiBaeTcs mo uHAYKINANA S — Ski1-

e Konnuzusa

O6osnaunm H (s) = hash(s). [lna gocrarouno Gombmoro i: H(S;) = H(S;) < H(S;) — H(S;) = 0.
HokazkeM 1o uaaykiun, ato H(S;) — H(S;) = (p—1)(p* —1)...(p*  —1):

Sn = Sn-1Sn-1, Sy = Sp—1Su-1 |Sul = 2" Tyers f(n) = H(S,) — H(S,) = f(n) = (H(Su-1) -
H(S,-0) -9 4+ (H(Sym) = H(Sp)) = fn=D)(p*" = 1) = (p-1)(p" = 1)... (0" —1).
Benomuum, uro m = 28, Korna f(n) samymurcs?

Ecmu p uérno, To mpu i > k mmeem p' = 0 = 719 BCeX CTPOK JJIMHBI >k TPUBHAILHO CTPOUTCH.
Eciu p euérno, 10 3ametM, 4to p* —1 = (p+1)(p—1)(p2—1)(p*=1) ... (p* ' —1) = comepxur xors

Obl i+1 udTHBIX comHoxuTeNelt = f(n) 1 2123 TFn  Jocratouno, urober f(n) ! 2k
142434+ +n>ks in(ntl) >k <n> V2k.

Wroro momyumma, o mpu n >/ 2k seerna H(S,) = H(S,) = ecTb KOMIM3HAA /T CTPOK J/THHDT 9V2k,
[Ipmvep m = 254 k = 64 namna VI8 L 98 — 256.
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6.4. Agroputm Boitepa-Mypa

Jlanwr TekeT t U maboH s. Tpedyercs HAWTH XOTs ObI OJIHO BXOXKJIEHUE § B T WJIM CKa3aTh, YTO UX
" t
Her. BM — asiropurwm, perraiomuii 9Ty 3a/1ady 3a BpeMs O(%) B cpexaem u O(|t| - |s|) B xyamem.

e HanuBHaga Bepcud ajiropumrma

for (p = 0; p <= |tl| - Isl; p++)
for (k = Is|l - 1; k >= 0; k--)
if (tlp + k] != s[k])
break;
if (k < 0)

return 1;

To €CTb, MBI IIPpUKJIa/JAbIBaCM mabJIoH S KO BCEM IIO3UI M AM t, CpaBHHUBa€M CHMBOJIBI C KOHIIA.

o OnruMu3aun

Kaxknprit paz Mbl ciBuraem madsion Ha 1 BIpaso.
CaBuneMm Jrydlre cpa3y Tak, 4ToObl HECOBIABIIHUI cUMBOJI TeKcTa t [p+k] coBas ¢ KAaKMM-JIn00 CUM-
BOJIOM I1A0JIOHA. DTa ONTUMU3AINS HA3BIBAETCS «IIPABUJIOM ILJIOXOTO CUMBOJIAY.

for (i = 0; i < |Is|; i++)
pos[s[i]] . push_back(i); // mus Kaxmoro CHMBOJIA CIWCOK IO3ULUN
for (p = 0; p <= Itl - Isl; p += dp)
for (k = |sl| - 1; k >= 0; k--)
if (tlp + k] '= s[k])
break;
if (k < 0)

return 1
auto &v = pos[tlp + k]]; // HyxHO B v HaliTW HOCIENHWN 3JIEMEHT MeHbumi k
for (i = v.size() - 1; i >= 0 && v[i] >= k; i--)

dp = (k - (i < 0 ? -1 : v[il)); // cmBuraeM Tak, urobn BMecTo s[k] oxasamca s[v[i]]

Bropas onruMuzariys «irpaBusio Xoporiero cyddukrcay — UCHOJIB30BaATh NH(MOPMAIHIIO, 9TO cydhdUKC
u = s[k+1:] yxke coBmas ¢ TEKCTOM => HYKHO CIABHHYTH S JIO CJIEJYIONIEr0 BXOXKJeHWUs u. TyT
HaM ToMoxKeT Z-dyHKims or S: |u| = |s|—k—1, mbr umem shift[|ul]l = minj: z(3)[j] = |ul|, n
cauraeM Ha j. Ha camom jieie MbI jlazke 3HAEM, UTO CJICIYIOIIANA CUMBOJI HE COBIIAJAET, TOITOMY
umeM min j: 2(3)[j] = |ul.

z <-- z_function(reverse(s))
for (j = Isl - 1; j >= 0; j--)
shift[z[j]l] = r;

B urore anropurm Boitepa-Mypa casuraer mabion Ha max(x,y), rae = dp,y = shift[|s|-k-1]).
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Bpems u namsth, Tpebyembie Ha npenogacaér — O(|s|). Tpeanoacuér 3aBucuT TOJIbKO OT S.

IIpumep BbImOTHEeHUs1 Boiiepa-Mypa:

t = <«abcabcabbababas, s = <«babas

alb|lclalb|lc|lal|b|blala bla|b]a
bla|b|a Xx=3,y=2
bla|b|a Xx=3,y=2
bla|b|a x=1y=2
bla|b x=1y =2
b b|a x=1y=2

bla|b|a]ok

AJIropuT™M MOXKHO IIPOIOJIKUTH MOJAMMDUIIMPOBATEL, HAIIPUMED MCKATh min j :
1ocJjIe CJIBUTa Ha J, COBHAJAJIYT C MIA0JIOHOM BCE YK€ OTKPBIThIE CUMBOJIBI B .
Torya B mepBoM ke I1are mpuMepa CJIBHUI OyJjieT Ha 4 BMECTO TPEX.

TON IIpUMED: S = aa...a B CTPOKe t == bb . b TOI" a KaxK bIiA a3 MbI CpaBHUBaeM JIUIIIHb OJWH
Hpy pumep : , p yif JIBIiE P p 3}

n
CHMBOJI, & CJIBUTaeMcsl Ha 1 mo3uiwit = Bpemst O(|m|/|n|).

m
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Jlekmusa #7: CyddpukcHbIii MaccuB
7 HOs1Opst 2022

Def 7.0.1. Cyddurcruti maccus s — omcopmuposartwiii Maccus cyddurcos s.
Cyddukcer coprupyeMm B JeKcuKorpahuaeckom mopsake. Kaxkaprit cyddruKe ogHOZHATHO 3a1aeTCst
O3WIMel HAavYa a B § = Ha BBIXOJIE MbI XOTHM TOJIy9IUTh ITepecTaHoBKy [nces1 ot 0 1o n—1.

e TpuBnasbHOe pemreHue: std::sort orpaboraer 3a O(nlogn) onepanmii ‘<’ = 3a O(n?logn).

7.1. Tlocrpoenue 3a O(nlog”n) xemammu

Mp1 y2Ke ymMeeM CpaBHUBATDH XelllaMHU CTPOKH Ha PABEHCTBO, HAYUYMMCH CPABHUBATH UX Ha “>/<”.
Bunnounckom 3a O(log(min(|s|, |t|))) npoBepok Ha paBencTBO HailaéMm = = lep(s,t).
Teneps less(s,t) = (s[z] < t[z]). Kcratu, B C/C++ mocsie crpokn Beerja UIAST CUMBOJ ¢ KOJIOM 0.

[Mosyunsum oneparop Menbiie, paboratormmuii 3a O(logn) u tpebyromuit O(n) npemnoacyuéra.
Uroro: cyddmaccus 3a O(n + (nlogn) -logn) = O(nlog?n).
HpI/I HalluCaHUW COPTUPOBKU HaM HYZ>KHO TE€Illepb MUHUMU3UPOBATH B IIEPBYIO O49€peb KMEHHO YNCJIO

cpaBHeHWi = ¢ ToukM 3penns C++: : STL GpicTpee Oymer paborarsh stable_sort (MergeSort BHyTpH]).

Samevarue 7.1.1. 3aoaro Hayumiucs 3a O(log n) cpaBHEBATH HA GOJIBIIIE / MEHBIIIE JTIOOBIE TIOICTPOKH.

7.2. IIpumenenne cyddPUKCHOro MaccuBa: IMONUCK CTPOKU B TEKCTE
Bamava: jgaHa cTpOKa t, IPUXOIIT CTPOKHU-3AIIPOCHL S;: “SIBJIAETCA JIX S; MOJACTPOKOIL 1.

[penanoncuér: mocrpouM cydGUKCHBIH MACCUB P CTPOKH t.
B cydbdukcom maccuBe cHadasia jexkar Bce cydPHUKCH < S;, 3aTeM > §; => OMHIIONCKOM MOXKHO
Hajitu mink: t[py:] > s;. Ocramock 3amerurs, uro (s; — npedukc t[pg:]) < (s; — mogcrpoka t).

Buyrpu 6unnoncka MoyKHO CPaBHEBATH CTPOKH 3a jmHUIO, mosrydnM Bpemst O(|s;| log |t]) na 3ampoc.
Mozkuo 3a O(log [t|) ¢ moMoIIbIO Xeleid, Jjist STOro HyKHO OJIUH Pa3 MPeJIHOJCIUTATD XelH Jiist £, a
IIPU OTBeTe Ha 3alpOoC HacduTarh xemtn s;. [loxyamnn spemsa O(|s;| + log |t] - log |s;|) na 3ampoc.

B pasz. 7.5 Mbl yuryanmm Bpemsi o6paborku 3anpoca 10 O(|s;| + log [t]).

7.3. ITocrpoenne 3a O(n?) m O(nlogn) nudpoBoii cOpTUPOBKOIi

3aMeHHM CTPOKY S Ha CTPOKY s#, rye # — CHMBOJI, JIEKCUKOrpapUIeCKN MEHBIIN BCeX B S.
Bynem coptupoBaTh IMUKINYECKHE CABUTH S#, TOPSIOK COBIAJIET C TOPSAIKOM CY(DEHUKCOM.
Jlnuny s# 0603HAYUM 1.

Pemenne 3a O(n?): nudposas copTupoBKa.

CrepBa TIOJICIETOM TI0 TTOCJIETHEMY CHMBOJIY, 3aTEM TI0 TIPEJIIOCIeTHEMY U T./I.

Beero n das copruporok mojicuétom. B npenonoxkennn X < n nonydaem spems O(n?).
Cyddmaccnp, Kak 1 paHbllle 3aJa6TCsI TIePeCTaHOBKOM HadaJI... Telephb MUKJINIECKUX CIIBUTOB.

Permtenne 3a O(nlogn): nudpoBasi COPTUPOBKA € yIBOCHHEM JJINHBI.
ITycTh y HAC y?Ke OTCOPTHPOBAHBI BCE MOJACTPOKHU JUIMHBI Ak MUKJINIECKOH CTpOKH S#.
Hayuumes 3a O(n) nepexoauTh K HOJCTPOKAM JITHHBL 2k.
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JlaBaiiTe TpeboBaTh HE TOJBLKO OTCOPTHPOBAHHOCTH HO WM 3HAHMA “DABHBI JIU COCEIHHE B OTCOPTUPO-
BaHHOM TI0psiyike”. Torya JIMHERHBIM TTPOXOIOM MOZXKHO JIJIsl KazKJIOTO 4 HACUUTATh THIT (I[BET) IUKJIN-
geckoro casura cfi]: (0 < cfi] <n) A (sli:i+k) <s[j:j+k) < cli] < c[j]).

JIiobast mojicTpoKa JUIMHBI 2k COCTOUT U3 JIBYX ITOJIOBUH JIJINHBI k =>

nepexo/ k — 2k — mudposas copruposka nap (c[i|, c[i+k]).

[Ipexkpatum yjaBoenwue k, korja k > n. [opgaku moJcTpoK JUIMHBI k£ U 1 COBITTyT.

Samewanue 7.3.1. B obomx periennsx B ciaydae |X| > n HYKHO HEPBBIM IIAIOM OTCOPTUPOBATH U
[EPEHYMEPOBATh CUMBOJIBI CTPOKU. DT0O MOXKHO ciesarh 3a O(nlogn) wim 3a O(n+ |X|) noacuérom.

Peasmmzanus pemenust 3a O(nlogn).

pli] — mepecranoBKa, 3amaronas TOPSAOK HOJACTPOK JJINHBL S [1:1i+k) IMUKINIECKOil CTPOKN s#.
c[i] — Tumn noacrpoku s[i:i+k).

3a 6a3y Bo3bMéEM k = 1

bool sless( int i, int j ) { return s[i] < s[j]l; }

sort(p, p + n, sless);

cc = 0; // Texymui#t TN TIOZCTPOKH

for (i = 0; i < n; i++) // ToT cawmbil JWHEHHHI IPOXOX, HACYWTHBAEM TUIb CTPOK IJIWHH |
cc += (i && sl[pl[il] '= s[pli-111), clplil]l = cc;

[Tepexos;: (y HAC yKe OTCOPTUPOBAHBI CTPOKY JUIMHBL k) = (yzKe OTCOPTHPOBAHBI CTPOKHU JJIUHBI 2k
[0 BTOPOIi T10JI0BUHE) = (OCTAJIOCH CJIeIaTh COPTUPOBKY MOJCYETOM IO MEPBOi MTOJIOBUHE).

// pos - MaccuB U3 N HyIeR
for (i = 0; i < n; i++)
pos[c[i] + 1]++; // oboiinémca 6e3 mmmHero Maccmsa cnt
for (i = 1; i < n; i++)
pos[i] += pos[i - 1];
for (i = 0; i < mn; i++): // pli] - mosunus Havasa BTOPOH IIOJIOBUHH
int j = (p[i] - k) mod n; // j - mo3umnus Havama NepBOI IOJIOBUHbL
p2[poslcl[jll++] = j; // mocrasmmu mozcTpoxry s[j,j+2k) Ha IpaBuibHOE MECTO B P2
cc = 0; // Terymui#i THUI HTOLCTPOKU
for (i = 0; i < n; i++) // nuHeHHEM HOPOXOLOM HACYUWTHBAEM THIL CTPOK IOIHUHE 2Kk
cc += (i && pair_of_c(p2[i]) !'= pair_of_c(p2[i-111)), c2[p2[il] = cc;

c2.swap(c), p2.swap(p); // He 3abymem mepeiitu kK HoBo# mape (p,c)

Baech pair_of_c(i) — mapa (c[il,c[(i + k) mod n]) (MBI copTUpOBaIM KaK pa3 TH mapsbi!).

Samevanue 7.3.2. llpu manucanuu cyddmaccuBa B KOHTECTE PEKOMEHIYETCs, ITPOUTS KOHCIIEKT, Ha-
[UCATh KOJ| CAMOCTOSITEIBHO, 6€3 OIS/ IBIBAHNS B KOHCIIEKT.

7.4. LCP 3a O(n): anmroputm Kacan

Anropurm Kacau canraer LCP cocemnux cyddukco B cybdurcaom maccupe. Obo3HaIEHUS:

e pli] — snement cyddmaccusa,
e p ![i] — nosunus cyddukca s[i:] B cydpdmaccuse,
o next; = plp~'[i] + 1], lep; = LCP (i, next;). Hama 3aga4a — nacuurath Maccus [cp;.

VYmeeporcdenue 7.4.1. Eciau y i-ro u j-ro 110 opsiaKy cyddukca B cyddmaccuBe cOBIAIAIOT T€PBHIE
k cumBosioB, TO Ha BCéM oTpeske [i, j| cyddmaccuBa coBnasaor mepsbie k CHMBOJIOB.

Lm 7.4.2. OcHoBHas umesa agropurma Kacam: lcp; > 0 = lep;q = lep; — 1.

Fnasa #7. 7 HOstOps 2022. 39/77 Asrop koncmekTa: Cepreit Koneanopua




Ausropurmbl, 2 Kype, ocenb 2022 /23 CyddukcHbrit MmaccuB

Joxazameavemeo. OrpexkeM y s[i:] u s[next;:] 1mo nmepsoMy cumBoOIIYy.
Honyummm cyddukest s[i+1:] n Kakoi-uuOyIbH T.
(s[i:] # s[next;:1) A (mepBsIil cUMBOJI y HUX cOBIAJAT) =
. . 741
(r B cybdmaccnse naér noce s[i+1:]) A (y nux coBmagaer mepsbix lcp;—1 cuMBosoB) =
y s[i+1:] u s[next; 1] coBnamaer xors Obl [cp;—1 cumBosr = lcp;q = lep; — 1. [ |

CobCTBEHHO aJIrOPUTM 3aKJII0UaeTcst B epebope i u mojcuére [cp; Hadnnas ¢ max(0, lep;1—1).
Bamaua: ymers Bbyiasarh 3a (O(n), O(1)) LCP mobeix n1Byx cydbduKCcoB cTpoKH S.

Pemmenne: ncnonmnszyem Kacan s cocemuux, a i nojacaéra LCP mobbix apyrux cantaem RMQ.
RMQ wmbi pemmin B iponuiom cemectpe. Hanpumep, @apax-Kosronom-Benepom 3a (O(n), O(1)).
7.5. BbICTPBIT MOMCK CTPOKU B TEKCTE

[IpexcraBum cebe mpocroit bunmnonck 3a O(|s|log(|text])). Bymem craparbes MakcuMaabHO HEpenc-
[OJIB30BATh WH(MOOPMAIHIO, TOJIyIeHHYIO U3 Y2Ke CJeJaHHBIX CPABHEHHUIA.

Hns xparkocru Vk obosnaunm k-it cydbduke (text [py:]) kak mpocro k.

NuBapuanT: 6unnonck B cocrosinuu [l r| yxe 3uaer lep(s, ) u lep(s,r).

Ceitqac Mbl XoTuM HaiTu [cp(s, m) u nepeiitu K [I, m| nmm [m, r|.

Bamernm, lep(s, m) > max{min{lep(s,1),lcp(l,m)}, min{lcp(s,r),lep(r,m)}} = .

Mer ymeem uckats lep(l,m) u lep(r,m) 3a O(1) = for (lep(s,m) = x; MoxeM; lep(s,m)++).

Kerarn, lep(l,m) u lep(r, m) we obsazarensro cantarh Papax-Komronom-Benepom, Tak Kak,
apryMeHThI [cp — He TIPOM3BOJIBHBI OTPE30K, & BEPIIIHA JIepeBa OTPE3KOB (COCTOsTHIE OMHIIONCKA).
[Ipeamozpcantaem lep s Beex < 2|text| Beprimn u 110 X0y GuHNONCKA Oymem cryckarhbes 1o J1.0.

Teopema 7.5.1. CymmapHoe [duciio yBeamdenuii Ha oquH lep(s,?) e 6osee |z

Zoxazamesvcmeo. Ceitvac bunnouck B cocrosuuu l;, m;, r;. Chaemyroiee cocrosuue: L1, 7;11.
[peamonoxum, lep(s, ;) = lep(s, ;). Byaem cieauts 3a Besmaunoit z; = max{lcp(s,l;), lep(s, i)}
[ycrs lep(s,m;) < z = lep(s,m) = x Al = 1; = 2z = 2. Unade x = z; A 241 = lep(s,m;). A

7.6. (x) Iloctpoenme 3a O(n): anroputm Kapkaiinena-Cangepca

Ha Bxom mostydqaeM cTpoky s jaauHbl 1, ipu 3roM (0 < s5; < %n
Beixon — cyddukcubiit maccus. Coptupyem nMeHHO cydUKCHI, a He MUKJINTIeCKNe CJIBUTH.

Hommmmem K cTpoke 3 HyJ1eBbIX cuMBoJia. Terepnb ciesiaeM HOBBIN ajidaBut: w; = (S;, Sit1, Sit2)-
Orcoprupyem w; g poBoit copruposkoii 3a O(n), nepenymepyem ux ot 0 10 n—1.
BamumreMm Bce cydMUKCHI CTPOKHU S HaJl HOBBIM aJI(aBUTOM:

to = WoW3sWeg . . .

tl = W1wWqawy . ..

t2 = WWsWS§ . . .

tp1 = wWp_1

IIpo cyddukcest tgyq, tue i € {0, 1,2}, 6ymem ropopurs “cyddukc i-ruma’.

3alrycTuMcst peKypCcuBHO OT CTpoKU toty. lnuna tot; ne 6osee 2(;—‘1
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Tenepb MBI yMeeM cpaBHEBATH MEXKJy coboit Bee cyddukcnr O-Turra u 1-Tura.

