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Anropurmer, ocenn 2022/23 [IpakTruka #1. AcuMITOTHKA M PEKYyPPEHTHBIE COOTHOIIEHMUS.

ACUMIITOTUKA 1 PEKYPPEHTHbIE COOTHOIIIEHUS

1. IIpocTrie 3aaum HA ACUMITOTUKY

Haitmure KopoTKyto 3ammch depes O.
Ecim takoit He cyiecTByeT, 00bICHUTD, IT0YeMy, U 3anucaTth depe3 O.

a) 2n f) arctgn + lolg logn
n ogn
b) 2n+1
2 g) lonn + 71(;3" + n1/3
¢) n+5n+1 g
d) nii h) Hokaxwure: Vf, g > 0: f+ g = O(max(f,g))
n+1 P(n)
e) n(2+ sinn) O]

2. Ucruna nam Jj10X6"?
[IpoBepbTe KOPPEKTHOCTD, HOKAYKUTE.

2n+ — ©(2n)

¢) g(n) = O(f(n)) = 290 = O(2F™) }3 " :_Oﬁﬁ ke
¢) g(n) = O(f(n)) = log g(n) = O(log f(n)) . )
f) g(n) =o(f(n)) = logg(n) = o(log f(n)) k) /n¥" = O((logn)")

3. PekyppeHTHOCTH

a) T(n)=2T(%) +1

b) T(n) =3T(%)+n?

c) T(n) =5T(%) +n

d) T(n) =2T(%) +nlogn

e) T(n) =3T(3) +n

f) T(n) =T(n—1)+T(n—-1)+1
g) T(n)=T(n—1)+2T(n—2)+1

4. JlomoJIHUTEeJIbHbIE 321291

Haiiure koporKyto 3amnuch gepe3 ©.
Eciu P, To 06bsacauTs mouemy, n 3ammcars depes O.

a)

b) T

c) T(n)=T(%)+1

d) T(n)=T(3)+n

e) T(n)=T(5)+T(3)+1
f) T(n) = T(log )+ logn

g) T(n)=T(n—1)+T(V/n)
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Anropurmer, ocenn 2022/23 [IpakTruka #1. AcuMITOTHKA M PEKYyPPEHTHBIE COOTHOIIEHMUS.

Pa3bop 3aga4 nmpakTukn

1. HpOCTbIe 3ala91 Ha aCUMIITOTUKY

a) 2n = ©(n), 10 ope/eIeHHIO : )

b) n<2n+1<2n+n=3n=2n+1=0(n).

¢) n* <n?+5n+1<n*+5n%+n>=""=n>+5n+1=0(n?).
D i S A S I <R <A 5] -0

Crocob #2: 7n+1 =in— 5+ 714191 =0(n)+o(l) = O(n).
e) —1<sinn<1=n<n(2+sinn) <3n=n(2+sinn) =0O(n).

arctgn + log logn 2 loglogn = arctgn + loglogn

f) arctgn < 5 <loglogn, n > logn =

g) /@_‘_ Tlogn +n/ @( logn)'

h) max(f(n),g(n)) < f(n) + g(n) < 2max(f(n), g(n)).

-\ P(n O(ndes P _
) i = S - g -an)

Cront hopMaibHO JOKa3aTh, YTO g ; @( ).
[ycrs C1f < O(f) < Cof, Clg < O(g) < C’ég, ng < (_f)) C—/f

logn logn n logn

2. UcTtuna nam JjJ0xKb"?
a) 23 = 9(2").
Bepmuo: 2" = 8. 2" = ©(2").
b) 22n+1 @(271)

— 9o

loglogn

logn

Hepepno: 22T < ¢ 2" = 2" < e = n < loge — 1, 10D I8 JOCTATOYHO GOJIBIINX 7.

) gn) = O(f(n)) = 2 = OI™)
Hegepho, BozbMéM g(n) = 2n + 1, f(n) = n, mosyanm mpeabIymuil yHKT.

d) g(n) = o(f(n)) = 29" = o(2/(). Bepno npu f(n) —— +00.