Cyddukc 2-tuna = ogun cumBos + cydduke 0-tuna =
UX MOYKHO PacCMaTpUBATh Kak Tapbl i oTcopTupoBarh 3a O(n) nudpoBoit cOpTUPOBKOIi.

Ocrajiock ciennath merge aByX cy(hMOUKCHBIX MAaCCUBOB.
Omepartist merge paboraer 3a JIMHUIO, €CJin ecTh “operator <” paborarommii 3a O(1).
Hy»Ho Hayuurbes cpaBHUBATEH Cyddurenl 2-tuma ¢ ocraabibivm 3a O(1).

Vi, g t3ivo = Szipalsits, t3j = S3jt3j41 = UTOOBI cpaBHUTH cyddurcs! 2-tuna u (-Tuma,
JIOCTATOYHO yMeThb CpaBHUBATDL cyddukcel O-tura u 1-turma. YMeeM.

Vi, g t3ivo = Szipalsits, t3j41 = S3j41t3j42 = UTOOBI CPAaBHUTH cydUKCH 2-Tuna u 1-Tuia,
JIOCTATOYHO yMeTh cpaBHUBATDH cyddukcol O-tuira u 2-tura. ToJIbKO UTO HAYININACH.
e IlceBmokos.

[Iycth y Hac yxxe ectb radixSort(a), Bo3pallaioniuii mepecTaHoBKY.

def getIndex(a): # mosas mymepaumus, O(|a| + max;alil)

p = radixSort(a)

cc =0

ind = [0] * n

for i in range(n):
cc += (i > 0 and alpl[il] != alpli-111)
ind[p[i]] = cc

return ind

def sufArray(s): # 0<s; <
n = len(s)
if n < 3: return slowSlowSort(s)
s += [0, 0, O]
w = getIndex( [(s[i], s[i+1], s[i+2]) for i in range(n)] )
index01 = range(0, n, 3) + range(l, n, 3) # c maroM 3
pO01 = sufArray( [w[i] for i in index01] )
pos = [0] * n
for i in range(len(p01)): pos[index01[p01[i]]] = i # mosumua Ol-cydduxca B pOl
index2 = range(2, n, 3)
p2 = getIndex( [(w[i], pos[i+1]) for i in index2] )
def less(i, j): # i mod 3 =0/1, j mod 3 = 2
if i mod 3 == 1: return (s[i],pos[i+1]) < (s[jl,pos[j+1])
else: return (s[il,s[i+1],pos[i+2]) < (s[jl,s[j+1],pos[j+2])
return merge (p0Ol o index01l, p2 o index2, less)
# o - woMmosumus: index01[pO1[il],

n

N[

it n > 3 peKypCHUBHBIN BBI30OB JIeJIaeTCsl OT CTPOrO MEHBIIEl CTPOKU:
3— 141, 4 = 2+1, 5 = 242, ....

HepasenctBom s; < %n MbI B SIBHOM BHJI€ B KOJIe HUTJIE HE I10JIb3yEeMCs.
OHO HYKHO, 9TOOBI rapaHTHPOBaTh, UT0 radixSort paboraer 3a O(n).

Ectb n npyrue naen nocrpoenus cyd@UKCHOTO MaccuBa 3a JIMHHIO.
U3 6os1ee OBICTPBIX U COBPEMEHHBIX CTOUT OTMeTHTh [Nong, Zhang & Chan (2009)].
Peanuzaruu 6ostee Opictporo SA-IS: [google-implementation], [SK-implementation].
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Bop

Jlexius #7: bop
7 HOs1OPst 2022

7.7. CobcTBEHHO OOP

Bop — kopueBoe s1epeBo. PéOpa HalpaB/ieHbl OT KOPHS U HOIITHUCAHBI
oykBamu. Hekoropble BepmmHbl 60pa MOINCAHBI, KAK KOHEYHbIE.

BazoBoe npumenenne 6opa — XpaHeHHe caoBaps map<string, T>.

[Ipumep u3 wiki 6opa, comepzKaliero cjaioBapb
{A:15,t0:7, tea:3, ted:4, ten:12,1:11, in: 5, inn: 9}.

Hns crpoku s oneparnyu add(s), delete(s), getValue(s)
paboTralior, KaK CIIyCK BHU3 OT KOPHSI.

\
v@\e

@),
7 / a\'

3

@
n/5

9

Camblit mpocToit criocob xpanuth 60p: vector<Vertex> t;, rye struct Vertex { int id[|X[]; }
Ceituac pébpa u3 BepIINHBI t XpaHsaTcsd B MaccuBe t.1id[]. Ectb apyrue cTpyKTypbl JaHHBIX:

Criocob xpanenusi Bpewms ciiycka nmo crpoke IlamsaTh Ha pebpo

array O(|s])

list O(|s| - 2]

map (TreeMap) O(|s] - log |X])

HashMap O(|s]) ¢ bombImoit const
SplayMap O(|s| +1og S

Unorpa st KparkocTu Mbl GyjeM XpaHuTb 60p MaccuBoM int next [N] [|X]]

< pebpa HeT.

7.8. CopTupoBKa CTPOK

O(1x])
O

1)
1)

o(1)

1)

;. next[v] [c] ==

Ecmm Mb1 xparnum pébpa B CTpyKTYpe, CIIOCOOHOI 1mepebuparh pédpa B JIeKCHKOrpahnIecKoM OPsIKe
(He Xer-TabJInIA, He CIIUCOK ), MOYKHO JIETKO OTCOPTUPOBATH MACCHB CTPOK:

(1) mobaBuTh ux Bee B 60p, (2) 0boiiT GOp CjIeBa HAIPABO.

s SplayMap u n u cTpoK cymMMapHoil jyuHbl S, noaydaeMm Bpemst O(S + nlog S).

s TreeMap nosyaaem O(S log |X]).

Samevarnue 7.8.1. Eciu ObI MBI HAYUNINCH COPTUPOBATH CTPOKH HA/J[ IPOU3BOJILHBIM aI(DaBUTOM 34
O(|S]), o qs 3 = Z, nonyaniack 66l copTupoBKa nesbix wuces 3a O(]S)).

Hacro pasmep andasura canraor O(1).
Hanpumep crpounble aruHckne OYKBBI —

26, i qrobumslit st 6uosoros [{A,C, G, T}| = 4.
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Jleknuga #8: Axo-Kopacuk m YKKOHEH
21 Hostopsa 2022

8.1. Ajsroputm Axo-Kopacuka

JIaHbI TEKCT t U CJIOBAPD S1, 82, - . . , Sy, HY?KHO HAYIUTHCS UCKAThH CJIOBAPHBIE CJIOBA B TEKCTE.
[Tpocreiimmuii aaropuT™, OTIMIHO pabOTAIOMMI 19 KOPOTKUX CJIOB, — CJOKUTDL CJIOBAPHBIC CJIOBA B
6Op M OT KaxKJOI MO3UIMKU TEKCTA, i IOIBITATLCA IPONTH BIEpE, OTKIaabBad cydduKe t; BHU3 10
6opy, 1 oTMedasi Bce KOHIIBI CJIOB, KOTOpbIe MbI ipoxoanM. Bpewmst paborer — O(t| - max |s;|).

Ty ke acUMITOTHKY MOXKHO IOJIyIUTh, CJIOXKHUB BCE XEIIN BCEX CJOBAPHBIX CJIOB B XeI-TabJIHILy, 1
[POBEPUB, €CTh JIM B XeII-TabJInIe KaKne-HUOy b MOJCTPOKN ¢ JITIMHBI He Gostee max |s;.

JlaBaiiTe Temepb CONTUMU3UPYEM IEPBOE PEIIeHNe TakKe, Kak npedukce-QpyHKIHs, M03BOJISET IPO-
CTEHIUil aJIrTOPUTM TIOUCKA MOJCTPOKH B CTPOKE YJIYUIIUTL J0 JuHeitHoro Bpemenu. O6o0rienue
npedukc-QyHKIUN Ha 00p — cyDPUKCHBIE CCHLITKH:

Def 8.1.1. V sepwunrv, 6opa v:
strlv] — empoka, nanucannas wa nymu om Koprs 6opa o v.
sufv] - sepwuna 6opa, coomsememeyrowan camomy daunnomy cyddurcy striv] 6 bope.

V mosunum Tekcra i HacuuTaeM BeplnuHy Oopa v;: strv;] — cydduke t[0:7), |str{v;]| — max.
Ilepecuér v;:

v[0] = root, p = root
for (i = 0; i < |t]; i++)
while (next[pl[t[i]l] == 0) // mer pebpa
p = suf [p]

v[i+1] = p = next[pl[t[il]

Yrob6s! 1uks while Bcera ocTaHaBINBAJICA BBeIEM (DUKTUBHYIO BeprmnHy f u
caenaeM suf [root] = f, Ve next[f][c] = root.

ITouck caoBapHbIX cJioB. [lomernm Bece BepimHb 60pa, mocerénnbie B mporecce: used[v;] = 1. B
KOHIIE aJITOPUTMa MTOJTHUMEM TIOMETKH BBEPX 10 cy(dUKCHBIM ccblikaMm: used [v] = used [suf [v]].
JL71st 4-T10 €JIOBAPHOTO CJIOBA IIPU JI0OABJIEHUH MbI 3aIIOMHIIN BepiuHy end [1], Torma HaIUYIUM 3TOr0
cioBa B TekcTe JekuT B used[end [i]]. Takxke MOXKHO HACUUTHIBATD UHUCJIO BXOXKICHUIA.

Cyddcebuiknu. UTobb! BCE 9TO cHacThe paboTaIo OCTAI0Ch HACINTATE CY(MQCCHLIKA.

Cnocob #1: noJHBIA aBTOMAT.

suf [v]l = gol[suf[parent[v]]] [parent_char[v]];
gol[v]l[c]l = (next[v][c] ? nextl[v]l[c]l : golsuflv]l]l[lcl);

Mpur xorum, uTobbl 0T parent[v] u suf [v] Bcé ObLIO yKe MOCUMTAHO => HYXKHO WA HepeOupaThb
BepIIMHBI B 1opsijike bfs or kopust (1a), win caurarh 9Ty JIUHAMUKY PeKypcuBHO-jienuBo (1b).

Cnocob #2: mumiem bfs oT KOpHST 1 TIBITaeMCsI TTPOJIOJIZKUTH KaKOH-HUOY/Ib cydhduKe oTia.

q <-- root
while q --> v:
z = suf [parent[v]]
while next[z] [parent_char[v]] == 0:
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z = suf[z]
suf [vl = next[z][parent_char[v]]
for (auto[c,vertex] : mnext[v]) q <-- ¢

DTOT €croco6 IKOHOMHEE TI0 TTAMSITH, eCJIM next — He MAcCuB, a, HAIpUMep, map<int,int> (2).
Teopema 8.1.2. Bpems mmocTpoenus JIMHEHHO OT JIJITMHBI CYMMapHOII CTPOK, HO HE OT pa3mepa dopa.

oxasamenvcemeo. JlunreitHOCTh OT pa3Mepa Oopa JloMaeTcs Ha IpuMepe «6aMOYK JJIMHBEL 1 U3 OYKB
@, U3 JIECTa KOTOPOTO Topdar pédpa 10 1 pa3HbIM CUMBOJaM». JIMHEHHOCTH OT CyMMAapPHON IIUHBI
CTPOK CJIefyeT M3 TOTO, YTO €C/IA PACCMOTPETh IIyTh, COOTBETCTBYIONIHMII V CIOBapHOMY CJIOBY S;,
TO IPHU BBIYUC/IEHUH CY(d@PCCHIOK OT BEPIIMH UMEHHO 3TOTO IyTH, YKa3aTesab z B while BcEé BpeMd
HOJTHIMAJICS, & 3aTeM OIlycKaJicsd He 6ostee deM Ha 1 = ¢iestan ne 6osee 2|s;| maros. n

CpaBHeHme criocoboB.

[Iycts pasmep ajndabuta paBeH k, 1ucjio BepiiuH 6opa V', cymMMa JJIUH CTPOK B cjoBape S.
Samerum V' < .S, HO MOXKeT ObITH CUJILHO MEHBIIE, €CJIN Y CTPOK JIJIMHHBINA OOIIHii IpeduKc.
(1a) Posno O(k -V +S) spemenn, O(k - V) namsrn.

(1b) B xymuiem ciaydae k - V', HO Ha IIPAKTHKE 3a CUET JIGHUBOCTU ObICTpEE.

(2) ©(S) Bpemenn, O(V) namaru (aumus u tam, 1 Tam). Bpemenn nmenno S, ue V.

8.2. CyddukcHoe mepeBo, CBI3b C MAaCCUBOM

Def 8.2.1. Cowcamuwiti 60p: paspewum na pebpe nucamsv He moavko 6yxsy, Ho u cmpoky. [Ipu amom
U3 KaxHcAol ePULUHDL NO KaHcAOT byKkee euxodum 6cé ewé He bosee 001020 pebpa.

Def 8.2.2. Cygpdurcroe depeso — corcamuiti 6op nocmpoenuvili ud cyddurcos cmpok.
Lm 8.2.3. Cxxaroe cyddukcHoe gepeBo copepKut ne 6ojiee 2n BepINUH.

Joxazameavcmeo. Nnnyknus: 6a3a ojun cyddukce, 2 BepiuHbl, 1006aBisgeM cyddOUKCH 10 0HOMY,
KaXKJIbIIl TIOPOXKIAET MAKCUMYM +1 Pa3BUjKy u +1 JIKCT. [ |

e Iloctpoenue cyddaepena u3 cydpdpmaccua+LCP

[IycTh MBI y2Ke MTOCTPpOMIN JIEPEBO U3 TIEPBBIX ¢ CypDUKCOB B nopsaake cyddmaccuBa. XpaHum myThb
OT KOpH# JI0 KOHIA i-ro. Urobbl 106aButh (i + 1)-it, moganmaemcst 10 Bbicotbl LC P(i,i+1) u nemaem
HOBYIO Pa3BUJIKY, HOBbIii JINCT. DTO HECKOJLKO pop-0B U He 6ostee ojHoro push-a. roro O(n).

e ITocTrpoenne cyddmaccuBa+LCP u3 cyddaepena

CumraeM, 9TO JIEPEBO MOCTPOEHO OT CTPOKK $$ = (JmcThs = cyddukcer).

O6xouM J1epeBo cieBa HAIPaBO. Fc/ii B BEpIIHE UCIOIb3YeTC HEYIIOPSI0UeHHBI map /i XpaHe-
HudA pédep, criepBa orcopTupyeM ux. [Ipm 06xojie BbIIUCbIBaeM HOMEPA JIMCThEB-CY(DMUKCOB.
LCP(i,i + 1) — MaKcUMAJIbHO BBICOKAs BEPIIMHA, U3 IPOIJIEHHBIX 110 TyTH U3 ¢ B 1 + 1.

Bpewmst paborst O(n) win O(nlog|X|).
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8.3. CyddukcHoe nepeBo, pernenue 3a1a9

e Yuciio pa3/invyHbIX MOJCTPOK.

DT0 POBHO cyMMapHas JauHa Bcex pédep. Tak Kak Jrobast MOJACTPOKa ecThb npedurce cyddukca =
OTKJIa/IbIBAETCS OT KOPHY JiepeBa BHU3 JI0 «CEPEeINHBI» pedpa.

e Ilouck moacTpok B Tekcre.

Crpoum cyddaepeso or Tekcra. V crpoky s MoxkuO 3a O(|s|) uckarb B TeKCTE CIyCKOM IO JIEPEBY.

e O61mas moacTpoka k CTPOK.

[TocTpoum JiepeBo OT s1#So#ts. . .Sk, HAMIEM caMylo TUIYOOKYIO BEPIIUHY, B T0/IJIepeBE KOTOPOIi CO-
Jepkarcs cybdUKCe k pasangabx THIOB. Bpems pabotsr O(D ] |s;|), oNTEMAIBHO 110 ACHMIITOTHKE.
Koncranty Bpemenn paboThbl MOXKHO YIyUINIaTh 33 CUET YMEHbBIIIEHUs TaMATH — CTPOUTH cyddaepeBo
He OT KOHKATEeHAIlU!, & JIUIIb OT OJIHOM U3 CTPOK.

8.4. AaroputMm YKKOHEHa

O6oznauenne: ST(s) — cyddukcHoe 1epeBo CTPOKH S.
AsnroputM YKKOHEHa — OHJIANH aJIT'OPUTM MOCTpoeHus cyddUKCHOro jaepeBo. Ham mocrymaior 1mo
oz1HO#t OYKBBI ¢;, Mbl XO0THM 3a amoprusupoBannoe O(1) uz ST'(s) moxyuars ST(sc;).

3a KBaJIpaT 9TO JieJIaTh MPOCTO: XPAHUM IO3UIMKA KOHIOB BeeX Cy(pDUKCOB, KaXKIblii U3 HUX IIPO-
JIJIeBaeM BHU3 Ha C;, €CJTH HY?KHO, CO371aéM IIPU 9TOM HOBbIE PEOPa/BEPIIHUHBIL.

Ycekopenne #1: cyddUKChI, cTaBIIue JIMCTbAMEI, PACTYT BEChbMa OIHOOOPA3HO — PacCMOTPUM pedpo
[[,7), 32 KOTOpOE IOJIBEIIEH JINCT, TOT/a Beera npoucxout r++. Jlapaiite cpasy npucsonM [l, 00).

Teneps onuriem KU3HEHHBIN UK JiToOoro cyddukca:
pOXK/IaeTcsd B KOPHE, MOJI3ET BHUB 110 JEPEBY, PA3BETBIISCTCs, CTAHOBUTCS CAMOPACTYIIUM JINCTOM.
Hawm mnnrepecno o6paboraTh TOJHKO MOMEHT Pa3BETBJICHUS.

Lm 8.4.1. | Cydbdukce qmuns k He pa3sBeTBUIICS = Bce DOJiee KOPOTKUE TOXKE HE PA3BETBUIINCK.

Joxazamesvcmeo. Cydduke mmHbl k He pa3BeTBUICH = OH BCTPEYAJICA B § KaK IOJCTPOKA.
Bce 6os1ee kopoTkue sBistioTcs ero cyddukcamMu = ToxKe BCTpedaloTcs B s = He pasperBaTcd. M

Yckopenue #2: naBaiiTe XpaHUTh TOJIHBKO IMO3UIUAIO CAMOTO JJTMHHOTO HEpa3BeTBUBINErocs cyddukca.
[Toka oH cryckaeTcs 10 JIepeBy, HUYEro He HYKHO JejaThb. Kak TOJbKO OH PAa3BETBUTCH, HYXKHO
HAYYUTHCs OBICTPO MEPEXOUTD K CJIEJIYIONIeMy 110 JiinHe (0Tpe3aTh HepByIo GYyKBY ).

Yckopenue #3: orpe3arh nepByio OYKBy = nepeiitu 1o cyddcceblike, jJaBaiiTe OT BceX BEPIIUH MO
JepxkuBaTh cyddceebuiku. Ecmm Mbl ObLIM B BepIuHe, KOTJia HE CMOIVIM MOWTH BHU3, TEHepb BCE
pocTo, nepeitiem 1o eé cyddceebiike. Ecin ke Mbl CTOAIN TOCEPEIMHE pedpa U CO3/a/d HOBYIO
BEPIIUHY v, OT Heé cyiejyer nocuutarb cyddceebuiky. s sroro BosbMéM cyddechliky eé orma plv]
u u3 suf[p[v]] cycrumest BHU3 HA CTPOKY, COEIUHSIIONIYIO plv] U v.

void build(char *s):
int N = strlen(s), VN = 2 * Ns;
int von = 2, v = 1, pos; // uméu mo pebpy u3 plv] B v, celizac cTomM B pos
int suf [VN], 1[VN], r[VN], p[VN]; // «pebpo plvl — v» = s[1[v]:r[v])
map<char ,int> t[VN]; // cobcrBerHo pé&bpa Hamero 6Gopa
for (int i = 0; i < |¥|; i++) t[0]l[i]l = 1; // O = duxTusHasz, 1 = KOpeHD
1[1] = -1, r[1] = 0, suf[1] = O;
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for (int n = 0; n < N; n++):
char ¢ = s[n];
auto new_leaf = [&]( int v ) {
plvn]l = v, 1[vn]l] = n, rlvn]l = oo, tlvl[c] = vn++;
};
go:;

if (rlv] <= pos) { // pmownm po Bepummus, XKoHIa pebpa
if ('t[v].count(c)) { // mo cuMBomy c HeT pebpa Bmep&n, CoO3ma&M

new_leaf(v), v = sufl[v], pos = rlv];
goto go;
}
v = t[vllc]l, pos = 1[v] + 1; // nauumaem uaTm mo HOBOMy pebpy
} else if (c == s[pos]) {
pos++; // cmyckaemcs mo pebpy
} else {
int x = vn++; // co3maéM pasBWIKY
1[x] = 1[v], rl[x] = pos, 1[v] = pos;
plx]l = plvl, plv]l = x;

tlplx]Ils[1[x]1]]

new_leaf (x);

x, tlx][slposl] = v;

v = suf[pl[x]], pos = 1[x]; // BaumcnseM mo3sumumw cireayomero cypduxca
while (pos < rl[x])
v = tlvl[slposl]l, pos += rl[v] - 1[v];
suf [x] = (pos == r[x] 7 v vn) ;
pos = r[vl - (pos - rlx]);
goto go;

Teopema 8.4.2. CymmapHoe BpeMst paboThl 1 IepBbIX maros pasao O(n).

ﬂon‘asame/&bcmso. HOH&6HIO,ZL&€M 38 BEJIMUUHON z «HYUCJIO BEpHIMH Ha IIYTHU OT KOPHA 10 HacC».

[Toka MBI WAEM BHU3, 2 PACTET, KOrja mepexouM 1o cyddCehlIke, 2 YMEHBITAaeTCsd MaKCUMyM Ha 1

=> BO3BMEM IIOTEHINAJ (p = —Z, CYMMapHO€e YUCJIO ITaroB BHU3 He OOJIBIIE 7.

8.5. LZSS

Permmm emé onny 3aa4dy — c:karme TekcTa ajaropurMom LZSS.

B OTHHQHHﬁOTﬁHCHOHbBOBaHHH,MaCCHBa,ﬂepeBO,HaéT qHCTO(HHHeﬁHyK)aCHhﬂTTOTHKy'H‘HpOCTeﬁHQHO

PeaT3aIio — HACUUTaeM JIsi KazKJI0# BEPIIHHEL [[v] = caMmblil JeBblii cyddUKe B HOIIepeBe u Ipu
nonbITKN Haiitu j < i: LCP(j,1) = max 6yjeM CiycKaTbCsi U3 KOpHs, ToKa, [[v] < 1.
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Jlekiusa #8: XemmpoBaHue
21 HostOopsa 2022

8.6. YHHUBepcaJbHOEe ceMeiicTBO Xerll (hyHKITUit

[wiki] [uTMo-kOoHcmekT] [Carter,Wegman’1977]
Def 8.6.1. Xew-gynryus. Cocumarowee omobpasicenue h: U — M, |U| > |[M|, |M| =

Def 8.6.2. Vnusepcarvran cucmema xew-gynxyut (1-2 eepcusa onpedesenus).
Mmnooicecmso xew-pynruyut H — ynueepcasvnasd cucmema, eca

Yo,y w #y: Prib(z) =h(y)] <

Def 8.6.3. Vnusepcaavran cucmema xew-dynruuts (2-a eepcus onpedeaenus = 1-1).

o,y @ #y: Yy [h(z) = h(y)] < 2

heM
Teopema 8.6.4. H,,, = {(a,b) : x — ((ax +b) mod p) mod m}, a € [1,p),b € [0,p).
Yreepxaenue: H,, , yausepcanabuo qist U] = [0,p) u M = [0,m) (m < p).
Jloxasamenvcmeo. 3adukcupyeM napy ,y. IIposepuM /st Heé olpe/ie/ieHne YHIBePCAJIbHOCTH.
f(z) = ax +bmod p, f(y) = ay + bmod p
[f(:v) fly) & a(x—y) = 0 mod p] = (a # 0,2 # y) 10 MOJYJIIO p KOJLIU3UIl HET U

y) u
y Hac ectb ouekist (a,b: a # 0) <> (f(x), f(y ) f(z) # f(y)).

Ocrasocs MoOHATE, /71 cKoabKN xem-bynknuit f(z) = f(y) mod m?
OGuekIus ) —
S fe) = fly) modm] "= S [f(x) = f(y) modm] < Hr = I
(a,b),a70 f(@)#f ()
(x) Badukcupyem f(x), 6ymem nepebupars f(y) = f(x)+1, f(x)+2,... B raxmom Gsoke u3 m
BapHAHTOB, TOJIbKO Hocaeanuit naér f(z) = f(y) mod m = rakux f(y) popuo |22 | < B4, |

8.7. OneHKH JJIsi XelI-TabJInIbl ¢ 3aKPBLITOI ajpecalueii
[wiki] [wiki-probability] [2-choice-hashing]
IIycTh y Hac ecTh yHUBeEpcaJIbHOE ceMeiicTBO Xel-pyHKImi H.

Xer-rab/mia ¢ 3aKpbITOli ajpecanueii (Ha CIUCKaX) — BEPOATHOCTHBIA AJITOPUTM.
Best BeposTHOCTHAS 9aCTh 3aK/II0YAETCA B TOM, UYTO MBI BhIOUpaeM ciydaiinyio h € H.

Omnepanun Find (x), Del(x) paboTaior 3a JJINHY CIIHUCKA.

OrneHuM JIjisl HUX MATOXKHUJIAHUE BPEMEHU PabOTHL.

Eltime(find(z))] = E[mmub ciucka)] = Y, Prlh(z) = h(z)] =1+ (n—1)-£ = O(1 + Z), ae
TCtable

N — KOJIMYECTBO 3JIEMEHTOB B Tab/uIe, a m — pasMep Tabsuipl (1 Juanas’oH xen-OyHKIUH).

Samevarnue 8.7.1. Mbl oleHHIN MMEHHO MaTOXKUJAaHHE BpeMeHH paboThl. MaroxKuiaHue cpeHei
JUIMHBI CIIUCKa BCEr/la =, JlazKe eCJIM BCe 9JIEMEHTBI BCETla KIAaCTh B OJIUH CIIUCOK.
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Tenepb HECKOJIBKO yTBEPXKIEHUN (€3 JI0Ka3aTeIbCTBA.
Ymeepoicdenue 8.7.2. E[maxcumasnbroit jymusl crimcka] = O(logn)

VYmeeporcdenue 8.7.3. 2-choice hashing. Momudurnupyem xemr-tabsuiry: OyaeM HCIIOIB30BATEH JBE
xen-pyHKnuu hy, hy U npu gobaBiIeHUN 3J7eMeHTa OyjeM Beiouparh u3 criuckoB alhy(z)], a[ha(x)]
cIMCcoK MeHbIneit Jymabl. Torma FMakcnmanbHoil Jymabl circka] = O(loglogn).

8.8. Omenku apyrux (pyHKIWA AJI1 XEeMI-TaOJINIL

[onynspaa dbyuknusg r — x mod n, rjae n pasMep TabauIbl (YUCIO CIUCKOB, JJTMHA MaCcCHBa OT-
KpbITOi ajpecanuu). [TocKo/IbKY BCe Z-BI MOTYT MMETh OJIMHAKOBBIN OCTATOK IO MOJYJ0 N, Vnd
kouTprect. HoBas ujesi, maBaiite 6parh ciydaitnoe n € P N[N, 2N), u xern hyHKIWO U3 ceMeiicTBa
H = size € PN [n,2n),z — = mod size.

Lm 8.8.1. Va # y Pryey|h(z) = h(y)] < a2

= n/lnn’

Jlokasamenvcmso. Kommmsuus (x —y) = 0 = oreHrBaeM BEPOSITHOCTH MONACTD B IIPOCTO J€TUTEb

(x —y). Y uncna 10 m ne 6osee log, m IPOCTHIX JAemTeNei >n, IPOCTHIX Ha [n,2n) ~ . |

st Xenr-tabymMipl Ha CIIMCKAX HaM 9TOTO XBaTaeT. Y XeH-TabJUIbl ¢ OTKPBITON ajpecanueil ecThb
em@ npobsema ¢ Tecrom: [1,2,3,..., %] + 4 ciydafinbix Kimodel, Ha HéM paboTaeT 3a KBaJpar.

8.9. (-) ®uabtp biroma
[wiki] [MTMO-KOHCIEKT]

IIpemoans.

MBI XOTHM BEPOSITHOCTHYIO CTPYKTYDY JIaHHBIX, KOTOPas yMeerT JejiaTh BCEero JBe Olepalin —
J00aBIIATH T, U IPOBEPATH, JOOABJICH I yKe B CTPYKTYPY .

[aBuas dbuva Hameil CTPyKTypbl 10 CpaBHEHHIO ¢ Gojiee HPOCTBIME aHajoraMu (MacCHB, Xelll-
tabsmra) — odeHb maso namsitu, O(n) Our.

CoOCTBEHHO CTPYKTYypA.
XoTtuMm XpaHuTh He 60j1ee n x-oB. s sT0ro y Hac ectb m out u k xem-dyaKimit Ay, . .., hy.

bitset<m> a; // m Hymei
Add(x): alhy] = alhs]l = ... = al[hg] = 1;
Find(x): return alh;] & alhs]l & ... & alhi];

CobOCTBEHHO AJTOPUTM OKOHYEH, OCTAJIOCH PA300paThCs, ¢ KAKOH BEPOATHOCTHIO 3TO paboTaeT.
Bo-tiepBoix, ecin Find Beprys 0, 371eMeHT TOYHO eIié He OBLIT J00aB/IeH.

Onennm ommubky Find-a, koropsiit Bepuys 1. [Ipu ormenke st TPOCTOTHI IPEJIIIOIOXKUM, ITO Bee nk
3HAYEHUil, KOTOpble BEpHY/IN k Xell-(hyHKINN JaHHBIX 1 9JIEMEHTOB, PABHOMEPHO PACIIPeIeIeHbI.

. k
Pr(e i-it aueiike 0] = (1-1/m)*" ~ exp(=E2) = Pr[noxuoro cpabarbiBanns Find] = (1 — exp(=22))
[Tocunraem, Kakoe npu (GUKCHPOBAHHBIX (N, M) ONTUMAIBHO BHIOpATH k7

Huddepennupyem 1o k, permaem Pr'(k) = 0, noxyuaem k = (In2)-2 u Prlerror] = 27% = 0.6185™/.
Hamnpumep, ecyin HaM Jiajiu Juiib 5n OUT Ha BCE PO BCE, MBI JIOCTHUIIM BEPOSITHOCTH OIMUOKH 9%,

e lIpuMeHeHME U yJTydII€eHUS

[bio’2013]. B 6uonndopmaruke, cbopka reHoMa B HEOOJIBITION TaMsATH.
[xor-filter]. Ecnu Mbl 3HaeM KJIf0UM 3apaHee, MOXKHO CJIeIaTh ONTHMAJIbHEe 0 TMAMSITH.
[stanform-slides]. @uabTpsl: bloom, cuckoo, xor, cupled-xor.
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Eciu y Hac ecth B oneparuBHOil (6bICTPOii) mamMaTu TOJIbKO (huabrp BiroMa or GoJIBIIOro MHOXKe-
crBa. Puibrp Birtoma Biie3aeT, 6oJibilast CTPYKTypa He BJIe3aeT: Beerjia ClepBa CIpPOCun y (pujibrpa
Bioma «a ecThb i BOOOIIIE BO MHE TAKOE» M, TOJIbKO €CJIU €CTh, CIIPOCUJIM CJIOKHYIO CTPYKTYDPY.

JI1o6oe MecTo, rj1e MOMOXKeT KelnpoBanue HH(MOPMAaIUN «eCTh JIK BO MHE TaKOe» B OBICTPOI TaMSITH.

ToBopsT, MoxkHO mpuMeHsITh B block-list (1o ip, mo id Kanasa, 0 HUKY) © T.1I.

8.10. (-) CosBepIiiieHHOE XeNIMPOBaHME
[wiki] [uTmMo-xoHcmexrT] [cs.cmu.edu] [practice:bbhash] [Fredman’1984]

BemomamM, Kak MbI uineM Miaammii 6ut 64-6MTHOrO IEeJI0T0 X.

uint64_t i2(uint64_t x) { return x & ("x + 1); }

Taxum 06pasoM Mbl HOJIYYIIA MJIJIINIA 6uT ¢ B hopme 27,
OcraJioch cienaTh mociegnee aeicreue, 2° — i.

int table[67];
void init() { forn(i, 64) table[2¢ % 67] = i; }
int get(uint64_t i2) { return tablel[i2 % 67]; 1}

3/1ech BCe OCTATKU 110 MOJIYJII0 67 pa3audHbl =
MBI TTOJIy YU/ JI€TePMUHIPOBAHHBIN aJIFOPUTM TIONCKa HOMepa Muajiero oura 3a O(1).

x — x mod 67 — mpuMep COBEPIIEHHO XeI-(DyHKIINK JIJIT MHOYKECTBA

dbuxcupoBannbIxX Kmoueit {zg = 20,11 = 21 ... x43 = 203}

Def 8.10.1. Cosepwentan rew-pynrkuus — 10009 UHBEKMUCHAA HYHKUUA.

To ectb, Xem-pyHKIWMSI, y KOTOPOH 110 OIPE/IEJICHUI0 He BOSHUKAET KOJIIH3MUIA.

YT100bI TOCTPOUTDH TAKYIO Xell-(pYHKINIO, HAM, KOHEYHO, HY?KHO 3apaHee 3HATHb HAOOD KJIoveit
T1,T2 ..., % (CM. IPUMED C MJIAJIITIM OUTOM ).

3angada moCTpOEeHUs COBEPINEHHON Xen-pyHKIUN.

Jlan nabop KJo4eit Ty, T, . .., Ty, HAUTH TAKYIO (DYHKIIHIO

h: X ={x1,29,...,2,} = [0,m) NZ, aro Bce h(x;) pasimansl n Gynkiws BeraucanMa 3a O(1).

m GyjieM Ha3bIBaTh pa3sMepoM Xenl-pyHKIuK (1m B UTOre CTaHeT Pa3sMepOM MacCHBa Xel-TabJIuIbl).

8.10.1. (-) OgHOoypoBHEBas cxema

Bosbmém m = n? u ymoboe yHuBepcaibHoe cemeiictso xerm-pyukiuit H: X — [0,m).
Hanpuwmep, H = {hap(z) = ((ax + b) mod p) mod m}, m < p, p mpocroe.

E(komuuecrsa kommsmit) = in(n—1) - L < 1 = ¢ BeposTHOCTBIO XOTS GBI § KOLIM3MIL HET =

Asroputym: Gepém caydaitnyto h € H, noka He 1noBeséT. E(Bpemenn pabors) = O(n), pasmep n.

8.10.2. (-) /IByxypoBHeBasi cxema

Bosbmém m = n u moboe yHEBEpCcaIbHOe ceMeiicTBo xer-byukiwmii H: X — [0, m).
Beibepem ciryuaiinyio h € H u nocmorpum Ha ciucku A, = {z | h(z) = y}.

Hna xaxoro A, mocTponM OTHOYPOBHEBYIO COBEPIIEHHYIO XeI-(DYHKIHIO f,.
OmeHrM cyMMapHBIN THAIA30H BCEX BHYTPEHHUX yDPOBHEIT:

E(Z |A,%) = Z Prih(z;) = h(z;)] =n-1+n(n—1)-+ = 2n—1

Yy %)
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https://www.cs.cmu.edu/~avrim/451f11/lectures/lect1004.pdf
https://arxiv.org/pdf/1702.03154.pdf
https://dl.acm.org/doi/10.1145/828.1884
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Ocrasioch BHyTpEHHNE YPOBHU BBIUCATH B OJINH MACCUB.
Jlnst aToro Gepém npedukcnsie cymmbr: pref_sum[y+1] = pref_sum[y] + |A,|%.

Uroro, namta xem-pyHKOUA: int hash(x) { y = h(x); return pref_sum[y] + £f[yl(x); }

E(Bpemenu paborst) = O(n), E(pasmepa) = 2n—1.
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8.10.3. (x) I'padoBrbrii moaxo/,

[ [RandomGraphs |book] ]
Hauném ¢ 3abaBaOro daxra

Ymeeporcdenue 8.10.2. Paccmorpum ciryuaitubl neoprpad u3 3n BepiuH u n pebdep.
Prlorcyrcrus nukios] > 5.

CTpouM COBEPIIEHHYIO XeII-(DYHKIMIO OT L1, . . ., Ty.

Bosbmém m = 3n u moboe yHEBEpcaibHOE ceMeiicTBo Xem-pyHkimit H: X — [0,m).
Beibepem hy, hy € H. Kaxmomy z; conocrasum pebpo (hq(z;), ho(z;)).

Ecim rpad ne anukndeH, BioepeM Jipyrue Xen-(QpyHKIH, ToBTopuM. [IycTh amukinygen.

Torga 3anuiiem 3Hadenus f B Bepimnaax u oupeieium hash(x;) = (flhi(x;)] + f[ho(2;)]) mod n.
Kax zanucars 3Hadenus f, arobbl 66110 BepHo hash(z;) = i? I'pad — jec. B kaxk10M JiepeBe B KOpHE
[uIeM HoJib (JII060e IHeIIo), ocTajbHble Yucia paccraBur dfs 1o Jiepesy.

8.11. (*) XemmpoBaHne KyKYyMNIKN

[wiki] [Pagh,Rodler’2001]

3a CKOJIBKO paboTaeT Xell-Tab/IuIa Ha, CIUCKaX !
Add 3a O(1) B xymmem, Find u Del 3a O(1) B cpejaeM.

Ceiiqac MBI IpUIyMaeM, Kak ¢J1eJ1aTh Ha000pOT:
Add 3a O(1) B cpegnem, Find u Del 3a O(1) B xy/mem.

BaBe1éM MaccuB a pa3mepa m = 3n u jaBe Xem-QyHKImMu: hy, ho € H,,.

V ssileMeHT X Beerjia KUBET B OJHON U3 JBYX sf4eek — hi(x) mwiu ho(x).

Find u Add, oueBm/iHO, obparaiorcs e 6osee 4eM K JAByM saeiikam — hy(x) u ho(z).

Add criepBa umer cBo6oHy0 cpen hy (), ho(x). Ecoiu 3anaTh1 00€, HATHEM BBITAJKUBATD SJIEMEHTHL:

AddIfBothAreOccupied(x):

i = hl(X)
while (al[i] !'= -1):
y = alh;(x)], alh;(x)] = x, x =y
i = hy[y] + hyolyl - i // BTOpas u3 mByX AYeeKk, ILZe MOXET XUTb Y

[Touemy u 3a ckosibko paboraer Add?

[IpeacraBum cebe rpad ¢ pébpamu mexiy hy(z) u ha(x). Kak Mbr yzke 3HaeM, oH ¢ GOJIBINON Bepo-
SITHOCTBIO anuK/IndeH (3HaanT Add xoTst O6bI He MKINTCs ). Tereph 0CTamoch 0K IATHCS, TOKA [OJIOC
Benbr Bommobama (arop kanrn Random Graphs) He Harmermder HaM HeJOCTAIONIYIO MYIPOCTb —
riy6una caydaitroro gepesa O(logn).
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Jlexius #9: Teopus auces

[IPOIYIIIEHHAA JICKIIN

9.1. (-) Pemrero Yparocdena

Sapaya: HaiiTu Bce npoctbie oT 1 710 n.
Pemmrero Dparocdena npejmaraer BEIMEPKUBATH YHCIa, KPATHBIE YK€ HANIEHHBIM ITPOCTHIM:

vector<bool> is_prime(n + 1, 1); // Xopomwo mo mamMaTu maxe HpHTl%]OQ!

is_prime [0] = is_prime[1] = O0;
for (int i = 2; i <= n; i++)
if (is_prime[i]) // Hawim HOBOe mpocToe!
for (int j = i + i; j <= n; j += 1)
is_prime[j] = 0; // cnt++, 4TobH oOmpemenuTb KOHCTAHTY

Sameuarnue 9.1.1. Ceituac s KarxKJI0T0 YUCIa Mbl HAXOJIUM JIMIIL oguH out. Ko jserko
MOIDUIUPOBATE, YTOOBI JIJIA KAazKJ0r0 YMC/Ia HAXOANTh HAMMEHDIIN IPOCTOR e/ IUTe b,

JlaHHYIO BEPCUIO KOJIa MOYKHO CONTUMU3UPOBATH B KOHCTAHTY pa3, MOJIb3YACh TEM,
9TO y JIFOOOr0 HE IMPOCTOTO YUC/IA €CTh JIeJNTe/ b He Oojiee KOPHS.

for (int i = 2; i * i <= n; i++) // cnt++, 4TOOH ONpPemenuTb KOHCTAHTY
if (is_primel[i])
for (int j =i % i; j <= mn; j += 1)
is_prime[j] = 0; // cnt++, 4TobH OmpEmenuTH KOHCTAHTY

Mo2KHO eIé CONTUMU3UTD: MbI UIEM TOJIbBKO HEUETHBIE IIPOCThHIE =

BHEITHUHN TTUKJI MOXKHO BECTU TOJIBKO 110 HEYETHBIM ¢, & BO BHYTPEHHEM IPHOABJIATD 27.