Ipu pocrarouno Gombmmx n g(n) < 0.9f(n) = f(n) — 0.1f(n) = 290 < 2f() . =0.1f(n),

s mroboit C' > 2701 (M) gepro 290 < - 27 Pasz f(n) — oo, momyammu VC.

Crocob #2 (uepes npesenst): g(n) = o(f(n)) < %ng — 0.

;;E:; = 29)=F) "5 g(n) — f(n) = f(n) (% - ) < —0.9f(n) npu Gosbmx n.

e) g(n) = O(f(n)) = logg(n) = O(log f(n)).

Bepno npu f(n) —— 00 (a rakxke quig f(n): lim f(n) > 0).

Jde g(n) < ef(n) = logg(n) <logc+log f(n) = logg(n) < 1.1-log f(n).

).
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Anropurmer, ocenn 2022/23 [IpakTruka #1. AcuMITOTHKA M PEKYyPPEHTHBIE COOTHOIIEHMUS.

£) g(n) = o(f(n)) = logg(n) = o(log f(n)).

Hesepro, BosbMeM g(n) = n, f(n) = n?.
g) f(n)+g(n) = @(w), BEPHO 110 OIPEJIEJIEHUIO.
h) n?=0O(2").

BepHo JOKa3aHO Ha JICKIIMH.

= w(logn) < logn = o(=

1) logn log n )

Bepuo: Ve logn < it < log®n < cn < log?n = o(n), BepHO U3 JICKIUH.

Ecim yxx w, To 2 Tem GoJee.

i) 2 =0(0.5-n).

Hesepno: 2 = ©(0.5 - n) = 2~ > cn = logn < 1, 10XKb JUIst JOCTATOTHO GOJIBIINX 7.
ogmn logn c

k) vi¥" = O((logn)").

CpaBauM JiorapudMabi.

log(\/ﬁ\/ﬁ) = 1\/nlogn.
log((logn)™) = nloglogn.

logn = o(y/n) = Ly/nlogn = o(n) = o(nloglogn), no mynkry (d) \/ﬁ‘/ﬁ = o((logn)") =
O((logn)").

3. PeKKypeHTHOCTBb

a) T(n) =2T(2)+1=1+2(142T(%) =1+2+4(1+2T(%) = ... =142+ ... 420"l =
2[log7ﬂ+1 — 1= @(n)

Criocob #2 (110 Teopeme): a = 2,0 = 2,¢ =0 < log, a = T(n) = O(n'°&:2) = O(n).

2

i=0
n 1_1 =4n? = n?* < T(n) < 4n* = T(n) = O(n?).

4

Crioco6 #2 (1o Teopeme): a = 3,0 = 2,¢ =2 > log, a = T'(n) = O(n°) = O(n?).

( 9. 5loga .y, ( log, 25)+1) @(n10g2 5>.
Criocob #2 (110 Teopeme): a = 5,0 = 2, ¢ = 1 < log, a = T(n) = O(n'°&:2) = O(nloe2%).

d) T(n) =2T(5)+nlogn = nlogn +2(3 log2+2T( )) =nlogn+nlog§+...+n =n(logn+
(logn — 1) + (logn — 2) + ...+ 1) = O(nlog®n).

(

¢) T(n) = 5T(2) +n = n+5(2 +5T(2) = n+3n+ Bn4 ..+ (2)""p = p2o2rio _
)=
(

Crioco6 #2 (o o6oGmennoit Teopeme): a = 2,b = 2, f(n) = O(n'log' n),c = logya = 1,d =
1= T(n) = O(n°log™ n) = O(nlog’n).

logs n

e) T(n)=3T(2)+n=n+3(3+3T(%)=n+3n+5n+...= > n=0(nlogn).
i=0

Croco6 #2 (1o Teopeme): a = 3,b=3,c =1=log,a = T(n) = O(n°logn) = O(nlogn).
f) T(n) =T(n—1)+T(n—-1)+1=14+214+2T(n—-2))=14+2+4+...+2"=0O(2").
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Anropurmer, ocenn 2022/23 [IpakTruka #1. AcuMITOTHKA M PEKYyPPEHTHBIE COOTHOIIEHMUS.