Tenepb y HAC TPU BEPCUU PeEIIeTa, OTIANYIAIONINECT He OOJIBIITIMU OIITUMU3AIIASTMHU.

Amumpudecknii 3amyck nupu n = 10° naér smadenna cnt: 3.7752n, 2.1230 1, 0.8116 n cOOTBETCTBEHHO.

Teopema 9.1.2. O6e Bepcun paboraror 3a O(nloglogn).

Jlokasamenvcmso. Tlpu nocrarouno 6osbinux k Bepro 0.5 klogk < pp < 2klogk (6e3 mnok-Ba).

Tak kax [1%—‘ =001)+ Tlogh» BPems paborel 1-if Bepcuu paBHO

Pr<n n/logn
n+0m)+ Y [2]=0n+ > )=
. k=0(1) k=0(1)
On+n / xk}gm dx) = O(n + nloglogn — O(1)) = B(nloglogn)

o)
|
e Bouiee 6bicTpOE perrteHue.
Yrob6bl HaiiTi Bee mpoctbie oT 1 710 1 3a O(n), 10CTATOYHO MOJAUMUIUPOBATH AJITOPUTM TaK, YTOOBI
KazKJ[0€ COCTaBHOE X TIOMeYaTh JIUIIb OJUH Pa3, HAIIPUMED, HAUMEHBIITUM MTPOCTBIM JIEJIUTEIEM .

ITycrs d[x] — HOMep HamMeHbIero pocroro jgesutend x (primes[d[z]] — cobcrBeHHO JeUTEND).
[Iycrs @ = primes|d[z]] -y = (d[y] = d[z]Vy =1)
Aneopumm: nepebupats y, a I Hero HoTeHmaabbie d[x] (mpocrere He Gosbime d[y]).
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vector<int> primes, d(n + 1, -1);
for (int y = 2; y <= n; y++)

if (dlyl == -1)

dly] = primes.size(), primes.push_back(\red{yl});
for (int i = 0; i <= dly] && y * primes[i] <= n; i++)
dly * primes[il] = i; // x=y*primes[i], i=d[x]
9.2. (-) Pemero n kopeHp namstu (Ha IIPAKTUAKE)
ITycTh HAM HY?KHO HafiTu Bce NpOCThIe Ha npoMexyTke (n—+/n..n] = (I..r].
D10 mMoxHO craenars 3a O(y/nloglogn) sBpemenn u O(y/n) namsru.
1. V He mpocToro uuc/ia JI0 n ecTh HPOCTOH JAeUTelb < /N = IOCYUTAEM BCE TPOCTHIE JI0 /7.
2. ByjieM 5TUMU IPOCTBIME «IIPOCEMBATh» HYZKHBIN HAM MHTEpBaJL... [l IpocToro p, crepBa HyKHO
nomeruth | — (I mod p) + p, 3arem ¢ marom p 70 7, KAk B OOBITHOM DperleTe.
9.3. (-) Borumciienne MyJIBTUILTUKATUBHBIX dyHKINN DyHKuuit Ha [1, 7]
Def 9.3.1. @yuxyusa mysvmunasuxamusna < Va,b: (a,b) =1 f(ab) = f(a)f(D).
T.e. uMest paziiozkenue 4ucia Ha upocrele © = | [ pi*, umeem f(z) = f(z/pt") f(pi™)
e IIpumepnr:
[Ipocroit nenuresns n plx] = primes[d[x]]
Vinobnoe obo3HavueHne yx] = x / plx]
CreneHb 3TOroO JIeJIUTeIs deglx] = (dly[x]] == d[x] 7 deglylx]] + 1 : 1)
Pesynbrar ormienienus p?l rest[x] = (dly[x]] == d[x] ? restlylx]] : y[x])
CobcTBeHHO p‘lxl term[x] = x / rest[x]
Yuc10 B3aUMHOIIPOCTHIX o(n) =nl]; pZTfl phil[x] = philrest[x]] * (term[x]/plx])* (plx] - 1)
Yucao nennreseit oo(n) = I_L(OéZ + 1) s0[x] = sO[rest[x]] * (deglx] + 1)
a; +1

YyTb cioxHee nocaurars cymmy gesmreneii: op(n) = [1,(p) + pi + - pi) =11*% = _1

Utoro: s1[x] = sifrest[x]] * (term[x] * p[x] - 1)/ (plx] - 1).
9.4. (*) Ywcmo mpocTeix Ha [1,n] 3a n?/3

MunnmaibHBI pocToit esnTess © obosnadaeM d[z]. Maccus d Ha [1,m] MBI yMeeM HACYUTHIBATH
pemerom Dparocdena 3a O(m). d[1] :=+o0o0. 3aoan0 Mbl Hanwm 3a O(m) Bee npocrbie Ha [1,m).

Def 9.4.1. 7(n) — xoauwecmso npocmwx wucea om 1 do n

Def 9.4.2. f(n,k) - [{z € [1,n] | d[z] > pi}|, 2de pr — k-e npocmoe.

Lm 9.4.3. w(n) = 7(y/n) + f(n,k(y/n)), tae k(x) — HOMEp TIEPBOTO HPOCTOrO, GOJIBIIErO .
Tenepn m(y/n) u k(y/n) naiiném 3a juanio pemerom, a f(n, k(/n)) PEKypCUBHO 110 pEKypPEHTE:

f(n, k) = f(n, k=1) = f([n/pr-1], k=1)

Iosicanm dopmyay: (f(n,k—1) — f(n, k)) — xomruecrso wucen Buga py_1-x, rae dfz] = py_1.
Kommvecro takux = Ha [1,n] ectb f(|n/pr_1], k—1).
Basza: f(n,0) =n, f(0,k) = 0.
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e CamMoe BarkHOe oTcedyeHue.

f(n, k) ecrb kommuaectso nap (i, d[i]): i < n Ad[i] > k.

Badurcupyem Hekoe m, npeanoacanraeM d[1..m|, rerneps Vn < m f(n, k) — 3anpoc Ha MIIOCKOCTH.
Bosee Toro, Mbr MOYXKeM BBIYHC/IATE f MPOIEIypoiil BrIA:

int result = 0;
void calc(int n, int k, int sign):
if (k == 0)
result += sign * n;
else if (n <= m)
queries [n].push_back({k, sign});
else
calc(n, k - 1, sign), calc(n / plk - 1], k - 1, -sign);

Torma B mTOore MbI MOJIYYMM IA4Ky W3 ¢ 3alPOCOB Ha IJIOCKOCTHU, Y2Ke€ OTCOPTUPOBAHHBIX IO 1.
O6paboTaeM HX OJTHIM IIPOXOJOM CKaHUpyIomeil npsamoit ¢ gepeom Pensuka 3a O((m + ¢) logm).

¢ Onenka BpemMeHHu padoThI, BLIOOP M.

Eciu MbI cantaeMm 7(n), npuiuii pekypceueit B cocrosiaue (z, k), To x = [n/y].

[Mocunraem wncsio cocrosiauii pekypenu (z, k), aro B f(x, k) orcedenune x < m emé He cpaboraso,
aB f(z/pr_1,k — 1) yxe cpaborao.

1. Ecrb ne 6osiee /N TaKuX COCTOSHUI € T = M.
2. Ecin e © # n,x = [n/y| = pr—1 < y < n/m, T.K. IpOCTBIE MBI IIepedUpaeM 1o yOBIBAHHIO.

Ocrajioch ocuuTaTh «ducao nap (x, k)» = «uucyao nap (y, pr_1)», ux O((n/m)?).
Benomuns, uro mpoctsix j10 t Beero O(t/ logt), MoxkHO 1aTh 6ostee Tounyio onenky: O((n/m)?/log L).
Kaxxnas napa jgact 1 3ampoc, yBesmmaut Bpems scanline wa log m.

B npexnonoxennn m = O(n®), logm = ©(log ) = obmee spems paborsr O(mlogm + (n/m)?).

1/3

AcCHMITOTHYECKHIT MIHIMYM JIOCTHTAeTCH, Kak oobraHo ipu m logm = (n/m)? = mlog"® m = n?/3.

Vopakaenne 9.4.4. Urorosoe spems paborst — mlogm = O((nlogn)?/?).

e /Ipyrue ontTuMusanum.

[Ipemrarator mpeanoacyer g Maabix k: k < 8 na npakruke, k = O(logn/loglogn) B Teopun.
st n < pg_1 MoKHO oTBevaTh He 3a log, a 3a O(1).
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9.5. Ompenenenus

Def 9.5.1. Z/pZ = F,, noare ocmamxos no modyaio p.
Def 9.5.2. (Z/mZ)* I'pynna no ymnoocernuro {a: (a,m) =1 A 1 <a<m}.
Def 9.5.3. Jlunetinoe duoarnmoso ypasnenue (a,b, c danv, nyscro natimu .,y ).

ar+by+c=0; z,yeZ

Henenue: ¢ =a-b!

a
b
e Anropurm EBkimaa

Ucnonbsyercs pis mojcuéra ged (greatest common divisor):

gcd(a, b) = ged(a—b,b), moBTOpSIS BRIMUTAHKE MHOIO pa3, nosy4daeM ged(a,b) = ged(a mod b, b)
Hmoeo: int gcd(int a, int b) { return b == 0 7 a : gcd(b, a % b); }

Bamevanue: MbI OIMHAKOBO JeficTByeM u 1ipu ab, u ipu a<b. Yrto caemaer Ko B 9TOM Ciaydae?!

Bpems paboTsi: 1 mar, 9To6s! oIyIuTsh a > b, naxee 3amerum min(b, a mod b) < § = 3a Kaxk/ple 2
mara @ OyJeT yMeHbIIAThCsS MUHUMYM BJIBOE.

9.6. Pacmmpennsbtii ajroputM EBkanga

3adava: vaiitu x u y: ax + by = ged(a, b)
[Tosropum mmar obbraroro Epkimia: Haijgém 1 u ¥y g b u a mod b: bxry + (a mod b)y; = ged(a, b).
Bamernm a mod b =a — [$]b= v =y,y =21 — [§]u1.

def euclid(a, b): # returns (x,y): ax + by = gcd(a, b)

if b == : return 1, O
x, y = euclid(b, a % b);
return y, x - (a // b) * y # memouncieHHOe HeleHue
Hepekypcusnas peanusarug: 6a3za, a-1+b-0=a
a-0+0-1=0
Mpb1 MozkeM J106aBUTH MIEPEXOJT U3 JIBYX CTPOK  a - x; +b-y; =1r;
a-Tip1 + b Y1 =rip

B HOBYIO 719 = Iy mod r; = 1y — kry (k — qacTHOE)
Tiyo = Tip1 — kT
Yiv2 = Yir1 — kyi
Aunzopumm: while 7;11 # 0 do MOJIyIUTH HOBYIO CTPOKY, 1++.
B konre ajroputmMa OTBET COJEPIKUTCH B Ty, Ui, T

e Pentenne nuodgaHTOBOro ypaBHEHUS:

Ecau ¢ mod ged(a, b) # 0, To perenuii Her.
Unave vaitném x,y: ax + by = ged(a, b) u momuOKUM ypaBHenue Ha c/ged(a, b).

9.7. (-) CsoiicTBa pacmmupeHHoro ajropurMa EBkimaa

Culenyromue yTBepKJIeHns 00CY2KIa/INCh U JOKA3bIBAJIUCH HA IPAKTHKE:
(a) Vi B crpoke ax; + by; = r; BepHo, uto (x;,1y;) = 1
(b) max |z;| < |b] m max |y;| < |a|] =
V Tuna T, ec/in HCXOJAHBIE JAaHHBLIEC IIOMEMIAIOTCA B TUI T, TO U BCE IIPOMEXKYTOYHBIE TOXKE.

T(LI\A&U Hd TTPaARKTIKRC 6lell/1 PeHICHbL LJIU/_]\)/IUIL]‘J/IU Salal.
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(c) Haitaure knacc pemennii ypasuenus axr = b(mod m)
(d) Haitgure z,y: ax + by = ¢, |z| + |y| — min

9.8. O6parubie B (Z/mZ)" n 7./pZ

3ajada: a ¥ m JaHbl, XOTUM Haiitn r: a-x = 1 modm

[lepsorit ciocob — pentuth AuodaHToOBO ypaBHeHue ax + my = 1 = ged(a, m)

Jlpyroit crtocob — BOCTIONB30BATHCsI MasIoit Teopemoit Pepma manm TeopeMoit Ditrepa:
a’?”' =1mod p = z = a’* (1 IpocToTO)

a?™ =1 mod m = z = a?™ =1 (1151 mpousBoOIBLHOIO)

Samevarue 9.8.1. Oyukiwio Jitjgepa cIuTaTh 100!
[Iycte n= | | pi" = ¢(n) =n
Il e
Sameuanue 9.8.2. Crocob ¢ pacmmpenabiM EBKmaoM sydmie: pabotaer Vm, BCe MPOMEXKYTOTHbBIE
3HaYeHUs 110 MO0 < a, b (g a,b < 2% xpataer int64_t, s Pepma Her).

s ﬂHH]ﬂJQHCHeHHHIﬂDKHa(baKTOpHBaHHH71

9.9. (-) Bossenenue B crenensb 3a O(logn)

Ceomum k O(logn) ymuoxkennsm. Cuanraem, 9ro ogHO ymMHOXKeHHe paboraer 3a O(1).

def pow(x, n):
if n == 0: return 1
return pow(x**2, n // 2)**2 x (x if n % == 1 else 1)

Samevanue 9.9.1. IIpu Bo3BeieHUN B CTEIIEHD, €CJIN UCXOJHBIE JAHHBIE B THIE T, TO IPU yMHOXKEHUN
0 MOJYJIIO MBI MOXKEM CTOJIKHYTLCS C IreperosHenueM T...

Ecre nBa pemenust: mm ymuoxkernne 3a O(1) npesparurs B O(logn) ciioxkeHnit TeM ke aJrOPHTMOM,
I UCIIOJIB30BAaTh BEIECTBEHHbIE TNCIIA:

int64 mul (int64 a, int64 b, int64 m): // 0<a,b<m
int64 k = (long double)a * b / m; // mOCYMTAHO C NOTPEMHOCTHI!
int64 r = a * b - m * k; // B 3HakoBoM Tume ¢popManmbHO 3T0 UB =(
while (r < 0) r += m;
while (r >= m) r -= m;

return r;

9.10. (-) O6parnbie B Z/pZ njsi aucen ot 1 go k 3a O(k)

Ceityac onno obpamenne paboraer 3a O(logp) = zamady Mbl ymeem perarh Toiabko 3a O(klogp).

Bpems yinyumars! McnosnbsyeM nuHaMUKY: 3Hag, obpaTHble K 1..1—1 Haitaém i L.

Teopema 9.10.1. ¢! = —[2] - (m mod 7)~!
1

0=m = (mmod i) +i-[%]. domnoxum na (m mod4)~":

Aorazameavemeo. o _ +(mmodd)™t i 2| =i'=—(mmodi) 2]
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9.11. (-) IlepBooOpa3Hblii KOPEHb

[Iycrs p — npocroe. Paboraem B (Z/pZ)* (rpymma 1mo yMHOKEHUIO IO MOJLYJIIO P).
Ha asire6pe BbI j1oKa3biBasm (U XOPOIIO ObI IOMHHUTB, KAK UMEHHO!), 9To

Elg: {1727 cee ap_l} = {907917 cee ’gp—Q}

Takoe g Ha3bIBAETCS NEPEO0OPA3HVILM KOPHEM.

e 3as1aya NpoOBEPKH.

Jlan g, nposepums, ABAAECMCA AU OH NEPEOOOPAZHLIM KODHEM.

Eciaun e apisiercst, To ordg < p—1, npu srom ordg|p—1. To ecthb, nocraroano mepebparh Bee d
nesmTenn p—1, U UIs KazKJI0ro BO3BEJICHUEM B CTEleHb IPOBEPHUTh, 9To ¢¢ # 1.

Boseesenue B crenenb paboraet 3a O(log p), ecim p momernaercsi B MAIIMHHOE CJIOBO.

Ha jmHHBIX 9mCIax yMHOXKEHWE W JiesieHne ¢ octaTkoM 1o momayso paboraior O(logploglogp),
uroro Bossegenue B cremens 3a O(log? ploglogp).

Jlenmurenu mepebuparh HY?KHO HE BCE, a TOJIBKO BUJIA 7%1, rjie o — MpocToit jiesuresb p—1.
O6o3naunM py — k-e mpocroe. lasee Oyiem 6e3 qokazaTeIbCTBa MOJIB30BATHCS TeM, 9TO pr = klog k.

Lm 9.11.1. Ilycte f(x) — uncsio pa3imvHbIX TPOCTHIX gernreneit y © = Vo f(x) = O(log)izm)
Jokazameavcmeo. Xymmmii ciaydaii: £ — IPOU3BEJIEHNEe MUHUMAIBHBIX [IPOCTHIX.

. . 1
=1l .0 2 1lio st =>loge >, ,logi=0O(klogk) =k = (’)(logoﬁ)‘;x). [

Teopema 9.11.2. Mbr Hayuminch nposepsaTh Kamaugar g 3a O(FACT + log® D).

QaxTopu3alysd HyKHA, KaK pa3 4ToObl HAWTU TPOCTHIE jIeuTe/ i p—1.

e 3agaya omcka.

U cpazy pererne: TKHEM B CIydaifHOe YUCIO0, ¢ XOPOIIel BEPOSITHOCTHIO OHO OO IET.
N3 nerepMUHUPOBAHHBIX PEIICHUI TOMYISPHBIM siBJIsgeTCsd 1mepedop B nopsijke 1,23, ...
Shoup’92 nokazas, 4To B IpenosoxKennu 0606mennoit I'unoressr Pumana, nyxuo O(log®p) maros.

O6o3HaunM Kak G(p) MHOXKECTBO BCEX I€PBOOOPA3HBIX KOPHEN JIJIst p.

1

Toglosp) (T.e. XOTs GBI CTOJIBKO).

Teopema 9.11.3. a — cayuaiinoe or 1 10 p—1 = Prla € G(p)] =

Joxazamenvcmeo. Iyers g — V neppoobpasmubiit, Torna G(p) = {¢' | (i,p—1) =1} = % = Soj(opjll).
Ocrajioch HAayIUTHCs OLEHUBATD %") =11 aln q%ql > ] “fi;l, rjue q — HEOCTI)IG JICJTATEJINA M.
Jlorapudmupyem: log @ > Y log(ilogi—1) — - log(ilogi) = (=30, 7o57)) = O(— loglog k)
3aech k — uucsio npocTeix genutreseii. [lorydgaem %n) > 0O(2) = O(=—1—). [

logk loglogn

Caedemeue 9.11.4. Tomyunmm ZPP-anropurym moucka 3a O(FACT + log® p loglog p).

Sameuarue 9.11.5. Ilycrs ectb anmroputm T, KOTODPBI padoTaeT KOPPEKTHO, €CJIA JIaTh €My IIpa-
BWILHBII T1epBOOOpa3Hblil KOpeHb. [lycTh MbI emé ymeeM IPOBEPsIThH KOPPEKTHOCTH pesysbrara T.
Tora mpoire Bcero BMECTO TOTO, YTOOBI UCKATh MepBOOOpa3HbIil Kopenb, ~ loglog p pa3 3amycTurnb
AJITOPUTM, TIOJICOBBIBas €My CJIyYailHbIe YHUCIIA.
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9.12. Kpunrorpadmnusa. RSA.
JBa Tumna mudpoBaHUI:

CummMmerpuunast kpunrorpadms. OuH 1 TOT Ke KJII0Y [M03BOJIAET U 3alimdpoBaTh, U paciud-
poBaTh coobiienue. IIpumeps! mudpoBaHus: XOr ¢ KJIIOYOM; IIUKJINIECKUN CABUT aji(paBUTA.

Kpunrorpadus c oTKpbITbIM KJjO4YeM. bob xoder nociats coobmienue Asuce u mudpyer ero
omxpoimoLm Karouem Amucer (e), K4 (e) 3uaror Bee. s pacundpoBku Astice TOHATOONT-
cst ee 3aKkpbITBI K104 (d), KoTopbiil 3HAeT TOIbKO oHa. Camu dyHKIWN jjisd MHdPOBKE U
pacmudpPOBKHA OTKPBITHI, UX 3HAIOT BCE.

e RSA. (Rivest, Shamir, Adleman, 1977)

Beibepem gBa 60JbIIIX TPOCTHIX dncia p, ¢. llocauraem n = pg, p(n) = (p — 1)(¢ — 1).
Bribepem cayqaitnoe 1 < e < (n), nocuntaem d: ed = 1 mod ¢(n).

Uroro: rerepum ciydaiino p, ¢, e; BeraucisieM n, ¢(n), d.

Torma OTKPBITHIM KiTFoueM Oyzier mapa (e,n), a 3aKpbIThiM — (d, n).

HeiictBua Boba nyga mmdpoBanus: m — p=m°modn

Neitcteusg Ammucer qyig genmdpo: (1 — m = u mod n

I[IposepmM KoppekTHOCTE: (m€)? = me? = meMkE+l = 1k .l — iy,

Asropur™ HajiesKeH HACTOJIBKO, HACKOJBKO CJIOXKHA 3ajada (haKTOPU3AIUN IUCEI.
Hucna ymeror dpakropu3oBaTh Tak (Oojiee mo/Hbiil crimcok Ha wiki):

(a) O(n'/?) — TpuBHamBHLII Tepe6Op BCeX Ae/mTeNnel 10 KOPHS.
(b) O(n'/*- ged) — Dspucruka Iomtapaa, 6bL1a B IIaBe PO BEPOATHOCTHDIC AITOPUTMEL.
(¢) Ln(1/2,2v/2) — anropurm ukcona-Kpaitunka (ects ma 3-M Kypce)
(d) L,(1/2,2) — MeToq 3/ IMITHYECKUX KPUBLIX (asroputym JleHcTpsr)
(e) L,(1/3,(32/9)3) — SNFS
Baech Ly (a,c) = O(eleto)logn)®y,
ITpn 0 < a < 1 mosyvaem L,, MeXKy HOJIMHOMOM ¥ 9KCIOHEHTOI.

IIpn o = 1 nonyuaem L, — posro mosmaoM nto),

O6brano B RSA ucnonb3yior kiod jmabl k = 2048.

[Tpu mudposke/pacmudposke ucnosb3yior O(k) oneparmii jge1eHns Mo MOLYIIO,

8 MBI CKOpO HayunMcs peansosbBath 3a O(k?/w?) nu O(klog? k), onrumansuoe spems — O(klog k).
Uroro: npocreiimnas peamuzanus RSA naér spemsa O(k?), ontumansnas — O(k*logk) u O(k3 /w?).

e Bzsiom RSA.

Ha npakTuke pazobpaHbl JBa CIydasi:

(a) Bapuanr B3ioma mpu e = 3.
(b) Bapmant B310Ma gepes Opakys1, KOTOPBIi JIoMaeT cJIyvaiiHble COOOIIEHNs ¢ BepOsATHOCTBIO 1%.
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9.13. IIporokoa Auddpu-Xenimana

Ecrs Amuca u Bob. VIm 1 BooOImie BceM JTiosiM Ha, 3eMJie M3BECTHBI 9HCIa § U P.
Asnca n Bob xoTaT co3marh HEM3BECTHBIM O0JIee HUKOMY CEeKPETHBIH KJII0Y.
JIJ1st 5TOr0 OHU TOJIB3YIOTCS CJICLYIOIIUM aJITOPUTMOM (IIPOTOKOJIOM ):

1. Aumica reHepupyoT OOJIBbIIOE CJIydaiiHOe 9nucio a, bob b.

2. Ajuca nepenaér Boby 1o orkpeiromy Kanasty (Jr060it MoxkeT ero ciymarh) g* mod p
3. Bob6 nepenaér Asmce 1o oTKpeIToMy Kazaiy ¢” mod p

4. Amuca snaer (a, g°) = moxer praucyuth g*° mod p, anasornuno Bo6. Kiou roros.

[Ipeanostaraercs, 9T0 3JI0yMBIIIJIEHHUK HE MOYKET BMEIIATHCA B IIPOIECC TePeavn JAHHBIX, HO MOYKET
BCe JIAHHBIC IIEPEXBATHTE. 3JIOYMBIIUICHHAK B UTOTE 3HACT ¢, ¢%, g°, p, HO He 3HaeT a u b.

OkasbIBaeTcs, 9To 3a/1a9a <0y YUTh g“b 110 9TUM JAaHHBIM» He IPOIIE JIUCKPETHOIO JIOTapudMupo-
BaHMsA, & OHA He IpoIe (PaKTOPU3AIIIH.
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9.14. (-) wmckpeTrHoe JjorapudpMupoBaHue

Sajtava cxozKa 110 3alMCU ¢ OOBIYHBIM JiorapudmupoBanueM: a* = b = z = log, b.
CobCTBEHHO €6 HaM U MIPEJICTOUT PENIUTh, TOJBKO BCE BBIYUCJICHUS 110 MOJLYJIIO 1.
BameTHM, ITO & MMeeT CMBICJI HCKATh TOJIBKO B anamasone [0, p(m)) u ¢(m) < m.

O6mmast ujes pemmenus: KOpaeBast 1o . JIo0y1o crenenb KOPHEM TOJIEUM Ha JIBE YacTH. ..
Bosemém k = [v/m], mocTpoum muoxectso map B = {(a’, 0, (a*, k), (a®*,2k), ..., (a® Dk (k—1)k)}
IlycTh @ cymiecTByer, MOJeMM ero ¢ ocTaTkoM Ha k: x = ik +j = a* = akial A (a¥ ki) € B
Bamernm, uro a*'a’ = b < a = ba~7. Ocramnoch nepebpats j:

al = inverse(a) # ozuu pas 3a O(logp)
for j in range(k):

if b in B: # c Tourm 3peHud peanusanuu B - cioBapb
x = j + B[b] # cmoBaps ;)

b mul (b, al) # mo Momymo! B mToTe Ha j-# wTepamuw y Hac mmox pyxo# ba ’

Ecmm B — xem-Tabiuna, To cymmapnoe spems paborst O(,/p).

Samevarnue 9.14.1. Ecim masa kaxkaoro b B B[b] XpaHUTh BeChb CINCOK HHJIEKCOB, KOJI JIEIKO MOJIU-
durmpoBaTh Tak, YTOOBI OH HAXOJINJI BCE PEIIEHUS.

9.15. (-) Kopenb k-ii cTenneHn 10 MOJIYJTIO

Pemaem ypasrenue suia ¥ = a mod p. Janwr k, b, p € P.

JTuckperHo mpostorapudMIpPyeM O OCHOBAHUIO EPBOOOPA3HOro KOpeHd: a = ¢°, x umeM B Buje gY.
Ioayuaem g* = ¢® mod p < ky = bmod p—1 < y = 2 mod p—1,z = ¢¥.

Bpewmsa paborbr — norapudMuposanue + jenenne, T.e. /p + logp.

9.16. (-) KTO
Kuraiickas Teopema 06 Ocrarkax (K. T.O.) 6bu1a y Bac Ha aiarebpe B mnpocreiiniem Buje:

r = a;(m;)

Teopema 9.16.1. o
- Vi#j (m;,m;) =1

= 3laec|0,M): z=a(M), rne M =[]m;.

TakoKe MOKA3bIBAJIOCH, UTO @ = Y | A;€;, TJI€ €; IOAOUPAJIOCh TaK, 4ro e; = 1(m;),Vj # i e; = 0(m;).
Coberpento, ecimn obosuaunth t =[], m;, 10 €; = (t -t~ (m;)) mod M.

Ceityac MbI TOHJIEM UyTh JaJIbIE U PACCMOTPUM CJIydail TPOM3BOIBHBIX MOJYJIEH m;.

I Vi & =TIpi7. U Vi x = a; mod p”
epBbIM siesioM Vi hakropusyem m; = [ ] p;; - VI 3amennm cpaBaenns Ha Vj © = a; mod p;;”.

JL1st KazK10ro mpocToro p OCTaBUM TOJIBKO IVIABHOE CpaBHEHHe: p* ¢ MaKCUMAaJbHBIM (.

Hy>KHO HPOBEPHUTH, UTO JTIOOBIE CPABHEHHUA TI0 MOJLYJISM BHJa p° TIIaBHOMY He IPOTHBOPEYAT.

Uroro 3a O(FACT) mbl cesu 3aa4dy K KTO, win Hanum nporusopedne.

9.16.1. (-) NUcmonb3zoBannme KTO B aaumHoit apudpmernke.

[TycTs HaM Hy)KHO TOcYUTaTh X — 3HAUYEHNE apU(MMETHIECKOr0 BhipaxkeHus. Bo BpeMst BbIYUC/ICHMIA,
BO3MOZKHO, HOSIBJISAIOTCS OY€Hb JIMHHBIE YHCIa, HO Mbl yBeperbl, uro X < L (L gano).

BozbMéM HECKOJIBKO CTyYaitHbIX 32-OMTHBIX TTPOCTHIX P;, YTOOBI UX MPOU3Be/IeHne ObLIO O0IbIe L.
[Tonanoburcs k =~ log L aucen. Teneps k pa3 nHaiijém X mod p;, ornepupys TOJBKO ¢ KOPOTKHUMU
gucsiamu, a 3areM 1o gopmyaam u3 KTO cobepém X mod [ ] p;.

[Mockombky X < L <[] pi, MbI OsTyansm BepHBIit X .
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Jlexkius #10: JIuHeiltHBIE cuCcTeMbl ypaBHEHU
28 Hostops 2022

CJIAY — Cucrema MuHEHHBIX AJIreOpanIecKuX ypaBHEHMIA.

Pemennem CJIAY Mbl ceifyac Kak pa3 u 3aiiMémcs. 3a0QHO HAYYUMCS CUUTATh OLPEIEIUTE/b MaT-
puiibl, obpalaTh MaTpPUILy, HAXOJIUTh KOOPJANHATHI BEKTOpa B Oa3uce.

e IlocTtanoBka 3agaun.
apoTo + g1y + -+ + Aon—1Tn—1 = by
. Janxo+anri+ -+ agp—1Tp—1 = b
Jlana cucrema ypaBHEHU
Apm—10T0 + Cm—1121 + *** + Qy—1p—1Tn—1 = bym_1

s xkparkoctu, Oyjem 3amuceiBath Ar = b, Tie A — marpunia, b — BEKTOP-CTOJIOEII.
MpbI — HpoOrpaMMHCTBI, TO3TOMY HYMepPaIus Be3e ¢ HYyJIs.
Sajiata — HaTH KakKOH-HUOY/Ib X, & JIydIlle BCE MHOYKECTBO T-OB.

Bee a;;, b; — snemenrst noss (nanpumep, R, C,Z/pZ), r.e. HaM JOCTYIHBI OLEPAIAN +, -, *, \.

10.1. T'aycc aJjist KBaApaTHbIX HEBBIPOXKJIEHHbIX MaTPUIIL.

B mannoit wactu mMbl yBunM Kjiaccudeckoro [aycca. Takoro, Kak ero 0ObIvHO OIUCHIBAIOT.

Hama 1iesib — npeBpatuth Marpuilty A B TPEYTOJbHYIO WA JTHATOHAJILHYIO.

Hamr nncTpyMeHT — MOXKHO MEHSATH ypPaBHEHHS MECTAMU, BRIYUTATH YPaBHEHUS JIPYT U3 JIpyTa.
s ynoberBa peasiu3anyy cpasy HaYHEM XPAHUTDL b; B d4elike a;,

[Inan: i KaxKaoro ¢ B 9elKy a;; MOCTaBUTb HEHYJIEBOM 3JIEMEHT, U, MOJIb3YydCh UM U BBIYUTAHUEM
CTPOK, 3aHYJIUTH BCE JAPYTHUE AYCHKHU B ¢-M CTOJIOIIE.

// aToT ®xogm paboTaeT Tombko mus m =n, det A # 0
// TeM He MeHee, 4UTOBH He NyTATLCA B PAa3MEPHOCTHAX, MH B Pa3HHX MeCTax [UNEM U M, A N
vector<vector<F>> a(m, vector<T>(n + 1)); // b xpauuTcsa mocuemHmM CTONOIOM @
for (int i = 0; i < n; i++):
int j = i;
while (isEqual(aljl[il, 0)) // isEqual mnz R obs3aHa mcmonb30BaTh &
j++; // HeHymeBO# >JIeMEHT TOYHO HAUAETCS U3 HEBHPOXLEHHOCTH
swap (alil, aljl); // menseM cTpoxu MecTamu, kcTaTtu, 3a O(1)
for (int j = 0; j < n; j++) // mepebupaeM Bce CTpPOKHZ
if (j !'= i) // ecim XOTWM NOIYYUTH AUATOHANBHY
if (j > i) // ecim XOTHM HONYYUTH TPEYTOIBHYI
if (!'isEqual(alj][il, 0)): // xoruM B [i,j] mocTaBuTs O, BHYTEM (-0 CTPOKY
F coef = al[jl[i]l / alill[il;
for (int k = i; k <= n; k++) // camas pjoarasd d4acTb
aljl[k] -= alil[k] * coef;

Crpoka 14 — eiuHCTBeHHAA 9acTh, paboTatomas 3a O(n?), mosToMy /11 TPOU3BOUTEILHOCTH BaZKHO,
9TO IUKJI HAIHUHAETCS ¢ 1, & He ¢ () (TaK MOXKHO, TaK KaK CJIeBa OT { TOYHO HYJIH).

Ecau pesynabrar [aycca — nuaronaibHasi MATpPHIA, TO T; = b;/a;;.

13 TpeyrosibHOi MATPHIBI T-bI HY?KHO BOCCTAHABIMBATEL B mopsijike ¢ = n—1...0:
— (b — s . 2

zi = (bi = Y i_iy1.n1 T * @ij)/ai- Bpemsa soccranosnenua O(n?).

[nasa #10. 28 nosiops 2022. 61/77 Asrop koncmekTa: Cepreit Koneanopua




0O Ui Wi+

N O U W N =

Ausropurmbl, 2 Kype, ocenb 2022 /23 JIuHeitHble CUCTEMBI ypaBHEHUIA

3amevarue 10.1.1. Borauciaenne onpegenurens. [Ipu swap crpok det A MeHsieT 3HaK, IPU BBIYUTAHUN
cTpok det A He MeHsieTCs = 3a TO K€ BpeMsi Mbl yMeeM BbIYucjaaTh det A.

ITpumep 10.1.2. Pabora ['aycca.

1] 1 25 11 2|5 1 1 2|5 10 3|62 1 0 0]212
i=0 swa i=1 i=2

3 3 8[5|—=[00 2|-10 0 [3] 3| -5 |X3] 03 =3| -5 |30 3 0|-20

2 5 1|5 03 —3| -5 0 0 2 |-10 0 0 [2]]-10 0 0 2|-10

Hmozo: © = 21%, —6%, —5]
Onernm Bpemst paboThI B Xy/IIeM ciaydae (Bcerga 3axoauM B if B 12-if cTpoke):

JI1st IpEeBpAIEHNsT B TPEYTONIBHYIO  » .12 &~ n3/3
JLJ1st IpEBpAIIEHNst B IMATOHAJIBHYIO Y, i &2 n3 /2

= ecJIM BayKHa CKOPOCTb, puBojuTe K A-oif. Korma Ha mepBoM MecTe ya006CTBO, K JUaroHAIbLHOIA.

10.2. I'aycc B obmmem ciydae

Ecyimm MBI IO/I0H1IEM B BOIIPOCY YUCTO MaTEeMaTHYECKH, TMPUJIETCA BBECTU TPAICIEBUIHBIE U CTYIICH-
qaThle MaTPUIbl. BO3MOXKHO, HAM 3aX0UeTCsl MEHATH CTOJIONbI (IIepeMeHHbIe) MeCTaM.

Mpbl XoTUM cpasy ymoOHBI yHUBepcaabHblil Koua. IlosTomy 3amady copMyIupyeM Tak:
IIo 0dnomy dobasasromes napw {a;, b;) € (F" F), nam nyorcro noddeporcusams bazuc npocmpancmsa

linear{ay,as, ..., an} u noddepocusamsv mrodrcecmeo pewenut cucmemovr Ax = b.
vector<vector<F>> A; // Terkymmii 6a3uC U IPUKpPEINIEHHHE b-WKA
vector<int> col; // pmua Kaxmoro 6a3MCHOTO BEKTOpa XpaHUM HOMEp CTOIbIa, KOTOpHN OH O6HyIsgeT
bool add(vector<F> a) { // al0],...,aln-1],b
for (size_t i = 0; i < A.size(); i++)
if (!'isEqual(alcol[il], 0)):
F coef = alcoll[il]l / A[il[coll[il];
for (size_t k = 0; k < a.size(); k++)
alk] -= A[i]l[k] * coef;
size_t i = 0;
while (i < a.size() && isEqual(alil, 0))
i++;
if (i == a.size()) return 1; // ypaBHeHue - JuHeNHAs KOMOWHAIWS IPEIBILYLUX
if (i == a.size() - 1) return O; // BHpaswiu U3 AaHHHX ypaBHeHuH «0+..+0 = 1»

A.push_back(a), col.push_back(i); // mobaBumm B 6a3uC HOBHN BEKTOP
return 1; // cucremMa Bcé emg paspemmma
b
Bpewmst paborsl jobaBienust m BeKTOpoB, ecau dim linear{as, ..., a,} = k, paboraer 3a O(mnk).

Boccranosum pertenne. CBoOO/IHBIE ITIEpEMEHHBIE — POBHO T€, UTO HE BOILIA B COl.

vector<F> getX(): // O(n+k?), uro mna wmanenskux k ropaszmo 6xcTpee obwuroro O(n?)
vector<F> x(n, 0); // mycTb cBo6OZHHE IEepEeMEHHEHE DPABHH HYJIIO
for (int i = A.size() - 1; i >= 0; i--):
x[col[il] = A[il[nl; // Alil.size() == n + 1
for (size_t j = i + 1; j < A.size(); j++)
x[col[i]] -= A[il[col[jl] * x[coll[jl];

return x; // HawIW KaK0e-TO OLHO pELEHUE

Tenepr 3anmomaNM HavdaabHOe s = getX () m mepebepém Te cTOIOIBI j, KOTOPBIA ABJISIOTCS CBOOO-
HBIMU 1epeMeHHbIMU. [l KaxKk1oro j HadHEM BoccTaHOBJIeHHe oTBeTa ¢ Xx[j] = 1, u mocsie cTpokun
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4 yurém ciaraemoe A[i] [j1*x[j]. Pesynprar 14 j-it mepemennoit 0003HaMUM V;.
Tenepb y HAC ecTh BCE TIPOCTPAHCTBO pertenwuii: § + linear{v;—s,va—Ss, ..., Uy_r—S}.
Bpems: O((n — k)(n + k?)). Tne (n—k) — pasmepHOCTb IPOCTPAHCTEA PeIleHuil.

10.3. T'aycc naz [Fy

Camas josiras 4acTh l'aycca — BbIYECTb U3 OJHON CTPOKH JPYTYIO, YMHOYKEHHYIO HA UUCJTIO.
B Fy Berueranne — @, a ymuoxkenne &. JIrobumbiit Hamu bitset obe onepanuu ciaenaer 3a O(n/w).
[Tomydennoe yckopeHne IpUMEHNMO K 00onM BepcusaM l'aycca, onmncaHHBIM BBIIIE.