Moxkno JA0Ka3aThb 9TO U IO MHAYKIHH, IIOCMOTPEB Ha II€ePBbIC HECKOJIbKO YJICHOB.

Paccmorpum a,, = a1 +2-ap_9, ag = 1, a; = 2. Ilo uHAYKIIN MOXKHO J0Ka3aTh, 9TO @, = 2".
Ecau npecrasuts T'(n) Kak dyHKIMO, KoTopas BHyTpU cebst ouH pa3 Bbi3bBaer 1'(n — 1) u
nsa paza T'(n—2),a T(0) u T(1) audero me BoI3BIBAIOT, TO T'(N) PABHO KOJIMYECTBY BEPIIUH B
nepese Bbi30BoB (yukImu T'. HecsioxkHO 3aMeTUTh, UTO @, ACUMITOTHIECKH PABHO KOJIMIECTBY
muctoB B TakoM Jepese (7(0) maer Briaaz 1, T'(1) maer Bkias 2). A KOJIUYIECTBO BCEX BEPIIUH B
TPOUIHOM JIEPEBE OTINIAETCS OT KOJMIECTBa JINCTheB He DoJiee ueM B 2 pa3a. Takum obOpa3oM,

T(n) = O(2").
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Anropurmer, ocenn 2022/23 [IpakTruka #1. AcuMITOTHKA M PEKYyPPEHTHBIE COOTHOIIEHMUS.

4. JlomoJIHUTEJIbHBbIE 3a1a9U

a)

f(n) =n(1l+sinn).
f(n) < 2n = O(n), vo f(n) # O(n). 'osopsa rpy6o, (1 + sinn) Geckomeuno gacro Gymer
OIIYCKaTBhCAd IIOYTH 10 HYJIA.

®opmanbho wyzxkao VO, N In > N: n(l +sinn) < Cn. [Tokaxkem 6osiee CHIIbHOE yTBEPKIe-
e VN,e > 0,y € [-1..1] In> N: |y —sinn| <e.

[Iycrs & = arcsin y, XoTuM HailTH 1 ¢ cuHycoM, 6U3KNM K sin . st 9Toro goctaTtodno, 9rodbl
(n mod 27) 6p110 6IH3KO K 2 |sinn — sinz| < |(n mod 27) — z|.

7 uppanmoHaibHo = Vi,j € Nji # j: (i mod 27) # (j mod 27). Pacemorpum mepBbie m
HATYPaJbHBIX YUCETI, Y HUX PA3HBIE OCTATKH 10 MOJLYJIIO 27, TO €CTh, UM COOTBETCTBYIOT pa3Hble
TOYKHN Ha e,ZLI/IHI/IqHOI‘/’I Opr}KHOCTH.

Ecrb Touknm 4,j ma paccrosmmn < 25 Bzas m = [2], nomyumu, uro caenas t = |j — i
IIAroB, MBI CMeIaeMcs 10 OKpyzKHocTH Ha < €. Torma, Xojs ¢ marom ¢, MOXKHO MONACTH B

€-0OKPECTHOCTD JIIOOO TOYKM HA OKPYZKHOCTH.

Uro6bl nonacTs B OKpectHOCTH & nocie N, Gepem k= [0 |y n = N + kt.

f(n) = 2vler Hukak 0cobo HEe yIPOCTUT.

Hay1o Tosbko nonmmars, ato YC > 0 log” n = o(2V18™) i 2VIes™ — o(n®).

T(n)=T(3)+1.

Tn)=14+T%)=1+1+T(}) =...=logn.