10.4. IlorpemnitHocTtb

[Tpu Bbruncienusx B Z/pZ, ecrecrBeHHo, orcyTcTByer. [Ipu Beruncaenusx B R oHa 3aliKajinBaer.
Pacemorpum mampuuy Iiavbepma G: g;; = %, i,7 € [1,n].

[Monpobyem pemuth pykamu ypasuaerne Gr = 0: det G # 0 = 31z ={0,...,0}.

Teneps npumenum [aycca, peannsosannoro s Tuie double npu € = 10712,

Ve npu n = 11 B mporecce BBIOOpA HEHYJIEBOTO JIEMEHTa MbI HE CMOXKEM OTIHIUTH () OT He HyJIs.
Okeit! double (8 6aiir) — long double (10 6Gaiir), u e = 107'°. Ta e npobaema npu n = 17.

e Pernenusi npobsiembr:

OO6bIHO, YTOOBI XOTb Uy Th-UyTh YMEHBIIUTH MOTPEITHOCTH BHIOMPAIOT, He JIF000 HEHYJIEBOI 9JIEMEHT
B CTOJIONE 7, a Max [0 MOJYJIO SJEMEeHT B roamarpurie [i,n| X [i,n] (a6pucmuka max aremenma).
B unKpemenTasbHOM criocobe (006aBIsITh CTPOKH TI0 OJIHOf) 9Ty ONTHMHU3AIMIO He TIPUMEHUTh.

Bo MHOrux s3pIKax peajn30BaHbl JIIMHHBIE BEIECTBEHHBbIE YUCIa, HaIpuMep, Java: BigDecimal.
Ho Bcé paBHO BO3HHKaeT BOIIPOC, KAKYIO0 TOYHOCTH BHIOpaTh! Comep:KaTe/IbHbI OTBET MOXKHO OyaeT
U3BJIEYb U3 KypPCa «BBIUUCIUATEIbHbIE METOJIbI», & IIPOCTON 3BYUYHUT TaK:

1. 3amycrure [aycca nBa pasa ¢ k u 2k 3nadaniumMu 3HaKaMu.
2. Ecim orBeTHI HEJIONMYCTUMO CHIBHO OTJIMYAIOTCH, k& CJIUIITKOM MAJIO, €r0 HYyKHO YBEJIUYIUTD.

«Jlerckuii» criocob. ITycTh n3BecTHO OrpaHuyueHne 10 BpeMeH: (HAlpuMep, POBHO 1) ceKyHa,
BbIOEpEM MaxX BO3MOXKHYIO TOYHOCTH, YTOOBI YIOXKHUTHCSA B OI'PaHUICHHE.

Ha mekoTopom Kitacce MaTpHUIl MEHBIITYIO IMOTPEITHOCTD JAET Memod npocmot umepauull.

10.5. Metoa nrepanmii
[Tycts Ham HyzKHO pemuth cucremy x = Az +b. [Tpu stom ||A|| < 1 (BBI Bejib OMHHTE PO HOPMBI? ).
Pewenue: nauném ¢ xo = random, OyjieM IepECYUTHIBATD X1 = Ax; + b.

CrenaeM CKOJIBKO-TO IIAroB, IMOCAEIHNN BbIIaInM, Kak 0TBeT. CII0KHOCTD (’)(n2t), { — Y1CJI0 IIaroB.
Ha camowm neste maxke menbie: O(FEt) maros, rae £ — 9UCI0 HEHYJIEBBIX sT9€€K MATDHIIHL.

Ecau 661 cucrema nmesa 6oJiee mpocToit Buj & = Az, MbI MOTJIH ObI BHIYUC/IATH OBICTpEE:
A— A2 5 A* o A% 5 (42%)z, wroro crioxmocts O(ndlogt).

[Torrpobyem Takoit ke (hOKyc TPOBEPHYTH ¢ UCXOIHON cucremoit © = Ax + b.

xo — Awg+b— A%wg+ Ab+b— - = Afzg+ A" b+ 4+ Ab+b.

TV .
O6o3znaunm S; k=2

Bamernm: Sy = AF2S, 1+ 5, 4 = (Ak/2 + E)Sk_1.
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Siy1 = (T + E)S;
Tz‘+1 =T?

)

baza: Ty = A, Sy = b. Ilepexon;:

|A|] = supj,—; |Ax], 142 < [|A|1** =5 0 = npenebpeskén ciaraensit A2 zg (wim BospMéM 2o = 0).

Bameuanue 10.5.1. Ecrb npa ciocoba 3amycruts ¢ urepanuii: suneiias urepanus © — Az, paboraer
sa O(Et), u wrepanua ¢ yasoenmem A — A% paGoraer 3a O(n’logt). Ecim B 3amaue umeercs
ObiCcTpast CXOAUMOCTb 1 MaTpuiia A paspe:keHHas, JUHeHHAst UTepalis MOXKeTh PaboTaTh JIydllle.

10.6. Bbrauciienue obpaTHOii MaTPUIIHI
Bamaua: jana A waj nojgem, Haiitu X : AX = E.

Nz det A - det X =1 cienyer, uro A HEBBIpOXKIeHa = peIlleHNe eINHCTBEHHO.

Kazkapiit crosiber, MaTpuisl X 3a/1aéT cucteMy ypasHenuit = naxoxjenue X sa O(n') ouesnsmo.
Yro6e! nosyunts Bpemsa O(n?), samernm, uTo y cucrem mMarpuna A o6mias, pasjinaHbl JUHIb CTOJI0-
bl b = cucTeMbl MOYKHO peIlaTh OJHOBPEMEHHO.

Takzke, KaK MBI 3allUCBIBAJIN b; B @4y, €Cl ecTb cpasy bio, bi1, . .., by, To Vj 3anumem b;; B a;pn4 ;-
Iasee Gyjiem onepupoBaTh co cTpokamu jmHbl n+k. Bpemst paborst O((n + k)n?) = O(n?).

Kopotkoe uznoxkenue: 3ammcamm AFE kak mMaTpuily u3 2n crojoros, npusen [ayccom A K jmaro-
HaJILHOMY, a 3aTeM Jlaxke eJMHIYHOMY BUJILy = Ha MecTe £y Hac Kak pas A~L.

Caedemeue 10.6.1. Hazx Fy o6pariyo MaTpuily Mbl Hayuuauch uckathb 3a O(n/w).

10.7. T'aycc aJjist eBKJIMJI0Ba KOJIbIIA

HamomunM, e6x410060 K0451%0 — 00J1aCTH MEJOCTHOCTH C JICJIEHUEM C OCTATKOM
(ectb +, -, * u / ¢ ocrarkom). Hanpumep, Z. Unm R[z| — maorowrens, Z[i] — layccoBsl qucia.

Ceituac y HaC MOy IUTCA Iy Th H3MEHUTH 00bIaHOT0 ['aycca, npuBossinero Marpuily A K TpeyroabHOiA.
A BOT K JMaroHaJbHOMY BUJLY, YBBI, IPUBECTU HE ITOJIYIUTCS.

OCHOBH&H ollepanusd B Faycce — nMed CTOH6€H i, CTPOKN 1 j IIpu a;; # 0 3aHYJ/IUTbh aﬂ
PaHbIHe MbI BbIdUTaJIN U3 CTPOKU a,; CTPOKY a; MHO>KEHHYIO Ha 241 . Tene b HaC HET JIeJICHUdd...
] (3] Qs
k23
BaTO y HaC €CTb JeJICHHE C OCTaTKOM = €CTb AJITOPUTM EBKJII/I,ZLa.

HapajiTe Ha snemenTax aj; U a; samycTuMm Eskimja. Tonabpko no xomy Esximjia BerauTaTh Oynem
cTpoKH 1euKoM. Pesynbprat: VE < i Bce @y, aj, KaK ObLIN HyJIAMM, TaK M OCTAJINCh, a OJUH U3 j;
u a;; 3anyiuics. [Ipumep:

2 8 2 0|1 2 8 2 01 28 2 011
0[7] 5 41 | =0 [1] -7 2|1 |20 1 -7 —2|-1
0 [3] 6 3|1 03 6 3|1 00 27 9|4

Kak 3TuM MOXKHO I0JIb30BaTHCA?

1. Jlna mojicuéra orpejie/iuTe st KBaJIpaTHON MaTPUIIHI.
2. Jlnst perennst cucrembl Az = b, ecin HeT cBOGOHBIX NepeMeHHBIX (HampuMep, det A # 0)

ECJTI/I €CThb CBO6OI[HBI€ HepeMeHHbIe, TO BO BpeMH BOCCTaHOBJIEHA OTBETa II0 TpeyFOHbHOfI ManHHe
B dopmyne z; = (b; — Zj:i—i—l..n—l Tj - Qij)/Q; Y HAC MOXKET <«HE IIOJIEIUTHCS».

B ciyuae det A # 0 310 3HaUUIO OBl «HET PEINEHUii», & TYT 3TO 3HAYUT «Mbl HEIPABUILHO 3a1a/11
3HAYEHUsI CBOOOIHBIM II€PEMEHHBIM».
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Sameuarue 10.7.1. Eciiu cTout 3a/1aua «IIpOBEPKU HEBBIPOKIEHHOCTH MATPUIILI HAJT Z», TO PA3yMHO,
9TOObI M30€KATh JIIMHHBIX YUCEJI, BBIYUCAEHUS TPOBOJIUTHL HE HaJl Z, a M0 OOJIBIIOMY IIPOCTOMY
mogrysio. [lpu mojcuére onpeiesuresid MaTpuilbl HaJL Z jijig 60PbObI ¢ JUIMHHBIMA YHCIAMEA MOXKHO
HCTIOJIB30BaTh pUEM n3 pasi. 9.16.1.

10.8. PazyioxkeHune BeKTOpa B bas3uce

Bepuémcst B Mup moJieit u 6e30macHoro JIejIeHus.
Ecsin mam jraror 6a3uc npocTpancTBa {vy, . . ., U, } ¥ BEKTOP P, IPOCST PA3JIOKUTD P B 6a3uce v, IpoIIe
BCEro peluTh cucteMy ypasHenuit Az = p, rje v; — crosibust matpuibt A. Bpems O(n?).

Ecii HaM Ja10T cpasy MHOIO BEKTOPOB Pi, Pa, - . . Dk, TO MBI JoluchiBaeM X K A: [A|pips. . .y,
Kak Jjiesaau B pasa. 10.6, u nomyuaem urorosoe Bpemst O(n?(n+k) + nk) = O(n® + n?k).

Tenepnb Oyaem perrarh online 3a/1a9y — HaM HYKHO CJIe/IaTh HEKUI TIPETOACYET OT Oa3uca, a BEKTO-
pa p; GyyT BbLIABATH 110 OJHOMY. PacKajibiBaTh KaxKplil p; xoderca 3a O(n?).

Bamerum, uro B Laycce pasa. 10.2 Mbl Kak pa3 110 CyTH PA3JIOKUIIU BEKTOD... TOJIbKO He Ha UCXOJIHbBIE
BEKTOpa, a Ha Tekylmue crpoku Marpuibl. OK, naBaiiTe jig KaxKI0il CTPOKM MATPHIBI XPAHUTDH
KOS UIMEHTEI ;50 a; = ). ¢;j0j, Te a; — CTPOKH MATPHIIBI, & v; — HCXofHble BekTopa. Torma s
HOBOTO BEKTODA k= D ;o 4 i = Y. 0; (> cicij). Hosbie xoaddummentst c; = 3, i
Uroro mbl 3a O(n?) namm KoshdUIMEHTHI CTPOKH, KOTOPYIO cobupaeMcs J106aBUTh B Gazuc.

10.8.1. Oproronanuzanuga I'pama-IIImuara

Jlpyroii criocob caesraTh 6a3uc ya00HBIM JIJIs TOJIB30BAHUST — IPUBECTHA €0 K OPTOHOPMUPOBAHHOMY
Buay. Hamee cienyer omucanne Oproronanusaruu I'pama-IlImuara, sHakoMoe BaM ¢ aaredpbI:

for i=0..k-1
for j=0..i-1
v[i] -= v[j]l] * scalarProduct(v[i], v[jl)
v[i] /= sqrt(scalarProduct(v[i], v[i]))

[TostyunTh KOOPMHATEI BEKTOPA P B HOBOM MUJIOM 0asmce MpOIIe MPOCTOro: x; = (P, v;).

Bpewms pazioxkenus sekTopa B 6azuce — O(n?) cioxKeHuit U yMHOMKEHUIA.

Ongarh Ke, ecjii Mbl XOTUM KOOPJMHATHI B UCXOIHOM Oasnce, TO JJId KaxkKJI0ro v; HaM HY>KHO Oymer
*

TacKaTh BEKTOP KOI(DMOUIMEHTOB: v; = Y ;005 (BbIpaykeHUe Yepe3 UCXOJHBIH 6a3uc), U BhIIUTAS V;,
BBIYUTATH U BeKTopa Koaddunuenros. Bpems pasioxkenus p B ucxonHoM daszuce — toxke O(n?).

10.9. BeposiTHOCTHBIE 331291

Paccmorpum oprpad, Ha pédbpax KOTOPOTO HAIMCAHBI BEPOATHOCTH.
JLst KazK 10l BEPIIMHBI BEPHO, 9TO CYyMMa UCXOJSINNX BEPOSITHOCTEN paBHa 1.
Ecyi 661 MBI XO0TEIN ¢ HEKOTOPO#T BEPOSITHOCTHIO OCTABAThCSI B BEPINHUHE, JT0OABUIN ObI TETIIO.

Yro HAC MOYXKET MHTEPEeCOBaTh !
1. HauaB B BepiruHe v, B KaKO#l BepIITHHE ¢ KAKON BEPOSTHOCTEH MbI HAXOIUMCS 1Ipu ¢ = 007
2. KakoBa BepOSTHOCTD, YTO, HAYaB B U MBI JOHJIEM JI0 BEepIIUHBI A paHbiie, ueM 10 BepIuHbl B
(A — criactu npunreccy, B — cBaiuTbest B 6010T0)7
Kakoe maroxkuganue 4duc/ia maros B IyTH U3 BEPHINHBI U B Bepiuuy A7
4. Kakoe ycJI0BHOE MaTOXKWIaHUE YHCJIa [MAroB B IIYTH W3 BEPIINHBI U B BEPIUHY A,

@

ecan monaganue B B — cmeprh?
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e Oprpad anukJMdeH = JAUHAMHUKA

Ecmu mcxomubiit oprpad anukimden + B HEM MOTYT OBITH IIET/IN, BCE 3319 PEIIAIOTCs THHAMUAKOI.
[Tpumep st MaToxkuganua 6e3 nerm: Efv] =1+ > plv — x] - E[z]

[Ipumep 1l MATOXKHUIAHUS C TIETJIENH BEPOATHOCTH ¢

Ep] =14 (1—q)(Xplv — 2] E[z]) + ¢- EP] = Ep] = i + X plv = 2] - E[x].

e IIpousBosibHbIii oprpad = urepanum uam Laycc

Pacemorpum Bropyio 3agady. Torma p[A] = 1, p[B] = 0, a Ha KaxkK1y1o JPYryio BEPIIMHY €CTh JIMHEH-
Hoe ypaBrenue p[v] = Y p[v — ] - p[z]. laBaiire permars!

Taycc paboraer 3a O(V?), obnajiaer cKBepHOIl MOTPEITHOCTHIO.
Merom urepaluit B JaHHOM ciydae OyzeT paboTraTh Tak:

1. Msuavanbho Bce Kpome plA] Hysn.
2. Barem MBI Bee p[v] mepecunTsiBaeM 1o dopmyie: plv] =Y plv — x| - plz].

MozkHO IIepecIuThIBaTh BO3BEJICHUEM MaTPUIIbl B CTCIICHDL:

k daz za O(V31ogk)|, a moxuo |B 106 32 O(E - k)

Sameuanue 10.9.1. Tlosie3HO 03HAKOMUTHCS € MPAKTUKAMHE, JIOMAITHUMA 38/IAHUSIMEI, pa3dopaMu.

Sameuanue 10.9.2. Ilycrs momyauBInytocs cucteMy ypaBHeHU 3a1aéT maTpura A.
Ecim 651 66110 ||A|| < 1, MBI 651 y2Ke ceifaac ckazaan npo cxonumocTs. Ho ||A]| < 1, nosromy anasms
CXOJIMMOCTH METO/[a UTEPAIHil 2KJIET BAC B KYPCE YUCAEHHDIT MEMOJ0E.
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10.10. (x) CJIAY wan Z u Z/mZ
10.10.1. (x) CJIAY nan Z

Pewenue #1. OueHUM BeJIMUUHY OTBET: IMyCThb |ans| < x. Pemmm Ty ke cucremy 1Mo IMpPOCTHIM MO-
JYTIAM Dy, Doy - DR |1 = . Yepes KTO Boccranosum orser. Bpemst paborbt O(n®k). Mumnycsr:
HYZKHO OLEHHTH oTBeT. Momudukanys: ecaim n3BeCTHO, YTO OTBET I, MOKHO HAXOAWUThL k mTepaTus-
HbIM yaBoeHueMm: k=1—2 —4 — ...

Pewenue #2. llbrraemes Bcé caenars oguuM [ayccom. Samyctuts [aycca npobsem mer. [Ipobrema —
BLIOPATH CBOOOJIHBIE [IEPEMEHHBIE TaK, 4TOObI BCE MOAEIUIOC: Vi bi— > o Wiy = 0 mod a;;.
[Lnan: 3anmucarh Takylo CHCTEMY YPaBHEHUil 10 MOJIYJIIO, PEIUTH (CM. CJIEIYIOIU pas3ien).

bi— > e i T .
Yro6w1 3ammcaTh cucTeMy, HyKHO T; = ———2>—" MOJICTaBIATL B ypapHennd 1,2, ...,i—1. Bmecto
17

JIeJIeHUS Ha a;; Hao0OpOT ypaBHEHH 1, 2, . .., 1—1 yMHOXKHUM Ha a;;. Takoii mporiecc BbI30BET OOJIBIIOIN,
HO IIPeICKa3yeMbIil pocT KO3MDMUINEHTOB: HAIpUMED, YpaBHeHUEe 1 YMHOKHUTCA HA A22333. - Uy,

10.10.2. (x) CJIAY nan Z/mZ

Cruepga mipejictaBuM cebe TOJTHBIN a1 MHOTO JTMHEHHBIX yPaBHEHHH 1 KarKI0€ [0 CBOEMY MOJLYJIIO 11;.
KTO naér maM BO3MOMKHOCTE JIjIsl YIIPOIIEeHHiT: (haKTOPI3yeM Bce my;, HOoIyInM ypasaenunsa mod pF.
Crpynmnupyem ypashenus 1o p. Ecjm ectb jnBa ypasuenus (a1, x) = by mod p' u {ag, x) = by mod p’,
IpH 7 > j BTOPOE MOXKHO JOMHOXKUTB Ha P' 7 : (asp' ™7, x) = byp'~? mod p' = Vp Bce crenenu i paBHbIL.

Perraem i kazxmoro p ceoto cucremy. B konme KTO maér oTBer i1s1 MCXOTHONW CUCTEMBI.

10.10.3. () CJIAY wnan Z/p*Z

[Ipuseém, marpuity I'ayccom K BuLy «TpeyrojibHas + OJIOK CBOOOJIHBIX TepeMenubix. [lo xomy npu-
BEJICHNs, eI OKasbIBAIoCh, uT0 ¢ = ged(ag, p*) # 1, JommchiBaeM B KOHEI CHCTEMbl ypaBHEHHE:

_ k p*
Zj>i<aijxj —b;) mod g = 0. Yrobsl JommcaTh M0 TOMY Ke MOJLYJIO P°, JIOMHOXKAEM CTPOKY Ha 7
Hosule ypasHenus 6yayT yzKe 1o Moxymio pP~! mimm menbine = mpomecc gacT me 6ojee kn HOBBIX

ypasuenuit = Bpems paborot O(n’k).
Sameuanue 10.10.1. Taxoe permrenue padboraer jist [aycca 110 J1060My HEIIPOCTOMY MOJLYJIIO M.

Sameuanue 10.10.2. Urobsr Takoe pererne padbortasio s [aycca, riae Kaxk10e ypaBHEHUE TI0 CBOEMY
MOZLYJTIO 11;, HY?KHO IIPH BBLIMHTAHUN [IEPEXOJUTE K O0IIeMy MOAY/Io [cm(m;, m;). DTO MOXKeT ObITh
Menee 3 dekTrBHo, dem BapuanT ¢ KTO.
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Jlekius #11: BbeicTpoe npeobpa3zoBanune Pypbe
5 nexabps 2022

[Tepes Tem, kak HavaTh ToBOpUTh «Dypbey TO, «Dypbes C€, HYKHO Cpa3y 3aMETHTD:

Ectpb nernpepoisnoe mpeodpazosanme Oypne. C HUM BBI JIOJIZKHBI CTOJIKHYTHCS Ha T€OPBEpe.

Ecte tpuronomverpudecknii psj @ypoe. 1 ects obmuit psig Pypbe B rjibOEPTOBOM ITPOCTPAHCTBE,
KOTOPDBIi TOSBJISIETCS B Havaje Kypca PyHKINOHAILHOIO aHAJII3a.

Mpur1 ke ¢ BaMu OyeM 3aHUMATHCS UCKJIIOUYUTETHHO JIUCKPETHBIM ITpeobpaszoBannem Dyphe.
Koporko DEFT (Discrete Fourier transform). FFT — mo cyru 1o ke, nepsasi 6ykBa o3Ha4daer «fast».

Bamaua: janbl JgBa MHOrowiena A, B cymmapHoil JymmHbl < 1, iepemeHokuTh ux 3a O(nlogn).

Jmmua muorowrena — y(A) = (deg A) + 1. Boaum e€, 9To0bI Be3jie He mucarh «—1».
Ecan paner n touek (x;,y;), Bce T; pa3iandHbl, 3! MHTEPIOIAMOHHBI MHOIOUWICH JITIUHBI 7, TIOCTPO-
eHHBbIiT 110 9TUM TouKaM (u3 asurebpsi). Emé samernm: v(AB) = v(A) + v(B) — 1. Ham mian:

1. Iomobpars yaaunble k U TOYKA Wo, Wy, - .., Wg_1: k = Y(A) +v(B) — 1 = n.
2. Ilocunrars 3navenus A n B B w;.

3. AB(z;) = A(z;)B(x;). 91a gactb camas mpocrasi, paboraer 3a O(n).
4. Unrepnosuposars AB munbl k 110 nosrydenHbiM napam (w;, AB(w;)).

BcrmomHIM KOMILJIEKCHBIE YHCJIa:

eiveif = ¢iloth) ¢iv — (cos p,sin ), (a,b) = (a, —b) = ei¥ = ¢'(=%)
VI3Breqenne KopHs k-it crenenu: /z = v/ei# = e'#/k

Ecau B3saTh Bee Kopuu u3 1 crenenn 2, BozsecTn B KBaJIpar,
roJTygaTcs poBHO Bee KopHu crenenn 281, Kopun u3 1 crenenu k: e/,

11.1. Ilpemoana k FFT

Bosbmém min N = 2 > n u w; = ¢/, Tyt mbt npepnonaraem, uto A, B € Clz] mm A, B € R[x].
[Iycrs ecth Muoroutenst A(z) = > a;2" uw B(z) = Y biz'. imem C(x) = A(z)B(x).

O603HAYNM WX 3HAYEHHsI B TOYKAX Wo, W1, . . ., Wg_1: A(w;) = fa;, B(w;) = fb;, C(w;) = fe;.
CxeMa OBICTPOrO yMHOKEHHS MHOTOU/IEHOB!

ai, b %" fag 1o 29 fe = faift;

nlogn)
Ci

11.2. CobcrBenno naesas FFT

A(z) = Y aixt = (ag + 2%as + 2tag + ...) + x(a1x + aza® + as2® + ...) = P(2?) + 2Q(2?)
T.e. obo3naunsm Bee YérHble KO3 dumenTol A MHOrOUIEHOM P, & He4éTHBIC COOTBETCTBEHHO ().

v(A) = n, Bce wjz = w3/2+j = MHOrowleHbl P u () Hy’KHO CUUTaTb He B N, a B 5 TOYKaX.

def FFT(a):
n = len(a)
if == 1: return a # mocumTaTh 3HaueHume A(x) = a[0] B Touke 1
a ---> p, q # pazbunu KO3pOUIMEHTH Ha UETHBHE N HEUETHHE
p, 9 = FFT(p), FFT(q)
w = exp(2pi*i/n) # KopeHb U3 emWHUILN N-# CTENeHU

for i=0..n-1: al[i]l = pl[i%(n/2)] + wixq[i%(n/2)]
return a
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Bpewms paborst T'(n) = 2T (n/2) + O(n) = O(nlogn).

11.3. Kpyras peamuzanusa FFT

HTob6bI 1peodbpazoBanHue paboTaIo OLICTPO, HY?KHO 3apaHee IPeIIoJCUuTaTh BCe W, = e2mid/N
BameTuM, 94TO p U ¢ MOXKHO XPAHUTDH IPSIMO B MacCUBE d.

Tora mosiygaercs, 9T0 Ha IPSIMOM XOAY PEKYPCHH MbI IIPOCTO IEPECTAB/IAEM MECTAMU 3JIEMEHTHI «,
U TOJILKO Ha 0OpaTHOM JejlaeM KaKue-TO IOJIE3HbIE JIeHCTBHA.

Yucio a; nepeiieT Ha MOBUIMHIO Gyey(s), VI Tev(i) — HepeBEépHyTasd OUTOBAs 3AINCH .

Kerarn, rev(i) Mbl yzKe yMeeM CUUTaTh JUHAMHUKOMN JIJI BCEX i.

[Ipu peammzanun #a C++ MOXKHO HCIIOJIB30BaTh KoMILtekcHbie uncya n3 STL: complex<double>.

const int K = 20, N = 1 << K;
complex<double> root [N];
int revI[N];
void init ():
for (int j = 0; j < N; j++):
root[j]l = exp(2mi-j/N); // cos(2mj/N),sin(27j/N)
rev[jl = (rev[j >> 11 >> 1) + ((j & 1) << (K - 1));

Tenepb, KOpHU U3 euHUIBLI crenieHn k xpansTcs B root [j*N/k], j € [0, k). /Ise npobiembr:
1. JocTym K maMATH IPU 9TOM HE TIOCJIEI0BATEIbHDIH, TPOOIEMBI ¢ KEIOM.

2. Mbi 2N pa3 BBIMUC/IAIN TPUTOHOMETpUYecKne PyHKITIH.

=> MOXKHO JIy4Ille, BLIYUCICHUS KOpHel #2:

for (int k = 1; k < N; k *x= 2):
num tmp = exp(w/k);
root[k] = {1, 0}; // B rootl[k..2k) xpamaTca mepBile k KopHel#l cTemeHm 2k
for (int i = 1; i < k; i++)
root [k + i] (1 & 1) ? root[(k + i) >> 1] * tmp : root[(k + i) >> 1];

-

Tenepb Koj| cObCTBeHHO TpeobpazoBatust Pyphbe MOKET BBINVISIETh Tak (HCHOIb3yeM root #2):

AnropurMm 11.3.1. 9¢ppexmusnasn pearudavus FFT

void FFT(a, fa): // a -> fa

for (int i = 0; i < N; i++)
falrev([i]] = alil; // moxHO mHade, HO HmaBaliTe CYMUTATH MaccuB <«a» readonly
for (int k = 1; k < N; k *= 2) // yxe mocumrass FFT oT xyckoB numub k, 6asza: k=1
for (int 1 = 0; i < N; i += 2 * k) // [i..i+k) [i+k..i+2k) --> [i..i+2k)
for (int j = 0; j < k; j++): // ONTHManbHO HANWCAHHHY CTaHmApPTHHH nuka FFT
num tmp = rootl[k + j] * fali + j + k]; // Bropas Bepcua root[]

fali + j + k] = fali + jl - tmp; // exp2mi(j+n/2)/n) = -exp(27ij/n)
fali + j] = fali + j] + tmp;

11.4. ObparHoe npeobpa3zoBaHIE
Teneps nmest pu w = e27/™;
fa0:a0+a1+a2+a3+...
fai = ap + ayw + ayw? + asw® + . ..
fCL2 =ag+ a1w2 + (IQU)4 + CL3U)3 + ...

HaMm Hy:KHO Hay4InThCS BOCCTAHABINBATH KOIMPUIUEHTHI dg, A1, A2, . . . , AMESI TOJILKO fa;.
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n—1 n—1
Bamerum, uto Vj # 0 > w’* = 0 (reomerpuueckas nporpeccus). A npu j = 0 noayuaem . w* = n.
k=0 k=0
= fao+ far + faa+ - =amn+a Y wh +ax > w*F+-=an
Anagornuno fag + fayw™ + faow™2 4+ =" aqwF+an+ax Y wk + - =an

—jk _

11 B obmem ciryuae ), farw™" = a;n. ‘

SamMeTnM, 9TO 3TO POBHO 3HAYEHUE MHOTOUYIeHa ¢ KO3 durmentamu fa, B TOUKe w 7.

Ocrasoch 3aMeTuTh, 9T0 MHOKeCTBa "ncesr {w; |j = 0.n—1} u {w_; | j = 0.n—1} coBmazmaior =

void FFT_inverse(fa, a): // fa — a
FFT(fa, a)
reverse(a + 1, a + N) // wi < wd
for (int i = 0; i < N; i++) alil /= N;

Hpyroii ciocob. Bozpmém ko 11.3.1, 3amerum, 9T0 cTpoKU 7-8-9 0OpaTuMbIL:

tmp = (fali+j] + fali+j+k]) / 2
fali+j] -= tmp, fali+j+k] = tmp / root[k+j];

= 3allyCTUM UKl 4-5-6 B o6paTHOM ToOps ke, obparas KaxK el mar mpamoro FET.

11.5. /IBa B ogHOM

Hacto K03hDOUIUEHTH MHOTOYIEHOB — BEIIECTBEHHbIE THCIIA.
Eciu y nac ects muorousenst A(x), B(x) € R[z], BospMméM uncia ¢; = a; + ib; u
nocanraeM fc = FFT(c). Torga no fe 3a O(n) MoKHO Jierko BoccTaHOBUTH fa u fb.

Jljist 9TOro BCIOMHUM PO CONPS?KEHUs KOMILICKCHBIX THCEI:
rtiy=x—iy,a-b=a-buw" 7 =w? =wl = fc,_; =C(w7)=Cw') =
fei+ fenj =2 A(w?) =2 fa;. Ananornuno fc; — fe,_j = 2i- B(w?) = 2i - fb;.

Tenepb, Hampumep, Jyisi yMHOXKeHUs 1BYX R[x] MoxkHO ucnonb3osarh He 3 BbizoBa FFT, a 2.

11.6. YMHOXKEHHE YnceJi, OIleHKA IMOTrPEITHOCTHI

Ob6rmas cxeMa YMHOYKEHUST IUCET:
mudpa — koabdunment MaorowteHa (r = 10); yMHOKUM MHOIOWIEHBI; CI€IaeM [EePEHOCHI.

Yucito jymHbl n B cucreMe cuncienus 10 moxkno 3a O(n) nepesectu B cuctemy cuncienus 10F. Torna
MHOTOUJIEHB! Oy 1y T JIUHbL 1/k, yMHOKeHne MHOTOYIeHOB paboTaTh 3a ¢ log 7 (yobiBaeT ot k).
BosHukaer Bompoc, Kakoe MakKCHUMAaJIbHOE k MOYKHO MCIIOJIb30BaTh’

Kosdpdunmentsr Muorouiena-mponsBeieHust OyIyT HeJAbIMA YUCTaMU JI0 (10’“)2%.

Yrobbl B THIIE double Ii€JI0€ YUCJIO XPAHUIOCH C HOTPENIHOCTHI0 MeHbine 0.5 (Torga ero MoxKHO
IPaBUILHO OKPYTJIUTH K HEJIOMY ), OHO JIOJIZKHO ObITH He Gosee 1012,

[ostygaem npu n < 109, uro (10%)2106/k < 101 = k < 4.

Anasornuno jyig tuna long double umeem (10%)2106/k < 108 = k < 6.

DTO OIEHKa CBepxy, Mpe/nosarawiias, 9ro camo FFT morperHocTs He HakalmBaeT... HA CAMOM
JieJie 3Ta OleHKa OYeHb OJIM3Ka K TOTHOIA.

11.7. IIpumenenne. Ilukandeckue caBuUru.

YacTo BbLIE3AET HE «yMHOXKEHHE MHOIOUYJIEHOB», & MOJCYET «CKAJSIPHBIX IPOU3BEJIEHUI MAcCuBa a
u ¢iBuroB MaccuBa by. 9to posHo Koabdunumentor A(z) - B(x), tone A(z) = > a;z’, B(x) = ba" "
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Jlektusa #12: JlauaHas apudMeTnka
5 nexabps 2022

12.1. IlIpocreiimnne ornepalun

CaMOG TJIaBHOE€ — HaY4YUTLCA OIlepaludM Ha/l IeJIbIMN 6833HaKOBbIMI/I qucJiaMu.
[enbie co 3HAKOM — TO K€ + JIONOJHUTEIHHO XPAHUTh 3HAK.
BemectBennbie — TO 2Ke + XpaHUTh SKCHOHEHTY: 12.345 = 12345¢—3, mbl xpanum 12345 u —3.

V1006HO XpaHUTh YUCIO B «MacCuBe Mudp», Miaamue udpbl B MIAIIINX d9eiiKax.

Bo npuMepax HIZKe MBI BRIOHpaeM cucreMy cunciaenns BASE = 10F, k — max: HeT mepenosiHeHmil.
[Iycth ecthb jymmaHOE 1ncio a. [Ipu onenkn Bpemenn paboThl OyjieM HCIOJIB30BATh 0003HAYEHUSI:

la| = n —GuToBag jMHA YKMCIA M § — IJIMHA YUC/IA, 3AIMCAHHOIO B CUCTEME 10%. ITomanTe, max k ~ 9.

ECHI/I MbI JICHUBBI U YBEPEHbI, 9TO B IIPOIECCE BBIUNCJIEHUH He HOSIBITCA YUCIa JJINHHEe N,
Hart BeIOOp — int [N] ;, nHadYe 0OBITHO UCIHOIB3YIOT vector<int> u cjejdT 3a JUIMHON YucC/Ia.

[Ipumepnbl TpocTERIIUX Oneparuii:

const int N = 100, BASE = 1e9, BASE_LEN = 9;
vhoid add(int *a, int *b) { // crnoxemme za O(n/k)

for (int i = 0; i + 1 < N; i++) // +1, uTobm TouHO He 6puI0 range check error
if ((a[i] += b[i]) >= BASE)
al[i] -= BASE, al[i + 1]++;
}
void subtract (int *a, int *b) { // Buuuramume 3a O(n/k), a >0
for (int i = 0; i + 1 < N; i++) // +1, uTobs TouHOo He 6buio range check error
if ((ali]l -= bl[i]) < 0)
a[i] += BASE, ali + 1]--;
}
int divide(int *a, int k) { // nenerue ma xoporkoe 3a O(n/k), memmM co cTapuux paspsanoB
long long carry = 0; // mepeHoc c 6olee cTaplero paspsna, OH Xe OCTAaTOK
for (int i = N - 1; i >= 0; i--):

carry = carry * BASE + al[il; // makcumanbHOe 3Hauemme carry < BASEZ
al[il] = carry / k, carry %= k;
return carry; // Kak pa3 OCTaTOK
}
int mul_slow(int *a, int *b, int *c) { // ymmoxemwe 3a (n/k)’
£fill(c, ¢ + N, 0);
for (int i = 0; i < N; i++)
for (int j = 0; i + j < N; j++)
cli + j1 += alil * b[jl; // 3mecb mouT: HaBepHAKA NPOU3OHOET IIEpENOIHEHUE
for (int i = 0; i + 1 < N; i++) // cHadama yMHOXaeM, 3aTeM LejlaeM IIE€PEHOCH
c[i + 1] += c[i] / BASE, c[i] %= BASE;
}
void out (int *a) { // Bmsozm umcma za O(n/k)
int i = N - 1;
while (i && '!a[il) i--;
printf ("%d", ali--1);
while (i >= 0) printf ("%0*d", BASE_LEN, al[i--]); // BocmombzoBamuch Taku BASE_LEN!
}

YTo6bI B cTpoKe 19 He GBLIIO MeperoHeHns, Hy?KHO BeibupaTh BASE Tak, uro BASE? - N momeraioch
B THII JaHEBIX. Hampumep, xopomo coderaiorca BASE = 108 N = 103, tumr — uint64_t.

[nasa #12. 5 nexabps 2022. T1/77 Asrop koncmekTa: Cepreit Koneanopua




© 00 O Uk W T W N =

00 O Uik W N

el
N = O O

Ausropurmbl, 2 Kype, ocenb 2022 /23 Jnmunnasa apudmMeruka

12.2. (-) Bunapnas apmdpmernka

[IycTh y Hac peaJm3oBaHBI IPOCTeIIE POy PR «+, -, mul2, div2, less, equal, isZero».
HasaiiTe Boipasum depes Hux «*, \, gcd». O6oznauum |a| = n, |b| = m.

YMHO)KeHne Oy/IeT MOJTHOCTHI0 N30MOP(MHO OMHAPHOMY BO3BEJIEHUIO B CTEIEHbD.

num mul (num a, num b):
if (isZero(b)) return 0; // ecmm xpaHuM 4ucio, Kak vector, To isZero za O(1)
num res = mul (mul (mul2(a), div2(b));
if (mod2(b) == 1) add(res, a); // dysxuus mod2 scerma za O(1)
return res;

[iiybuna pekypcun paBHa m. B mporecce nosiBsiioTcs dnciia ve 6osee (n+m) Our ajinHb =
KazKJlasl onepaliis BuinosHsercs 3a O(™H™) = cymmapuoe Bpems paborsr O((n + m)%).
Eciu 6osbiiee ymMmHOXKaTh Ha MenbInee, To O(max(n, m) min(n, m)/k).

Jlenenne B 4éM-TO TIOXOXKeE... JieJid a Ha b, MbI OyJieM IBbITAThCA BbIYECTh U3 a 4ducya b, 2b,4b, . . ..

pair<num, num> div(num a, num b): // Halmgém mus ymobcTBa M YAacCTHOe, W OCTATOK

num ¢ = 1, res = 0;
while (b < a) // (n—m) pas

mul2(b), mul2(c);
while (!isZero(c)): // OTOT umumwi cpemaeT A N—In UTepanui

if (a >= b) // CK%), Tak Kak muuHsl ¢ # b ybmBanwT oT n mo 1

sub(a, b), add(res, c); // O(%)

div2(b), div2(c); // O(})

return {res, al;

[MTaros rrasroro mukyia n—m. Bee oneparmm sa O(3) = cymmapnoe spemsa O((n —m)7).

Hanbombimuit oOmmii gemrenb cieaaeM CaMbIM IIPOCTBIM EBKINIOM «C BHIYUTAHUEM ».
JlobaBuM TOJIBKO OJIHY OINTHUMHU3AIINAIO: €CJIM YHUC/Ia YETHBIE, HAJI0 CPa3y UX JACJIUTh Ha JIBA...

num gcd(num a, num b):

int pow2 = 0;

while (mod2(a) == 0 && mod2(b) == 0)
div2(a), div2(b), pow2++;

while (!'isZero(a) && 'isZero(b)):
while (mod2(a) == 0) div2(a);
while (mod2(b) == 0) div2(b);
if (a < b) swap(a, b);
a = sub(a, b); // omHo u3 uYHUCeNl CTaHeT YETHHM

if (isZero(a)) swap(a, b);
while (pow2--) mul2(a);
return a;

[laros riasHoro mukia #e 6osbiie n+m. Bee onepanuu Boinonusorcs 3a max(n, m)/k.

Orciona cymmaproe Bpems pabore: O(max(n, m)?/k).

12.3. Jlenenue muoroustenos 3a O(nlog’n)

Kosdbdbunmentsr muorounena A(x): A[0] — mmammuit, Aldeg A| — craprmit. 7(A) = deg A — 1.
Bamaua: jganel A(z), B(z) € R[z], naiitn Q(z), R(z): deg R < deg B A A(z) = B(x)Q(x) + R(z).