Crioco6 #2 (o Teopeme): a = 1,0 =2,¢ =0 =log,a = T(n) = O(n°logn) = ©(logn).
T(n)=T(%)+n.
Tn)=n+T(EF)=n+5+T(f)=...=n+5+5+...+1=2n=0(n).

Crocob #2 (o teopeme): a = 1,b=2,¢c =1 > log,a = T'(n) = O(n°) = O(n).
Tn)=T(3)+T(3)+ 1L

Cuavasna oTkuHeM equHUYKY. Be3 exumnnuku T'(n) Gyger MpONOPIMOHAIBHO YHCIY JIHCTHEB

JlepeBa PeKypcuu, a ¢ Hell — Yuciy BceX BepinH. [[oCKOIBKY JepeBO JIBOMYHOE, 3TO JIacT
OTJINYMe TOJIBKO B J[Ba pa3a.

Butro, uro Q(n'°832) < T'(n) < O(n). lpeanonoxum, uro T(n) = n®, Torma:

a _ (n\a n\a _ (1« 1\«
n=(3)"+(5)* e 1=(3)"+ ()"
[Ipu a = 0 npaBag 4acTh paBHa 2 > 1, npu o4eHb OOJIBINNUX (v IpaBas YacThb moutu 0 < 1, Tak
9To TpaduK MMPaBoil YaCTU IJIe-TO MepecedeT eIUuHUIly, Y ypaBHeHus ecTh perrerue. OObIYIHO
TaKue ypaBHEHUs PelraloT He aHAJUTUIECKH, a IPUOINKEHHO, HAIIPpUMED, OMHIIOUCKOM.

Crocob #2. Ilycts T'(n) = S(logn), Torma S(n) = S(n — 1) + S(n — log 3) + 1, moab3yemcest
TEOPEeMOil «00 IKCIIOHEHITUATIBHBIX PEKYPPEHTHBIX COOTHOIICHUTX .

T(n) =T(2) + logn.

logn

log? n )

uroro O (8-

. ~ B — _logn
['pybas npukmjika: Ha KazkJI0M yposHe ~ log n, yposueit ~ log,,, , n = Toglogn’

_ log? n o
Hoxazenm T'(n) = Q50 ). Hoka n we jgoitner 10 /n, logn OyeT HEM3MEHHBIM ¢ TOYHOCTBIO
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Anropurmer, ocenn 2022/23 [IpakTruka #1. AcuMITOTHKA M PEKYyPPEHTHBIE COOTHOIIEHMUS.

logn )
loglogn /"

JI0 KOHCTAHTBI, & YPOBHEH PEKYPCHHU HaJI0 HOTPATUThL He MeHee log,., V= Q(

log? n
loglogn
Oyzer ne 6osee logy,, m(n/v/n) crnaraempx, Kaxoe U3 KOTOpBIX He Gomee logn.

Teneps moxazkem O ). Jus sToro samerum, uro Vn mpu mepexojie OT n 0 y/n y Hac

log?2
Cymma Beex 9TuX caaraeMbix He bobmme X (n) = C8-T.
oglogn

OcCTasIoch CJIOKATH mepexoipl n — n/2 — pt/4 — .
2
X(n)+X(nV2) + X(nY) + ... < X(n) +1X () + 1X(n) = O(X(n) = O(2& ).

loglogn
g) T(n)=T(n—1)+T(/n). .
/ g
Bynem nckars T'(n) B Buge n®, Torga momydaeM, 9rto (n) ~ n2 = a—1=§ = a = 2.
Jokazkem 110 unjtykiun onenky csepxy n?: T'(n — 1) +T(y/n) < (n — 1)® +n < n?.
2
Jasee MOXKHO yTOYHUTH ACUMITOTUKY ¥ HOTYUHTH .
ogn
2
Q(;2=) moKaspIBaeTCA IPAMOI TIOICTAHOBKOM.
ogn
n2 n2
O(7%) moKasaTh CJI0KHO, 32TO MOKHO 10Ka3aTh O(—f——) /I CKOJIb yTOIHO MAJOro €.
logn ! log"™°n
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Anropurmer, ocenn 2022/23 [IpakTruka #1. AcuMITOTHKA M PEKYyPPEHTHBIE COOTHOIIEHMUS.