Cuepsa npocreiiiee pemierre 3a O(deg A - deg B), npusBaHHoe M060POTH CTPax Mepe/] JeJeHIeM:
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pair<F*,F*> divide(int n, F *a, int m, F *b): // degA=n, degB=m, F - momue
F qln-m+11];
for (int i = n - m; i >= 0; i--): // Ko>bpULKEHTH B HOpsnKe yOHBAHUS z
qli] = ali+m] / blm]; // m - cremesmr = blm] #0
for (int j = 0; j <= m; j--) // BHUHTaTH MMeeT CMHCI, Toxbko ecium ql[i] # 0
ali+j] -= b[j] * qlil; // MoxHo comTwMumsuTh, mepebupaTs Toubko b[j]l # 0

return {q, a}; // B maccuBe a[] xak pas ocTaucs OCTaTOK

Teneps nepeiiném k permenuio 3a O(nlog®n).

Buas ), mbl gerko Haitném R, kak A(z) — B(z)Q(z) 3a O(nlogn). Cocpenorounmest Ha moucke ().
ITycrs deg A = deg B = n, toraa Q(x) = §*. To ecrb, Q(z) moxno naiiru sa O(1).

W3 sToro Mbr jiesaeM BBIBO, 9TO () 3aBUCHT HE 00sA3aTEIbHO OT BeexX KoddduimentoB A u B.

Lm 12.3.1. deg A =m,deg B =n = degQ) = m — n, u () 3aBUCAT TOJIBKO
or m—n+1 crapmux kodbdurmenro A u m—n+1 Kospdunmuenaros B.

. = i Ali+deg B
Joxazameavcmeo. PaccMoTpuM Jieienne B CTOJIOMK, I1ar Koroporo: A -= ar'B. o = Bldea B -
[Tockosbky i + deg B > deg B = n, muajiue n KoadduimentoB A He Oy/yT UCHOIb30BAHBI. |

Tenepp OymeM perarh 3aaa4y:
Hauet A, B € R[z]: v(A) = ~v(B) = n, naiitu C € R[z]: v(C) = n,
aro y A u BC' coBuagaer n crapmmx Ko3ddOuImeHTos.

int* Div(int n, int *A, int *B) // n - cremesp ngBoidiku (mns ymobcTsa)
C = Div(n/2, A + n/2, B + n/2) // Hammm cTapmux n/2 Ko>POUINEHTOB OTBETa
A’ = Subtract(n, A, n+n/2-1, Multiply(C, B))
D = Div(n/2, A’, B + n/2) // cefivac A’ cocTouT u3 n/2 He Hyne# u n/2 Hyiel

return concatenate(D, C) // crueunu MaccuBh KOS>bQUIMEHTOB; BEpPHYJIM MAaCCHB IJIKHH POBHO I

31ech Subtract — xurpas ¢yuknus. OHa 3HAET JJIMHBI MHOIOYJIEHOB, KOTOpbIE €if mepesiasiu, u
CJIBUTAET BBIUYUTAEMbBI MHOTOUJIEH TaK, IYTOOBI cTapiire Ko3(hUIHEHTHI COBMECTUINCD.

Bpewms pa6oter: T'(n) = 27(n/2)+O(nlogn) = O(nlog”n). Baecs O(nlogn) — BpeMs yMHOXKEHHs.

12.4. (-) [lejnenune uuces

OnruMaibHO UCIOIb30BaTh MeTo/, HbloTOHA, BHYTPH KOTOPOTO Bee yMHOXKeHust — FFT.
Torpma Mot ostyunm acumnroruky O(nlogn). O6 sroM MOXKHO Gy/IeT y3HATH HA TPETheM KypCe.

PaS,ZLeJ'IHfl n BﬂaCTByﬁ JJIgd MHOI'OYJICHOB TaK2Ke MO2KHO IIpDUMEHUTD JIJId YUCEJI. Toabko AKKYypPaTHO:

n n
MBI BLIYHCIIAM He § cTapimx mudp, a gumb § — O(1).

[Tompo6uo MBI ceroang uzyunmM Tosbko metot 3a O((n/k)?).
IIpocreiimine meToapl (OleHKa BpEMeHH JieieHre ducia GUTOBO JJIMHBL 21 HA YUCIO JJIHHBL ).

1. Bunnouck no orsery: O(n?/k?) upu npocreiimenm ymuoxennu, O(n?logn) npu Oypbe BHyTpH.
2. Bunapuoit apudmeruxoit (+, -, mul2, div2): O(n?/k) Bpemenu.
3. Henenue B cronoux: O(n?/k), O(n?/k?) spemenn. Ha uém ocranoumcst nojpobHee.
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12.5. (-) Henenune uucen 3a O((n/k)?)

Hemnth OyneM B cTOJIONK. ¥ Hac yzKe OBLIO JleJIeHre MHOTOYJIEHOB 3a KBaJpatT. [leiicTByeMm Takike.
Hy»x)#o HayIuThCsd OBICTPO UCKATDH CTAPIIYIO Mudpy IacTHOrO.

o «Bunnowuck»: O(n?/k)

O6o3naunMm cucremy cuncienus S, logS = k.
Uinem crapriyto nudpy dactaoro 6uaapabiM ouckom 3a O(n): k urepanuii GMHIONCKA, Ha KAy IO
nposepsiem 3a O(n/k). Utorosoe spems jnenenus O((n/k) x k x (n/k)) = O(n?/k).

e «/lenenmne crapmux mudp»: O(n?/k?)
Craprryto mudpy MOXKHO o9TH ToIHO rocuuTarh 3a O(1).
Ecmm crapmme mmdper ancen a u b — a, u by, COOTBETCTBEHHO, TO XOUETCS B3ATH R 3.
m
Takas dopmysta e padboraer. [Ipumep: nenum 99 na 19, nmoxyuaunrcs % =9, 10/2KHO moyunThed 4.

. ApQp— I _ AnAn—
Torna Bo3bMEM He OJIHY, & JIBE cTapiiue Mudpbl 2o = m pyroii BapuanT z; = m Huxke
[IPEJICTABJICH KOJI JeJIeHUsT B CTOJIONK, B CTPOKE 3 BBIYUC/ISETCs cTapiias mudpa, Kak zj.
Div(an, a, bn, b) // [0..an] [0..bn] al[il-10°
for (j = an - bn; j >= 0; j--) // cuumTaeM 9YacTHOE CO CTAapmUX Pa3pPANOB

c[jl] = (alan-jl*S+alan-1-3j])/(b[bn]l*S+b[bn-11+1) // bl[bn] != 0

a -= bxc[jlxs’

while (a >= bx*S') cl[jl++, a -= b*S'; // B3amm nudpy MeHbNE, UeM HYXHO

alan-j-1] += alan-jl*S, alan-j] = 0 // mepenoc
O6o3HaUNM 3a T peajbHOE 3HAUEHUE CTapIIeil Mudph.
Hnst obenx dopmyi (zg, z1) MOKHO TOKazaTh, |z; — x| < 2. Jokaxkem jyist z; = %
Lm 12.5.1. 1<z
Joxazamesvcmeo. 1lpu BeraucaeHnn z; 9UCIUTENb T OKPYIJIUIN BHU3, 3HAMEHATE/Ib T BBEPX. [

Lm 12.5.2. a, < 82

Jlokasamenvcmso. O6bYHO TGPHI B CHCTEMe CUYNCIeHHsT S MeHbIe S, HO Mbl Morau emé S(S—1)
OepPEeHeCTU U3 IPEABIIYINETro pas3paaa = max a, = S(S—l) + (S—l) < s [ |

Lm 12.5.3. <z +2

_1+1
Zoxazameavemeo. x <y = %ﬁ)
mYym—

1 anGn—1 1 21 1 T _
bmbm—l + bmbm—l'bm(bm—l+1) < S + bmbm—l < S + S < 1 + 1 - 2 .

. O1eHuM pasHOCTB Y — 21 =
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Jlekius #13: YMHOXKeHHe MaTpull 1 4 PyCCKux
nekabpn 2022

[Oxorur ’2021]. Koncnekr Anekcanapa OxorwHa 10 HaIeil Teme.

[Aprazapos, luxui, Kporpox, Papamkes >1970]. OpurunajibHas cTaTbs Y€TBIPEX PYCCKUX
1Ipo OBICTPOE YMHOXKEHINE MaTPHIL... BEpHEE PO OBICTPYIO KOMIIO3HUIUIO OTOOPAKEHMIA.

[CF: omrummumzanuu]. [Ipo To, KaKk ycKopuTh ymHOXKeHHE 3a KyO B 50 pa3. MoKHO CKpelnuBaTh CO
[MITpaccenom.
13.1. YMHOX>KeHne MaTpull, IpocTeilnne OIITHMI3aINn

Mur ymeem 3a O(n?). Uz npaktuaeckn abdeKTuBHBIX enté ecth anroputy™ [ITpaccena za O(n!o827),
noxozkuit Ha Kapaiy6y, a us Teopernueckux O(n?37). Iloapobroctu B Koncnekre OxoTHHA.

MuI e 6yjieM 3arparubaTh petienus 3a O(n?~¢), a cocpeoTOYnNMCs Ha TEXHUICCKUX OITUMU3AIITAX

merozia 3a O(n?) s marpur nag Fo.

3
e O6branoe 6uToBoe cxkarue u O(™)

Ky6 BoITyIsSIINT Tax.

for (i = 0; i < n; i++) // (i,k,j): MoxeM BHOpaTh JIFOOOI HOPAZOK IWKIOB
for (k = 0; k < n; k++)
for (j = 0; j < mn; j++)
c[il[j] ~= alil([k] & blk][j];

Ecmu marpunnt a, b, ¢ npencrasieHsl, Kak bitset<n> al[n],b[n],c[n], To 9acThb

for (j = 0; j < m; j++) // O(n)
c[il[j1 -= alil[k] & bl[k]1[j];

skBuBaaenTHa Bepcun 3a O(2) (w — pa3Mep MaIIMHHOIO CIOBA):

if (alil[k])
clil ~= blkl; // O(%)

To ectb, ¢; (i-s1 CTpOKa ¢) — CyMMa POBHO Te€X CTPOK b, KOTOpPbIe MOMEYEHbI eMHUIAME B ;.
. n3

e IIpennoacuér u O<logn>

[Tompobyem B permrennn 3a n° mopsIoK nukjgos for i, for j, for k:

¢ij = Br(ai, & by;), pasobbEM 5Ty CyMMy Ha IaCTH JIIHHBL M.

Hro6st 3a O(1) mocunrarh CyMMy cpasy m CJIAraeMbIX, JOCTATOTHO

3

1. Tak xpauuTh CTPOKU @ U cTOJOIEB! b, aTo0bl 38 O(1) MOMyUaTh 1EI0€ YUCII0 W3 HYKHBIX 1M OUT.
2. Basarb AND 1BYX M-OUTHBIX UUCE]I.
3. [Mocanrars wncmo 6ur B m-6utHOM [ncie. 91o npeanogcter 3a O(2™): bnli]l = bnli>>1] + (i&l).

Bosbmém m = logn, nonyaum O(m) na upeanogcuér u O(n3/logn) na ymuoxkenue.
Ha npaxTuke MOXKHO ¢jie/iaTh TPEIIOACIET, HAITpuUMep, Jutd m = 20 upu w = 32

3
= 110 CKOPOCTHU aJIFOPUTM PabOTaeT TaKzxkKe, KaK *~.
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13.2. Yerbipe pycckux

e OOmIue cioBa

Ecnm 3a/1a1 KakKoro-To Bujia MaJjio, JaBaiiTe IMpeIoAcIuTaeM 3apaHee OTBETHI JIjId BCEX BO3MOYKHBIX
38189 TAKOTO BUJIA, a 3aTeM OyJIeM MOJIb30BAThCs MPEIOACIETOM B HYKHbIH MoMenT 3a O(1).

e 3amaua

Hanwt A, B, naiitu C' = A x B. YMmuo)aem mMarTputibl Haj Z (Ha camoM V KOJIBID),
npeJmosiarast, 9To A comep:KuT TOJBKO HYJIN U €JIMHUIII.

e Pemenue

Pazobném A na gactu 1o k cronbuos: A= A;A;... A,
Pazobrém B Ha gactu 1m0 kK CTPOK: B = B\B;...By,.

Bamernm, AX B =37, . (A; X B;). llposepbre pasmeproctu: (n x k) x (kX n) =nxn.
Teneps cocpenorounmes Ha ymuoxkernn C; = Ay X By. Uucsio k BeiOepeM B caMOM KOHIIE.

Vi crpoka A [i] marpurnpst Ay 3amaér C[i] (i-10 crpoxy mponssejienus C), KOTOpas SBJSETCS CYyMMOT
(nmuHeliHOM KoMOuHaImedt) crpok By : Cy[i] = Zj Aqli, 5] - Biljl-

Marpuna A; cocrout us {0,1} = I Beero 2% pasmmunbix crpok A [i]. [IpeanoncuanTaenm Bee 28 cymm:
sum[mask] = add(sum[mask ~ (1 << bit)], blbitl), rie

bit — sroboit equHIIHBIT 6uT mask, a dyskims add 3a O(n) ckiaaeiBaer crpoku. [locse mpemos-
cuéTa aJIrOPUTM yMHOXKEHUs! BN uT Tak: fori: C[i]l =sum[A[i]] u paGoraer 3a O(n?).

[Mosyunmu ymuoxkenne A; x By 3a 28n + n? = ontumanbho B3ath k = logn.
Uroro % ymuoxenuii o ©(n®) xkaxmgoe = O(n’/logn) na seraucienne A X B,

Samevwanue 13.2.1. Merom u3 JaHHOl TJIABBI TIOIXOUT HE TOJIBKO jijist Fy (CM. MOCTAHOBKY 3a/a4n).

13.3. VYmuoxenue marpun Hax Fy 3a O(n®/(wlogn))
Ecau B asnom BHUJ€ IIPUMEHUTDL NAEU qupréX PYCCKHUX 1 OUTOBOrO CKaTud, TO IIOJIyIUTCA

POBHO O(%) orepanuii co crpokamu, Kazjas oneparus 3a O(2) = O(n?/(wlogn)).

[Tpukunem Bpems a1 n = 4000 1 w = 64: momygaem ~83 - 10% onepanmit ~ 0.1 cekynma.

13.4. HOII 3a O(n?/log’n) (ma npakrTuxe)

Bapmaga: maner gBe crpoku Hax andasurom {0, 1}, waditn gy HOIL.

fli—=1,7—-1]+1 ecin si] = t[j]

Paccmorpum o0bIuny0 quHaMuky: fli, 7| =
b nea y: fli.j {max(f[i—l,j],f[i,j—l]) nmae

Nnes: 3adpurcupyem k = }llogn u 6ynem 3a O(1) cpa3y HaACYUTHIBATH KYCOK MaTpUIlbl k X k.

Bamerum Vi, j 0 < fli+1, 5] = f[1,5] <1 A 0< fli, j+1] = fli, j] < 1. Takxe Vi f[i,0] = f[0,2] = 0.
Hasaiite xpanuTh TOJILKO 6uTOBBIe MaTpunnl x[i, j| = f[i, j+1] — f[i, jl, yli, 7] = fli+1, 5] — f[i, j].
Badukcupyem k u Jr00yI0 KIETKY [7, j| mMycTh MbI 3HAEM <«YyTrOJI KBajparas: yli..i+k, j| u z[i, j..j+k].
[IporuBonOIOKHBIA «yros KBagpatas (y[i..i+k, j] u x[i, j..j+k|) 3aBucut Tosabko ot 4k 6uT:
yli..i+k, 7], z[i, j..5+k], sli..i+k], t[j..j+k] = ucrnombsyem werbipéx pycckux u 3a O*(24%) peé npe-
noJcanThIBaeM. Baxkwo, aro y[i..i+k, j|, i, j..j+k]|, yli..i+k,j], x[i, .. J+k], s[i..i+k], t[j..J+k] —
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nesble k-OuTHBIE THCIa = omepanun ¢ HuMmu poncxoaar 3a O(1).

SameTbTe, /I KayKJI0T0 KBajpaTta k X k MbI ITOJIyda/In TOJHKO 3HAYEHNS HA TDAHUIIHL.
Jlpyrue HaM 1 He HyKHBI. Tak»Ke Mbl HI B KaKOl MOMEHT BPEMEHHU He IbITAINCh CINTaTh [,
HaM xBaTtaeT x u y. PeasbHble 3HaUeHns [ BO3HUKAIOT BHYTPH IIPEIIIOACIETA.

Emé nam B camom koie HyxKHa cobctBerHo jymmHa HOII — 310 cymma mociiegaeit ctpoku .

13.5. (-) Cxema 1o TabJuile MCTUHHOCTU

3adava. [lana Tabimia uctTuHHOCTH Oy/1€BOM (PYHKIINN OT 7 TEPEMEHHBIX, BEKTOP JTHHBI 2" n3 HyJs1eit
n equantl. [locTpouTs OyIeBy cxeMy ¢ Takoil TabJmIell HCTUHHOCTH.

[TocTpouth MuHUMAIBHYIO cxeMy NP-TpyHO.

KH® u JTH® nanyr O(2"n) reiiros.

Paznengit n BaacTByii: mocrpouth popMmysry ¢o or n—1 nepemennoit jaisa r, = 0 u ¢y g x, = 1,
orer: ¢ = (o Az, = 0)V (1 Az, = 1). omyuaaem pasmep S(n) = 2S(n—1) + 3 = O(2").

K mocnemnemy perreHnio MOYXKHO MPUMEHUTH ONTUMHU3AINIO TIpEANoAcyéTa: n < k = Bce m = 22"

n
BO3MOXKHBIX dyHknuii nocunrano. g k = (logn) — 1 umeem m = 22, HOCTPONM CXEMBI JIJIA BCEX M
BOBMOXKHBIX (PYHKIUI U3 k IepeMeHHBIX, TMOJIYINM OTCeUeHne: Ha TJIyOuHe peKkypcuu n — k BMeCTO
[IOCTPOEHUSI Y B3ATH y2Ke TOTOBYIO.

Samevanue 13.5.1. IlepBbie aBa perieHus MOTYT CTPOUTDH U GOPMYILY, 1 cxeMy. B moc/ieinem pernennn
MBI IIEPEUCIIOIB3YEM OJIHY U Ty K€ JacTh = CXeMY MbI TaK MOXKEM ITOCTPOUTH, & (POPMYJIy HET.

Samevanue 13.5.2. JIas «cxeMbl OT CiIydailHO# TaOIUIIbI HCTUHHOCTH MbI IOy YMJIA ACHMIITOTHYIE-
CKI OIITUMAaJIbHOE PeIleHne.

13.6. (-) OnTuMmusainug nepedopa aJist KJINK

Paccmorpum mepebop 1151 HOMCKa MaKCUMaJIbHOW KJIUKN

int go(int A): // A = Macka BepmHH, KOTOphE MOXHO NOOABUTH K KIUKE

if (A == 0) return O // 6omblmle HMKOTO He HOHABUTH. ..
int i = anyBit(A) // mampumMep, Mmazmumit 6uT Mp TouHo yMeeM 3a (O(1)
return max(A & 2°, 1 + go(A & graph([il)); // graphli] - cocemm i

go(2™"-1) // wu3HaYaIPHO MOXHO 6paTh BCE BEPIIHHbH

Eciu |A| < 7 = k, MbI MOXKeM cKa3aTh «OoCTaBInuiicst rpad MaJr, 06paTuMes K npeanoacyéry». HyxHo

3apanee IPeJIoICIUTaTh OTBeTh Jtd Beex 2FF—1/2 = 921 pogyozknbix rpados u3 k = 7 BepIIHH.

oty S ONTHMI3AIIIO TI0 BpeMeru paboter 1'(n) — 2FE=1/2 4 T(n — k).

13.7. (-) Tpan3uTuBHOE 3aMbIKAHUNE
Ha IIPpaKTUKE Mbl TaK>Ke N3yIUM, KaK TPaH3UTUBHOC 3aMbIKaHHUE

1. CBoguts k O(logn) YMHOKEHHAM MATPHIIL.
2. Cunrars 3a O(0MHOIO YMHOKEHUsST MATPUIL).
3. Cunrars nnkpemenTaabio 3a O(qr + %3)
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