,Z[omamHee 3alaHne

3.1. Obg3areqpbHasE 94aCTb

1. (2.0) Uctuna nau 10xkb?, (0.5) 3a KaxK/IbIil MyHKT
[IpoBepbTe KOPPEKTHOCTD, JOKAXKHUTE.

1) logn — (1 1n)
m) n +n10 n o O(nlogn)
n) Vf: ( )IO(f(g))
0) logn! = O(nlogn)

P-S. HCIOJIB30BATh (POPMYJIYy CTUPJIMHTA B 3TOM JIOMAIITKE HEJIb34.

2. (2.5) PexkyppenTtHocTb, (0.5) 3a KaxK/Iblil IyHKT
Bo Bcex 3ajiavuax npejmnogaraercd, uro Ve < 1,T(z) =1

g) T(n) =T(5)+T(5)+n

h) T(n) =4T(2) + nlog’n

i) T(n) = 2T(3) + 1

j) T(n)=Tn—-1)+T(n-—2)
k) T(n)=T(n—1)+n

3. (3) BamosHUTH TAGIMUIKY

A=0(B)? A=0(B)? u v.a. 3a Kax /bl HerpaBwIbHbIH oTBer (-0.2) 6aia (15 omubok — 0).

A B Olo|O|w|Q)
n n? S el el Bl M

log® n n¢
n® c"
\/ﬁ nsinn
on 2n/2

nlogm mlogn

log(n!) log(n™)

4. (6) Yuopsimounts 30 dyHKIMIT B MOPs/IKE BO3PACTAHUAS
Ecan kakne-to dysnknun pasasl (f = ©(g)), ykasars 9710. 371ech logn — ABoM4HBI Jorapudm,
Inn — warypasbHbiil Jorapudm. 3a KaxK il HeBepHbiilt orBeT (-0.4) 6amta (15 ommbok — 0).

log(log*n) 2l (\/n)len 2 n! (logn)!
(3/2)" n? log’n  logn! 22" pl/logn
Inlnn log"n n-2"  ploslen Ipp 1
lnn (logn)len er glogmn (1)1 /logn
log*logn ~ 2vZ2len n on nlogn 22"
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Anropurmer, ocenn 2022/23 [IpakTruka #1. AcuMITOTHKA M PEKYyPPEHTHBIE COOTHOIIEHMUS.

0 ecmu n < 1;

[Ipumetamnue: log*(n) = { 1 +log*(logn) wunHaue

5. (1) ITocunrarh TouHO, (0.5) 3a KayKIbIil MIYyHKT

[e.e] o0 —1)k
(a) ZiZo  (b) 320 5
3.2. JlomojHUTEeJIbHAsE 4YaCTh

1. (1) Uctuna nau goxksb?, (0.5) 3a KaxKIbIil IyHKT
[IpoBepbTe KOPPEKTHOCTD, JOKAXKHUTE.

q) n"=0(n!)
r) nlogn —logn! = O(n)

2. (1.5) PexyppentHoCTb, (0.5) 32 KaXK/JIbIil IyHKT
Bo Bcex zajmavax npefmnosaraercs, aro Vo < 1,7(z) = 1.

) Tn)=Tn—1)+T(n—-2)+1
m) T(n)=T(n—1)+T(n—3)
n) T(n) =T(5)-T(3), mpu stom Vo < 3 T'(x) = 2
3. (1) PekKypeHTHOCTh U MPaKTUKAa

Haiire nambosiee TOUHBIH OTBET, JOKayKUTe HAMOOJEE TOUHbIC BEPXHHE M HUKHHE OICHKU JIJIs
T(n)=T(n—1)+T(n'/?).
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